CS205 Homework #1 Solutions

Problem 1

Arithmetic operations are subject to roundoff error when performed on a finite precision
computer. In order to perform an operation x op y on the real numbers x and y we deviate
from the analytic result when discretizing those values to machine precision as well as when
we store the resulting value.
Let = denote the discretized, floating point version of x that is stored on the computer.
You may assume that
T=(1+4¢€x

where € is bounded as 0 < |€| < €pax Where €., < 1 is the machine roundoff precision.
Assume that the result of the arithmetic operation between two floating point numbers
Z and ¢ is computed exactly, but when stored on the computer it is once again subject to
roundoff error as
Topy=(1+€)(T op7)
where the roundoff error obeys the same bounds 0 < |€/| < €pax.
The relative error of a computation is defined as

| Computed _Result — Analytic_Result
N Analytic_Result

E

Provide a bound (in terms of €,,y) for the relative error induced by the following arith-
metic operations, or prove that the relative error is unbounded.

1. Subtraction, Multiplication and Division of two real numbers (for an example on ad-
dition see Heath, section 1.3.8)

2. Computing the sum s,, = z + x + - - - + x using the recurrence

n terms

S1 =T
S =Sp_1+x

[Answer: & nepay/2]

3. Computing the sum s,, = sor = 1 = & + = + - - - + & where n = 2¥ using the recurrence

n=2F terms

o =%
Ak = qQk—1 1+ Qr—1

For (2) and (3) you may assume for simplicity that n < 1/€pax.



Solution

For the following derivation we use the lemma: If 0 < |ey], |€a], ..., |€x] < €max then there
exists an € € [0, €may) such that (14 €;)(1+¢€) -+ (1 + ) = (1 + €)*, which holds by virtue
of the intermediate value theorem.

For every variable ¢; used in the following derivations we will implicity assume it lies
within the range 0 < |¢;| < €max-

1. We have T = (1 + ¢1)z and § = (1 + €2)y.

Subtraction We will show that there is no bound on the relative error. Consider
T—y=14e)r—(1+€)y. Letzx=a+60andy=asoz—y=4>0. Then
T—y=(a+0)(1+e)—a(l+e)=0+a(e —e)+ O

T—y=0(14¢3)+aleg —e)(1+e€3)+ Oer(1+ €3)

Then the relative error is given by

g - |T¥-(—y)
z—y

01+ e3) +aleg —e)(1 + €3) + Oer (1 + €3) — 0‘
7

= €3+€1(1—|—63>+%(61—62)<1+63>

which becomes unbounded as § — 0.

Multiplication
£ o [TV _ zy(1+e)(1+e)(l+e) —ay
x = Ty - Ty
= |0 +ea) =1 = 3es+ O(,)
Division
B Ty —x/y| _ (w/y) HG —a/y _|Otea)lte) |
N x/y x/y 1+ e

= [(1+e)1+e)[(1—e)+0(E,)] — 1’
= |1+ &) =14+ 0(,)| = 3es + O(h)

< ‘3€max + O(G?nax)



2. By straightforward manipulation, we have:
Spo= [Sk1+ (1 +e)z](1+e)
[Sr—2+ (1 +e)x] (L+e—1)+ (1+e)z](1+€)
= (I+e)A+e)r+14+e)l+e)(l+e)s+...+
(I+e)(T+e1)...(I+e)Q4+e)z+T+e)(I+eq)...(1+e)(l+e)x
=z [(1 te)" +Y (1+e,)
k=2 |

Now, we can apply the first-order binomial approximation (1 + e)k =1+ ke+ O (e?):

T [(1+e*)n+x§:(1+e*k)k

<z -1 + N€maz + O (ezmx) + "Z—:l (1 + (k+1) €mae + O (Egnax))]
i k=1

(n—1)(n+2)
2

= _nem,w +0 (Egn,ax) +n+ €maz (n - 1)0 (ngax)]

r 2
= T |(N€mer + 1+ (n ;—n + 1) €maz + NO (egnam)‘|

_ (nQ _|2_ 3n 1) €maz + 1 + NO (ef,m)]

Now, we can compute the relative error as follows:
T {(@ - 1) €maz + 1 + 1O (efnax)} — nx

nx

E’I‘LIE

[

However, since n < 1/€yay, we have:
n+3 1 9
(25 Deof)

n

‘<n+3
2

) emaz = 0 (€mas) + 0 (E,0,)

3. To simplify the computation, let & be the cumulative relative error in ¢, and s, =
qk(l + fk)

dx — qk Qk—1 + Qk—1 — Qi
fk p— pr—
4k qk

2k
= |(1+&- 1)1 +e) -1
= |1+ €1+ Epr€]
S |§k—1 + €max + O<Emax)|

B | {(1 + & )2 e+ (1 + fk_l)Qk_laz} (1+e)— 2k




This last step follows since each application of floating point addition increases the
cumulative relative error in its operands by €. at most, therefore &, < kep.. Since
we assume k < 1/€pa we have §,_1€; = 0(€max). Therefore,

gk S |k€max + O(Emax)|

If 6, is the cumulative relative error in the computation of s, we have Oox = &, therefore

ek S |10g2 k: * €max + O(Emax)|

Problem 2

Consider the elimination matrix My = I — myel and its inverse Ly, = I+ myel used in the
LU decomposition process, where

my = (0,...,0,m1(<121>""m(k))

n

and ey is the k-th column of the identity matrix. Let P be the permutation matrix that
results from swapping the i-th and j-th rows (or columns) of the identity matrix.

