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ARTICLE INFO ABSTRACT
Keywords: Given the popularity of signed (and unsigned) distance functions, both for decades in computa-
Collision avoidance tional physics and more recently in machine learning approaches to computer vision problems,

Trajectory optimization

- E we (re)consider their use in collisions in the context of distance-based pursuit-evasion scenarios
Pursuit-Evasion games

of differential game theory. Although the positions and orientations of the various participating
entities are governed by the laws of physics and thus require approximation via either numer-
ical simulation or machine learning models, we make the reasonable ansatz that the resulting
trajectories can be modeled to any desired accuracy with fully differentiable piecewise cubic
polynomial interpolation; as such, the positions and orientations can be specified by smooth cu-
bic polynomials determined by values at their endpoints, which are interpolated from a physical
simulation or machine learning model that depends on various control parameters. Notably, this
sort of abstraction also enables modeling of more diverse scenarios such as stock trading (and
other economic models) as long as one can describe the underlying system by a set of time vary-
ing states suitable for piecewise polynomial interpolation. After developing a basic framework,
we show that distance function based strategies are quickly derailed by more interesting objec-
tives. The interesting features of the distance function are the critical points of the sixth order
polynomial obtained by squaring the cubic spline trajectories, and controlling these critical points
is equivalent to controlling the roots of the fifth order polynomial obtained by differentiating the
sixth order polynomial; unfortunately, robustly differentiating the roots of a fifth order polyno-
mial with respect to its coefficients remains beyond the scope of existing work. We then show
that an alternative formulation, based on continuous collision detection (CCD), a popular alter-
native to distance functions for contact and collision problems, avoids the squaring required by
the distance function formulation. This reduces the problem to the control of the roots of a third
order polynomial; importantly, this problem can be addressed via prior work. Our new approach
leads to a wider range of tractable objective functions and thus a greater number of strategies
that agents may consider; obviously, this facilitates winning the so-called game.

1. Introduction

Real-world events are often viewed as being discontinuous, where an event either occurs or does not occur: a collision does or does
not happen, a stock is or is not traded, etc. This has led to, for example, the theoretical ideas behind decision trees and probabilistic
graphs, which are popular in classical artificial intelligence. Although one might aim to smooth decisions via mollified Heaviside
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\begin {equation}\label {eq:pe:X:integral} \Xtld = \vX (\tno ) + \int _{0}^t \Vld {\xi } d \xi \end {equation}
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\begin {equation}\label {eq:pe:S:displacement} \Stlld = \Xptld - \Xetld \end {equation}


$P$


$E$


\begin {align}\label {eq:pe:S:proximity:displacement} \Spotlld &= \Xptld + \vrp - \left (\Xetld + \vre \right )\end {align}
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$\vl $


$\vX + \vr $


$\vX $


\begin {align}\label {eq:pe:a:S:spherical_displacement} \Ssptlld &= \Xptld + \unitvec {\Xetld - \Xptld } r^P \nonumber \\ & \quad \quad - \left (\Xetld + \unitvec {\Xptld - \Xetld } r^E \right ) \\ \label {eq:pe:b:S:spherical_displacement} &= \Big (\Xptld - \Xetld )\Big ) \left ( 1 - \frac {\eta }{\lnorm \Xptld - \Xetld \rnorm _2 } \right )\end {align}


$\eta = r^P + r^E$


$\vec {S}_\text {sphere}$


$\eta $


$\vec {A}$


\begin {equation}\label {eq:pd:X:def_Fm} \vX (t_{n+1}) - \vX (t_n) - (t_{n+1}-t_n) \vV (t_n) = \int _{t_n}^{t_{n+1}} \int _{t_n}^{\xi _1} \vA (\xi _2) d\xi _2 \; d\xi _1\end {equation}


$d\vX = \vV dt$


$d\vV = \vA dt$


$\vx (t)$


$\tltrd $


\begin {equation}\label {eq:pd:qabc:def} \vx (t) = \vec {q} t^3 + \vec {a} t^2 + \vec {b} t + \vec {c}\end {equation}


\begin {equation}\begin {bmatrix} \ttleft ^3 & \ttleft ^2 & \ttleft & 1 \\ 3\ttleft ^2 & 2\ttleft & 1 & 0 \\ \ttright ^3 & \ttright ^2 & \ttright & 1 \\ 3\ttright ^2 & 2\ttright & 1 & 0 \end {bmatrix} \begin {bmatrix} \vec {q} \\ \vec {a} \\ \vec {b} \\ \vec {c} \end {bmatrix} = \begin {bmatrix} \vxleft \\ \vvleft \\ \vxright \\ \vvright \end {bmatrix} \label {Xeqn5-7}\end {equation}


\begin {equation}\label {eq:pd:qabc:combined_mat} \begin {bmatrix} \vec {q} \\ \vec {a} \\ \vec {b} \\ \vec {c} \end {bmatrix} = \begin {bmatrix} \frac {2}{(\trtl )^3} & \frac {1}{(\trtl )^2} & \frac {-2}{(\trtl )^3} & \frac {1}{(\trtl )^2} \\ \frac {- 3 \ttright -3 \ttleft }{(\trtl )^3} & \frac {- 2 \ttright - \ttleft }{(\trtl )^2} & \frac {3\ttright + 3 \ttleft }{(\trtl )^3} & \frac {- \ttright -2 \ttleft }{(\trtl )^2} \\ \frac {6 \ttright \ttleft }{(\trtl )^3} & \frac {\ttright ^2 + 2 \ttright \ttleft }{(\trtl )^2} & \frac {- 6 \ttleft \ttright }{(\trtl )^3} & \frac {2 \ttright \ttleft + \ttleft ^2}{(\trtl )^2} \\ \frac {\ttright ^3 - 3 \ttright ^2\ttleft }{(\trtl )^3} & \frac {- \ttright ^2\ttleft }{(\trtl )^2} & \frac {3 \ttright \ttleft ^2 - \ttleft ^3}{(\trtl )^3} & \frac {- \ttright \ttleft ^2}{(\trtl )^2} \end {bmatrix} \begin {bmatrix} \vxleft \\ \vvleft \\ \vxright \\ \vvright \end {bmatrix} = T \begin {bmatrix} \vxleft \\ \vvleft \\ \vxright \\ \vvright \end {bmatrix}\end {equation}
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$\that = \frac {t - \ttleft }{\trtl } \in [0,1]$


$\cubedmat {\that } \hat {T}$


$\cubedmat {t} T$


$\tltrd $


\begin {equation}\label {eq:pd:x:traj} \xitl = \cubedvec {t} \vpil \end {equation}


\begin {equation}\label {eq:pd:x:p_def} \vpil = \begin {bmatrix} q_i(\vl ) \\ a_i(\vl ) \\ b_i(\vl ) \\ c_i(\vl ) \end {bmatrix} = \TC \xlvlxrvrimat \end {equation}


$\R ^3$


$\mbfpl $


$12 \times 1$


$\vpil $


$\xtl $


$\pd {\vx }{\mbfp }$


$3 \times 12$


$\pd {x_i}{\vpi }$


$\vs (t)$


\begin {equation}\label {eq:pd:s:real_def} \stll = \xptl - \xetl \end {equation}


\begin {align}\label {eq:pd:a:si:real_def} \sitll &= \xiptl - \xietl \\ \label {eq:pd:b:si:real_def} &= \cubedmat {t} \left ( \vpipl - \vpiel \right ) \\ \label {eq:pd:c:si:real_def} &= \cubedmat {t}\vpisll \end {align}


\begin {equation}\label {eq:pd:pis:def} \vpisll = \TC \begin {bmatrix} \xileft ^P(\vlp ) - \xileft ^E(\vle ) \\ \vileft ^P(\vlp ) - \vileft ^E(\vle ) \\ \xiright ^P(\vlp ) - \xiright ^E(\vle ) \\ \viright ^P(\vlp ) - \viright ^E(\vle ) \end {bmatrix}\end {equation}


$\mbfpsll = \mbfppl - \mbfpel $


$12 \times 1$


$\pd {\vs }{\mbfps }$


$3 \times 12$


$\pd {s_i}{\vpis }$


\begin {align}\label {eq:pd:s:spherical_displacement} \ssptll &= \stll \left ( 1 - \frac {\eta }{\lnorm \stll \rnorm _2 } \right )\end {align}
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$t \in \R $
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$\tro \in \C $


$\C $


$\R ^2$


$2 \times 1$


$2 \times 2$


\begin {align}\label {eq:pd:si:def} \sitll &= \cubedrimat {t}\vpisll \end {align}


$t = \tr + i \ti $


$\ti = 0$


\begin {equation}\label {eq:tf:ds:total} d \sitll = \pd {\sitll }{t} dt + \pd {\sitll }{\vpisll } d \vpisll \end {equation}


\begin {gather}\label {eq:tf:dpis:dpis_dvlpse} \pd {\vpisll }{\vlp } = \TC \begin {bmatrix} \pd {\xileft ^{P}(\vlp )}{\vlp } \\ \pd {\vileft ^{P}(\vlp )}{\vlp } \\ \pd {\xiright ^{P}(\vlp )}{\vlp } \\ \pd {\viright ^{P}(\vlp )}{\vlp } \end {bmatrix} \quad \text { and } \quad \pd {\vpisll }{\vle } = - \TC \begin {bmatrix} \pd {\xileft ^{E}(\vle )}{\vle } \\ \pd {\vileft ^{E}(\vle )}{\vle } \\ \pd {\xiright ^{E}(\vle )}{\vle } \\ \pd {\viright ^{E}(\vle )}{\vle } \end {bmatrix}\end {gather}


$\vS $


$\vs $


$s_i$


\begin {equation}\label {eq:df:phi:distance} \distll = \lnorm \stll \rnorm _2\end {equation}


\begin {align}\label {eq:df:a:phi:spherical_distance} \dissptll &= \bigg | \lnorm \stll \rnorm _2 - \eta \bigg | \\ \label {eq:df:b:phi:spherical_distance} \disspstll &= \lnorm \stll \rnorm _2 - \eta \end {align}


$\dissps < 0$


$\dissps > 0$


$\eta $


\begin {equation}\label {eq:df:tmin:def} \ttmin = \mathop {\arg \min }\limits _{t \geq \tno } \dist \end {equation}


\begin {equation}\label {eq:df:dist_min} \min _{\vlp } \; H\mskip -1mu(\dis (\ttmin )) \, \dis (\ttmin ) + H\mskip -1mu(-\dis (\ttmin )) \, \ttmin \end {equation}
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$\ttmin $


$\dis \leq 0$


$\dissp $


$\dissps $


\begin {equation}\label {eq:df:dist_max} \max _{\vle } \; H\mskip -1mu(\dis (\ttmin )) \, \dis (\ttmin ) + H\mskip -1mu(-\dis (\ttmin )) \, \ttmin \end {equation}