1. Show that if i, j > k then L P®) = PU(I + PWmye[)

2. Recall that the matrix L resulting from performing Gaussian elimination with partial
pivoting is given by
L=PiL;--Pn1Lln

where the permutation matrix P; permutes row ¢ with some row i’ where i < i’. Show
that L can be rewritten as

L:P1-~-Pn,1Lf~-LP71

where LY =T+ (Py_1 - Pramy) ef.

3. Show that LY ---LF | is lower triangular.

Solution

1. The matrix mye] has nonzero elements only on the k-th column, in the positions
corresponding to rows (k + 1) through n. Additionally, myefP® is the result of
swapping the i-th and j-th column of myef, which are both zero. Thus myef P =
mye; . Using this result, we have

I+ mgef)P® = PO 4 melPW
= P9 4 (PW)2myef [(P(ij))z _ I}
= PW(I+PWmyel)



2. Let qx be a vector containing nonzero entries only in the positions (k 4 1) through n.
Then using (1) we have

I+ axep )P; = P;(I1+ Pigkey) = Pi(I+ duey)

where the vector qx = P;qy also has nonzero entries in the positions (k + 1) through
n only.

Consequently, in the product P1L;---Py,_1L,_1, we can “propagate” each permuta-
tion matrix P; (in increasing order of the index 7) to the left of all matrices Ly with
k < i while changing each matrix Ly according to the equation above (multiplying its
second term with P; from the left). For example

P,L;PyLyP3Ls = Pi(I+mje])Py(I+ mae; )Ps(I+ mge;)
= P,Py(I+Pym;el)(I+ mye])P3(I+ mgze3)
= P,Py(I1+ Pom;el)Ps(I+ Psmge; )(I+ msey )
= P,;P,P3(I +P3sPomye] )(I+ Psmye; )(I+ mge3 )
= P,P,P;LYLYLY

where LY =T+ (P,_1 - Pryimy) ef. This argument can be rigorously extended to
an arbitrary n via induction.

3. Each matrix LE can be written as LE = I+ qref where i = Pp_1 - Py imy, like
my, only has nonzero entries in the positions (k + 1) through n. Furthermore

LiLy Loy = (T+auep)(I+dzey) - (T+ dn-1ey_y)
= I+due] +Goey + -+ dn1€y 4
since efgq; = 0 for ¢ < j, causing all the cross-terms (§ie;")(gzei") in the original
product to vanish (for i < j). Since each term @;el contributes nonzero entries only

below the diagonal, the entire matrix I + el + §z€3 + -+ + qu_1€r ; is lower
triangular.

Problem 3

Two vector norms ||x||, and ||x||, are called equivalent if there exist ¢,d > 0 such that
clxlla < [lxlly < dflx]la-

1. Prove that || - [|1, || - ||z, and || - ||« are equivalent.

2. Prove that equivalence of two vector norms implies that their induced matrix norms
are also equivalent. (The definition for equivalence of matrix norms is analogous to
that of vector norms, i.e there must exist ¢,d > 0 s.t. c|[|All, < [[Ally < d||Al.)



Solution

1. ||z||y equivalent to ||z|leo: [|z]i = iy || < nmax; || = n||z)w and |||l =
. ; 1/2
max; || < S0 i = [Jelh. el i equivalent to [|zfla: [zl = (Si, 23 <

(nmax;(27))"? < /ny/(max; |2:])? = v/n||z]|e and [J2|e = max; ;] = |/ (max; [x;])? <
Vi@ =zl 2llee < el = Xy |2l = [(Ciy |2il)?]2 = llzllz. (2]

equivalent to [|z|l2: We have ||z]|o < ||z]1 < nljz|leo and ||zl < ||z]]2 < /1|20 by
the previous results. From these we can write

\/_
< llzlly < nflzfloo < nlfzl2.

Xz Tloo
\/_]l 2= \/ﬁ

2. Suppose two equivalent vector norms ||- ||, and ||-||. Then we have appropriate positive
constants ¢,, dq, ¢p, dp such that c,||z||, < [|z]|s < dol|z|la and cp|z||p < ||2||a < dbl|z]]s
hold Vx. Then we can make the bound:

|Acla _ dyllAslly _ dil|Azl]

lela = lelle = allzll
Thus,
A d A d A
Mmzmw”xmgmwbo’ﬂj:b | Az,
20 alle = W e el ) = o W8l

Similarly for the other side:
lAzlla _ ellAzls | ellAz],

lzlla = llzlla = dyflzfls
So,
A A A
ol = gl 0 (1) o e
a0 |[zlle T @A0 dy \ 2]y dy 270 ||z,