$\ttmin $


$\dis \leq 0$


\begin {align}\label {eq:df:a:dist_minmax} \min _{\vlp } \max _{\vle } &\; H\mskip -1mu(\dis (\ttmin )) \, \dis (\ttmin ) + H\mskip -1mu(-\dis (\ttmin )) \, \ttmin \\ \label {eq:df:b:dist_minmax} \max _{\vle } \min _{\vlp } &\; H\mskip -1mu(\dis (\ttmin )) \, \dis (\ttmin ) + H\mskip -1mu(-\dis (\ttmin )) \, \ttmin \end {align}
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$\lnorm \vs \rnorm _2$


$\lnorm \vs \rnorm _2 \to 0$


$\dis \to 0$


$\frac 12 \dis ^2$


$\dis \geq 0$


$\dis $


$\frac 12 \dis ^2$


\begin {equation}\label {eq:df:psi:def_real} \psitminp = \left . \pd {}{t} \frac {\distll ^2}{2} \right |_{t=\ttmin } = \left . \stminll ^T \pd {\stll }{t} \right |_{t=\ttmin } = 0\end {equation}


$\ttmin $


$t \in \R $


$\ttmin \in \R $


$\dis \in \R $


$\vs \in \R ^3$


$s_i$


$\ti = 0$


$\pd {s_i}{t}$


$2 \times 2$


$t^I = 0$


$\vs $


$\pd {\vs }{t}$


$\frac 12 \dis ^2$


$\ttmin $


$\dissp $


$\dissps $


$\dissps < 0$


$\dissps = 0$


\begin {equation}\label {eq:df:psisp:def_real} \psisptminp = \left (1 - \frac {\eta }{\lnorm \stminll \rnorm _2}\right ) \psitminp = 0\end {equation}


$\ttmin $


$\lnorm \vs \rnorm _2 = 0$


$\lnorm \vs \rnorm _2 = \eta $


$\lnorm \vs \rnorm _2^2 = \eta ^2$


$\ttmin $


$\ttmin $


$\pd {\psi }{t}$


$\ttmin $


$\ttmin $


$\pd {\psi }{t} \to 0$


$\ttmin $


$\ttmin $


\begin {equation}\label {eq:df:psi:def} \psitminp = \sumi \left . \pd {\sitll }{t}\right |_{t=\ttmin } \sitminll = 0\end {equation}


$t \in \C $


$\ttmin \in \C $


$\psi \in \C $


$s_i \in \C $


$\lnorm \vs \rnorm _2 = \eta $


\begin {equation}\label {eq:df:s:norms} \lnorm \vs \rnorm _2^2 = \sumi s_i^* s_i = \sumi (s_i^R)^2 + (s_i^I)^2\end {equation}


$\ttmin \in \C $


$\dis \in \R $


$\dis (\ttminr )$


$\distmin $


$\ttmin \in \C $


$t \in \R $


$t \in \R $


$t \in \C $


$t \in \R $


$\ttmin \in \C $


$\pd {s_i}{t} \in \C $


$s_i \in \C $


\begin {equation}\label {eq:df:z:z1z2} \pd {s_i}{t} s_i = \begin {bmatrix} \re \; \pd {s_i}{t} & - \im \; \pd {s_i}{t} \\ \im \; \pd {s_i}{t} & \re \; \pd {s_i}{t} \end {bmatrix} \begin {bmatrix} \re \; s_i \\ \im \; s_i \end {bmatrix}\end {equation}


$2 \times 2$


$2 \times 2$


\begin {equation}s_i(t^R + it^I) = s_i^R(t^R, t^I) + i s_i^I(t^R, t^I) \label {Xeqn24-33}\end {equation}


$t^R$


$t^I$


\begin {gather}s_i'(t^R + it^I)\begin {bmatrix} 1 & i \end {bmatrix} = \begin {bmatrix} \pd {s_i^R(t^R, t^I)}{t^R} + i \pd {s_i^I(t^R, t^I)}{t^R} & \pd {s_i^R(t^R, t^I)}{t^I} + i\pd {s_i^I(t^R, t^I)}{t^I} \end {bmatrix} \\ \label {eq:df:sipsi:def_equiv} \begin {bmatrix} \re \; s_i'(t^R + it^I) & - \im \;s_i'(t^R + it^I) \\ \im \; s_i'(t^R + it^I) & \re \;s_i'(t^R + it^I)\end {bmatrix} = \begin {bmatrix} \pd {s_i^R(t^R, t^I)}{t^R} & \pd {s_i^R(t^R, t^I)}{t^I} \\ \pd {s_i^I(t^R, t^I)}{t^R} & \pd {s_i^I(t^R, t^I)}{t^I} \end {bmatrix}\end {gather}


$s_i'$


$\pd {s_i}{t}$


$t \in \R $


\begin {equation}\label {eq:df:dphi:total} d \distll = \frac {\stll ^T}{\lnorm \stll \rnorm _2} \; d \stll \end {equation}


$||\vs ||_2 \geq \eta $


$||\vs ||_2 < \eta $
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$\vlpse $


\begin {equation}\label {eq:df:dpsi:total_original} d\psitp = \pd {\psitp }{t} d t + \sumi \pd {\psitp }{\vpisll } d \vpisll \end {equation}


$\psi $


$\ttmin $


$\psi $


$\psi (\ttmin ) = 0$


$d\psitminp = 0$


$\ttmin $


\begin {gather}\label {eq:df:a:dpsi:total} \pd {\psitminp }{\ttmin } d \ttmin + \sumi \pd {\psitminp }{\vpisll } d \vpisll = 0 \\ \label {eq:df:b:dpsi:total} \pd {\psitminp }{\ttmin } \pd {\ttmin }{\vpisll } = - \pd {\psitminp }{\vpisll }\end {gather}
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$2 \times 2$
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$2 \times 2$


$s_i$


$\psi $


$\pd {\psi }{\ttmin }$
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$\psi \in \C $


$\dis = 0$


$\frac 12 \dis ^2$


$\pd {\dis }{t} = 0$


$\pd {\psi }{t} = \pd {\dis }{t}\pd {\dis }{t} + \dis \pdd {\dis }{t} = 0$


$\psi = \dis \pd {\dis }{t} = 0$


$\dis \neq 0$


$\pd {\dis }{t} = 0$
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$\pd {\dis }{t} = 0$


$\pd {\dis }{t} =0$


$\pdd {\dis }{t} = 0$


$\pd {\psi }{t} = 0$


$\pd {\dis }{t} = 0$
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$\pd {\psi }{t} = 0$
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$\dis ^2 > 0$


$\pd {\psi }{t} = 0$


$\pd {\dis }{t} = 0$


$\pd {\dis }{t}$


$\pd {\dis }{t} = 0$


$\pd {\psi }{t} = 0$


$\psi $


$\psisp $


\begin {align}\label {eq:df:dpsisp:dpsisp_dt} \pd {\psisptp }{t} &= \left (1- \frac {\eta }{\lnorm \stll \rnorm _2}\right ) \pd {\psitp }{t} + \frac {\eta \; \psitp ^2}{\lnorm \stll \rnorm _2^3} \\ \label {eq:df:dpsisp:dpsisp_dp} \pd {\psisptp }{\vpisll } &= \left (1- \frac {\eta }{\lnorm \stll \rnorm _2}\right ) \pd {\psitp }{\vpisll } \nonumber \\ & \quad \quad + \frac {\eta \; \psitp }{\lnorm \stll \rnorm _2^3} \sitll \pd {\sitll }{\vpisll }\end {align}
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$\psisp $


$\dissp $
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$2 \times 2$


\begin {equation}\label {eq:df:dpsi:dtmin_dvlpse} \pd {\psitminp }{\ttmin } \pd {\ttmin }{\vlpse } = - \sumi \pd {\psitminp }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


\begin {equation}\label {eq:df:dtmin:implicit} \pd {\psitminp }{\ttmin } \pd {\ttmin }{\vlpse } = \pd {\psitminp }{\ttmin } \sumi \pd {\ttmin }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


\begin {equation}\label {eq:df:dtmin:dtmin_dvlpse} \pd {\ttmin }{\vlpse } = \sumi \pd {\ttmin }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


$\pd {\psi }{\ttmin }$
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\begin {equation}\label {eq:df:Edist:def} \Edistll = \frac 12 \distll ^2\end {equation}


$\dissp $


$\dissps $


\begin {equation}\label {eq:df:dEdist:dEdist_s_dl} \pd {\Edistll }{\vlpse } = \distll \pd {\distll }{\vlpse } = \stll ^T \pd {\stll }{\vlpse }\end {equation}


\begin {equation}\label {eq:df:dEdisspt:dEdisspt_dl} \pd {\Edissptll }{\vlpse } = \frac {\dissptll }{\lnorm \stll \rnorm _2}\pd {\Edistll }{\vlpse }\end {equation}


$\dissp $


$\dissps $
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$||\vs ||_2 < \eta $


$t\in \R $


$t^I$


\begin {equation}\label {eq:df:dEdist:dEdist_dlext} \pd {\Edistll }{\vlpse } = \pm \sumi \sitll \cubedmat {t} \TC \begin {bmatrix} \pd {\xileft ^{P/E}(\vlpse )}{\vlpse } \\ \pd {\vileft ^{P/E}(\vlpse )}{\vlpse } \\ \pd {\xiright ^{P/E}(\vlpse )}{\vlpse } \\ \pd {\viright ^{P/E}(\vlpse )}{\vlpse } \end {bmatrix}\end {equation}


$t \in \tltrd $


$\Edis (\tlag )$


$\tlag $


$\ttright $


$\tlag $


$-\pd {\Edistlag }{\vlp }$
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$\pd {\Edistlag }{\vle }$


$\tlag $


$\mp \Edisgpse (\tlagpse )$
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$\vxleft $


$\vvleft $


$\pd {\vxleft }{\vlpse }$


$\pd {\vvleft }{\vlpse }$


\begin {align}\label {eq:df:ex:ll:a:dE_dvlp_general_expanded} \mp \Edisgtlagllpse &= \begin {bmatrix} \pd {\vxright ^{P/E}(\vlpse )}{\vlpse }^T & \pd {\vvright ^{P/E}(\vlpse )}{\vlpse }^T \end {bmatrix} \begin {bmatrix} (\htlagpse )^2 (2\htlagpse - 3) \stlagpsell \\ (\htlagpse )^2 (\trtl ) (1 - \htlagpse ) \stlagpsell \end {bmatrix}\end {align}


$\htlag = \frac {t - \ttleft }{\trtl }$


$\vxright $


$\vvright $


\begin {equation}\label {eq:df:ex:ll:dcontrols} \pd {\vxright ^{P/E}(\vlpse )}{\vlpse }^T = \begin {bmatrix} I_{3\times 3} \\ 0_{3\times 3} \end {bmatrix}, \quad \pd {\vvright ^{P/E}(\vlpse )}{\vlpse }^T = \begin {bmatrix} 0_{3\times 3} \\ I_{3\times 3} \end {bmatrix}\end {equation}


$\vlpse \in \R ^{6}$


$6 \times 6$


$6 \times 1$


$2 \htlagpse - 3 < 0$


$\ttright $


$\vs (\tlagpse )$


$\vs (\tlagpse )$


$\vs (\tlagpse )$


$1- \htlagpse > 0$


$\ttright $


$\vs (\tlagpse )$


$\ttright $


$\tltro $
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$x_\tright $
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$x_\tright $


$x_\tleft , v_\tleft $


$v_\tright $


$\ttright $


$\ttright $


$x(t)$


$v_\tright $


$x_\tleft , v_\tleft $


$x_\tright $


$\ttright $


$x(t)$


$\ttright $


$x(t)$


$\ttright $


$\tltro $


$\tltro $


$\vxright $


\begin {equation}\label {eq:df:ex:ll:vright_new} \vvright (\vlpse ) = \frac {\vxright (\vlpse ) - \vxleft }{\ttright ^{P/E} - \ttleft ^{P/E}} = \frac {\vxright (\vlpse ) - \vxleft }{\Dt ^{P/E}}\end {equation}


$\vxright $


\begin {equation}\label {eq:df:ex:ll:dcontrols_new} \pd {\vxright (\vlpse )}{\vlpse }^T = I_{3\times 3}, \quad \pd {\vvright (\vlpse )}{\vlpse }^T = \frac {1}{\Dt ^{P/E}} I_{3\times 3}\end {equation}


\begin {equation}\label {eq:df:ex:ll:dE_dvlp_new_controls} \mp \Edisgtlagllpse = (\htlagpse )^2 \left (\htlagpse - 2\right ) \stlagpsell \end {equation}


$-\vs (\tlag )$


$\htlag - 2 < 0$


$\vs (\tlag ) = 0$


$t = \tlag $


\begin {align}\vxright ^{P/E}(\vlpse ) &= \vxleft ^{P/E} + \Dt ^{P/E}\vvleft ^{P/E} + \frac {(\Dt ^{P/E})^2}{2} \vec {a}^{P/E} \\ \label {eq:df:ex:ll:vright_constanta} \vvright ^{P/E}(\vlpse ) &= \vvleft ^{P/E} + \Dt ^{P/E}\vec {a}^{P/E} = 2\frac {\vxright ^{P/E}(\vlpse ) - \vxleft ^{P/E}}{\Dt ^{P/E}} -\vvleft ^{P/E}\end {align}


$\vxright $


$\htlag - 2$


$-1$


$\dis $


$\psi $


$\psi $


$\psi (\ttmin ) = 0$


$\ttmin \in C$


$\distminr $


$\distminr $


$\ttmin \in \C $


\begin {equation}\label {eq:df:Edistr:def} \Edistminrll = \frac 12 \distminrll ^2\end {equation}


$\dis $


$\ttmini $


$\psi (\ttminr ) = 0$


$\ttminr $


$\vl $


$\tlag $


$\vl $


$\psi $


\begin {equation}\label {eq:df:a:dEdis:dEdis_dl} \pd {\Edistminrll }{\vlpse } = \distminrll \pd {\distminrll }{\vlpse } + \psitminrp \pd {\ttminr }{\vlpse }\end {equation}


$\pd {\ttminr }{\vlpse }$


\begin {equation}\pd {\Edissptminrll }{\vlpse } = \frac {\dissptminrll }{\lnorm \stminrll \rnorm _2} \pd {\Edistminrll }{\vlpse } \label {Xeqn40-54}\end {equation}


$\Edissp $


$\Edis $


$\dissp $


$\dissps $


$-1$


$||\vs ||_2 < \eta $


$\ttminr $


$\psi $


$\pd {\ttmin }{\vpis }$


$\psi $


$\psi (\ttminr ) = 0$


$\tlag $


$\ttminr $


$\psi (\ttminr ) = 0$


$\ttminr $


$\dis $


$\dis $


$\dis $


$\dis $


$\psi $


$\psi (\ttminr ) \neq 0$


$\dis $


$\psi (\ttminr )$


$\ttminr $


$\psi (\ttminr ) > 0$


$\ttmin $


$\dis $


$\psi (\ttminr ) < 0$


$\dis $


$\ttmini \neq 0$


$\dis $


$\ttminr $


$\dis $


$\ttminr $


$\psi (\ttminr ) = 0$


$\psi (\ttminr ) > 0$


$\ttminr $


$\dis $


$\ttminr $


$\psi (\ttminr ) < 0$


$\ttminr $


$\dis $


$\ttminr $


$\pd {\ttminr }{\vlpse }$


$\dis $


$\psi $


$\dis (\tlag )$


$\dis $


$\psi $


\begin {align}\label {eq:df:a:Et:options} \Ettminllt &= \frac 12 \ttmin ^* \ttmin = \frac 12 (\ttminr )^2 + \frac 12(\ttmini )^2 \\ \label {eq:df:b:Et:options} \Ettminll &= \ttminr + |\ttmini |\end {align}


$\ttmini $


\begin {align}\label {eq:df:dEt:dEt_dl} \pd {\Ettminll }{\vlpse } = \begin {bmatrix} 1 & \sign (\ttmini ) \end {bmatrix} \pd {\ttmin }{\vlpse }\end {align}


$\pd {\ttmin }{\vlpse }$


$\frac {1}{2}(\ttmini )^2$


$|\ttmini |$


$\sign (\ttmini )$


$\ttmini $


$\ttmini \to 0$


$\ell _1$


$\sign (0) = \pm 1$


\begin {equation}\label {eqn:df:Epair:def} \Epair (\ttminp , \ttminm ; \vlpe ) = - \left | \ttminrp - \ttminrm \right |\end {equation}


$\Epair $


$\psi (\ttminr )$


$\ttmin $


$\dis $


$\psi (\ttminr ) > 0$


$\dis $


$\psi (\ttminr ) < 0$


$\dis $


$\psi $


\begin {equation}\label {eq:df:Eti:def} \Ettminill = \sign \lr {\psitminrp } |\ttmini |\end {equation}


$\psi $


$\ttminr - \epsilon $


$\dis $


$\ttmini $


\begin {equation}\label {eq:df:dEti:dEti_dvlpse} \pd {\Ettminill }{\vlpse } = \sign \lr {\psitminrp } \sign (\ttmini ) \pd {\ttmini }{\vlpse }\end {equation}


$\sign (\psi )$


$\psi (\ttminr ) > 0$


$\ttmini $


$\psi (\ttminr ) < 0$


$\vs $


\begin {equation}\label {eq:rf:si:collision} \sitrll = 0\end {equation}


$\tro \in \R $


$\tro \in \C $


$s_i \in \C $


$s_i \in \R $


$\tro \in \R $


$\trr \geq \tno $


\begin {align}\label {eq:rf:tro:p_minmax} \min _{\vlp } \max _{\vle }& \; \left (\alpha ^+ H(\trr )\delta (\tir ) - \alpha ^- H(-\trr )\right )\trr + \beta | \tir |\end {align}


$\beta > 0$


$\tir = 0$


$H(-\trr )$


$\alpha ^- > 0$


$\trr \geq \tno $


$\delta (\tir )$


$\alpha ^+ > 0$


$\trr \geq \tno $


$\delta (0) = 1$


\begin {align}\label {eq:rf:tro:e_maxmin} \max _{\vle } \min _{\vlp } &\; \left (\alpha ^+ H(\trr )\delta (\tir ) - \alpha ^- H(-\trr )\right )\trr + \beta | \tir |\end {align}


$\tir $


$\trr $


$\trr $


$\tro \in \C $


\begin {equation}\label {eq:rf:si_troi:collision} \sitroill = 0\end {equation}


$\troi \in \C $


$\troi $


$\troi \in \R $


$\vssp $


\begin {equation}\label {eq:rf:ssp:collision} \lnorm \strll \rnorm _2 = \eta \end {equation}


$\frac {\vs }{\lnorm \vs \rnorm _2}$


\begin {equation}\label {eq:rf:ssp:collision_sq} \sumi \sitrll ^2 = \eta ^2\end {equation}


$\tro \in C$


$\eta = 0$


$s_i$


$\eta \neq 0$


$\eta $


\begin {gather}\label {eq:rf:a:ssp:collision_sq_ri} \sumi \left (\sitrllr \right )^2 - \left (\sitrlli \right )^2 = \eta ^2 \\ \label {eq:rf:b:ssp:collision_sq_ri} \sumi \sitrllr \sitrlli = 0\end {gather}


\begin {gather}\label {eq:rf:ssp:collision_sq_complex} \sumi \sitrllr ^2 + \sitrlli ^2 = \eta ^2\end {gather}


$\tro \in \C $


$\trr $


$\tir $


\begin {equation}\label {eq:rf:ssp:collision_siisq_eq_0} \sumi \sitrlli ^2 = 0\end {equation}


$s_i^I$


\begin {equation}\label {eq:rf:ssp:collision_sii_eq_0} \sitrlli = 0\end {equation}


$\vec {\eta }$


\begin {gather}\label {eq:rf:a:eta_i_system} \sitrll = \eta _i \\ \label {eq:rf:b:eta_i_system} \sumi \eta _i^2 = \eta ^2 \
\end {gather}


$\eta _i \in \R $


$\eta _i$


$\eta \to 0$


$\eta _i$


\begin {gather}\label {eq:rf:eta_i_troi_system} \sitroill = \eta _i\end {gather}


$\eta _i$


$\eta _1$


$\eta _2$


$\eta _3 = \pm \sqrt {\eta ^2 - \eta _1^2 - \eta _2^2}$


$\vec {\eta }$


$d\sitroill = 0$


\begin {gather}\label {eq:rf:a:dsi:eq0} \pd {\sitroill }{\troi } d \troi + \pd {\sitroill }{\vpisll } d \vpisll = 0 \\ \label {eq:rf:b:dsi:eq0} \pd {\sitroill }{\troi } \pd {\troi }{\vpisll } = -\pd {\sitroill }{\vpisll }\end {gather}


$\pd {s_i}{\troi }$


$\pd {s_i}{\vpis }$


$d\vpis $


\begin {equation}\label {eq:rf:b:dtroi:dtroi_dl} \pd {\sitroill }{\troi } \pd {\troi }{\vlpse } = -\pd {\sitroill }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


\begin {equation}\label {eq:rf:dtroi:implicit} \pd {\sitroill }{\troi } \pd {\troi }{\vlpse } = \pd {\sitroill }{\troi } \pd {\troi }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


\begin {equation}\label {eq:rf:dtroi:dtroi_vlpse} \pd {\troi }{\vlpse } = \pd {\troi }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


$\pd {s_i}{\troi }$


$\pd {\troi }{\vpis }$


\begin {equation}\label {eq:rf:dsi:spherical_sirmati} \sumi \sirmatiargs \left ( \pd {\sitrll } {\tro } d\tro + \pd {\sitrll }{\vpisll } d \vpisll \right ) = 0\end {equation}


\begin {equation}\label {eq:rf:sirmati:def} \sirmatiargs = \begin {bmatrix} \sitrllr & -\sitrlli \\ \sitrlli & \sitrllr \end {bmatrix}\end {equation}


\begin {equation}\label {eq:rf:dsi:spherical_dtro_dpjs} \left ( \sumi \sirmatiargs \pd {\sitrll }{\tro } \right ) \pd {\tro }{\vpjsll } = -\sirmatjargs \pd {\sjtrll }{\vpjsll }\end {equation}


$j=1,2,3$


$\pd {\tro }{\vpjs }$


$2 \times 2$


$\pd {\tro }{\vpjs }$


$\sirmatj $


$d\vpjs $


$\eta $


$\tro $


$i = 1,2$


$i \neq 3$


$j=1,2$


$s_3(\tro ;\vp _3^s(\vlpe )) = 0$


$\pd {\tro }{\vp _3^s}$


$\troi $


$\tro $


$i = 3$


$\sirmat _3$


\begin {equation}\label {eq:rf:sirmati:def_complex} \sirmatiargst = \begin {bmatrix} \sitrllr & 0 \\ 0 & \sitrlli \end {bmatrix}\end {equation}


$\sumi s_i^I(\tro )^2 = 0$


$s_i^I(\tro )^2 = 0$


$\sumi s_i^I(\tro )^2 = 0$


$\tro $


\begin {equation}\left . \pd {}{t}s_i^I(t)^2 \right |_{t=\tro } = \left . 2 s_i^I(\tro ) \pd {s_i^I(t)}{t} \right |_{t=\tro } = 0 \label {Xeqn57-80}\end {equation}


$s_i^I(\tro ) = 0$


\begin {equation}\label {eq:rf:dsi:spherical_dtro_dpjs_complex} \begin {bmatrix} \sumi \sitrllr \pd {\sitrllr }{\tro } \\ \pd {\sjtrlli }{\tro } \\ \end {bmatrix} \pd {\tro }{\vpjsll } = - \begin {bmatrix} \sjtrllr & 0 \\ 0 & 1 \end {bmatrix} \pd {\sjtrll }{\vpjsll }\end {equation}


$\sumi s_i^R(\tro )^2$


$s_j^I(\tro ) = 0$


$s_k^I(\tro )$


$k\neq j$


$\tro $


$s_i$


$d\vpis $


\begin {align}\label {eq:rf:dtro:spherical_dtro_dlpse} &\left ( \sumi \sirmatiargs \pd {\sitrll }{\tro }\right )\pd {\tro }{\vlpse } \nonumber \\ &\qquad = - \sumi \sirmatiargs \pd {\sitrll }{\vpisll } \pd {\vpisll }{\vlpse }\end {align}


\begin {align}\label {eq:rf:dtro:spherical_dtro_dlpse:1} &\left ( \sumi \sirmatiargs \pd {\sitrll }{\tro }\right )\pd {\tro }{\vlpse }\nonumber \\ &\qquad = \left ( \sumi \sirmatiargs \pd {\sitrll }{\tro }\right ) \sumi \pd {\tro }{\vpisll } \pd {\vpisll }{\vlpse }\end {align}


\begin {equation}\label {eq:rf:dtro:spherical_dtro_dlpse:2} \pd {\tro }{\vlpse } = \sumi \pd {\tro }{\vpisll } \pd {\vpisll }{\vlpse }\end {equation}


$\pd {\tro }{\vpis }$


\begin {gather}\label {eq:rf:a:etai:spherical_total} \pd {\sitrll }{\tro } d\tro + \pd {\sitrll }{\vpisll } d \vpisll = \begin {bmatrix} d \eta _i^R \\ d \eta _i^I \end {bmatrix} \\ \label {eq:rf:b:etai:spherical_total} \sumi \begin {bmatrix} \eta _i^R & -\eta _i^I \\ \eta _i^I & \eta _i^R \end {bmatrix} \begin {bmatrix} d \eta _i^R \\ d \eta _i^I \end {bmatrix} = 0\end {gather}


$\eta _i$


$d \eta _i$


$\eta _i$


\begin {gather}\label {eq:rf:a:etai:spherical_partials} \pd {\sitrll }{\tro } \pd {\tro }{\vpisll } =- \pd {\sitrll }{\vpisll } \\ \label {eq:rf:b:etai:spherical_partials} \pd {\sitrll }{ \tro } \pd {\tro }{\eta _i} = \begin {bmatrix} 1 & 0 \\ 0 & 1 \end {bmatrix}\end {gather}


$\eta _i$


$\tro $


$i$


$\tro $


$\tro $


$\troi \in \C $


\begin {equation}\label {eq:rf:etai:spherical_dtroi} \pd {\sitroill }{\troi } d\troi + \pd {\sitroill }{\vpisll } d \vpisll = \begin {bmatrix} d \eta _i^R \\ d \eta _i^I \end {bmatrix}\end {equation}


\begin {gather}\label {eq:rf:etai:spherical_dtroi_dp} \pd {\sitroill }{\troi } \pd {\troi }{\vpisll } =- \pd {\sitroill }{\vpisll } \\ \label {eq:rf:etai:spherical_dtroi_detai} \pd {\sitroill }{ \troi } \pd {\troi }{\eta _i} = \begin {bmatrix} 1 & 0 \\ 0 & 1 \end {bmatrix}\end {gather}


$\eta _1$


$\eta _2$


$\eta _3$


\begin {equation}\label {eq:rf:detaz:spherical_total} \cmat {d \eta _3} = \frac {-1}{(\eta _3^R)^2 + (\eta _3^I)^2}\begin {bmatrix} \eta _3^R & \eta _3^I \\ -\eta _3^I & \eta _3^R \end {bmatrix} \sum _{i\neq 3} \begin {bmatrix} \eta _i^R & -\eta _i^I \\ \eta _i^I & \eta _i^R \end {bmatrix} \cmat {d \eta _i}\end {equation}


$i=3$


\begin {equation}\label {eq:rf:dtro:spherical_dtroz_detai_fixed} \pd {\sijkll {3}{t_{\text {root},3}}}{t_{\text {root},3}} \pd {t_{\text {root},3}}{\eta _i} = \frac {-1}{(\eta _3^R)^2 + (\eta _3^I)^2}\begin {bmatrix} \eta _3^R & \eta _3^I \\ -\eta _3^I & \eta _3^R \end {bmatrix} \begin {bmatrix} \eta _i^R & -\eta _i^I \\ \eta _i^I & \eta _i^R \end {bmatrix}\end {equation}


$t_{\text {root},3}$


$\eta _1$


$\eta _2$


$\troi $


$\vl $


$\eta _1$


$\eta _2$


$\Etmin $


$\troi $


\begin {equation}\label {eq:rf:Et:options} \Etrotroill = \troir + |\troii |\end {equation}


$\troii $


$\psi $


$\troi ^{R,+}$


$\troi ^{R,-}$


\begin {equation}\label {eq:rf:Epair:def} \Epair (\troi ^{R,+}, \troi ^{R,-}; \vlpe ) = - \left | \troi ^{R,+} - \troi ^{R,-} \right |\end {equation}


$\Epair $


\begin {equation}\label {eq:rf:Eclus:mod} E_\text {cluster}(\vtro ;\tclus ,\vlpe ) = \frac 12 \sumi (\troir - \tclus )^2 + \sumi |\troii |\end {equation}


$\tclus \in \R $


$\tclus $


\begin {equation}\label {eq:rf:tcluster:avg} \tclus = \frac {1}{3} \sum _{i=1}^3 \troi ^R\end {equation}


$\troi $


$\tclus $


$\troir $


\begin {equation}\label {eq:rf:Etcluster:def} E_{\tclus }(\tclus ;\vlpe ) = \sign (\tclus ) \tclus \end {equation}


$\tclus $


$\sign (\tclus )$


$\tclus $


$\tclus < 0$


\begin {equation}\label {eq:rf:Ec:def} E_c(\vtro ;\tclus ,\vlpe ) = \frac 12 \sumi (\troir - \tclus )^2 + \sumi |\troii | + \sign (\tclus ) \tclus \end {equation}


$\Eclus $


$\Etclus $


\begin {equation}\label {eq:rf:dEclus:dvlpse} \pd {\Eclustroll }{\vlpse } = \sumi (\troir - \tclus ) \left ( \pd {\troir }{\vlpse } - \pd {\tclus }{\vlpse } \right ) + \sumi \sign (\troii ) \pd {\troii }{\vlpse }\end {equation}


$\tclus $


\begin {equation}\label {eq:rf:dEclus:dvlpse_const_tclus} \pd {\Eclustroll }{\vlpse } = \sumi \begin {bmatrix}\troir - \tclus & \sign (\troii ) \end {bmatrix} \pd {\troi }{\vlpse }\end {equation}


$\tclus $


\begin {equation}\label {eq:rf:b:dEclus:dvlpse_avg_tclus} \pd {\Eclustroll }{\vlpse } = \sumi \begin {bmatrix}\troir - \frac 13 \sum _{j=1}^3 \trojr & \sign (\troii ) \end {bmatrix} \pd {\troi }{\vlpse }\end {equation}


$\tclus $


$\pd {\troi }{\vlpse }$


$\pd {\tro }{\vlpse }$


$\eta _i$


$\eta _i$


\begin {equation}\label {eq:rf:dEc:avg_mod} \pd {E_c(\vtro ;\tclus ,\vlpe )}{\vlpse } = \sumi \begin {bmatrix} \troir - \tclus + \sign (\troir ) & \sign (\troii ) \end {bmatrix} \pd {\troi }{\vlpse }\end {equation}


$\tclus $


$\sign (\tclus )$


$\sign (\troi )$


$\tclus $


$\sign (\troir )$


$\sign (\troii )$


$\R ^1$


$C$


$P$


$E$


$s$


$x=0$


$x_\tleft ^E = 1$


$v_\tleft ^E = -1$


$v^E_\text {max} = 1$


$\epsilon $


$v^E_\text {max} = 1$


$s$


$\epsilon $


$|t - (1-\epsilon )| + \epsilon $


\begin {equation}\label {eq:ex:R1:acc2_s:1} -s(t) = (1-t_n) + (t-t_n) (-1) + \frac {(t-t_n)^2}{2} (2)\end {equation}


$-1$


$t_n$


$1-t_n$


$2$


$\epsilon $


$(\frac {1}{2} + t_n, \epsilon )$


$t_n = \frac {3}{4} - \epsilon $


$t = \frac {7}{4}-\epsilon $


$t \in [\frac {3}{4}-\epsilon , \frac {7}{4}-\epsilon ]$


$\epsilon = 0$


$\epsilon > 0$


$t \in [.75, 1.75]$


$t\in [0,1] = \tltrd $


$\ttleft $


$\xleft ^E = 0.25$


$\vleft ^E = -1$


$\vright ^E = 1$


$\ttleft $


$\ttright $


$\xright ^E$


$\xright ^E = .25$


$-s(t)$


$-s(t)$


$\xright ^E = .26, .25,$


$.24$


$s_1$


$s_2$


\begin {align}\label {eq:ex:a:R1:sdef} s_1(t;\mbfps (\vle )) &= - x^E(t;\mbfpel ) \\ \label {eq:ex:b:R1:sdef} s_2(t;\mbfps (\vle )) &= x^E(t;\mbfpel ) + 1\end {align}


$s_2$


\begin {align}\label {eq:ex:a:R1:greedy_obj_weighted} E_\text {greedy}(\tlag ; \vle ) &= \gamma ^P \Edis ^P(\tlag ;\vle ) - \gamma ^C \Edis ^C(\tlag ;\vle ) \\ \label {eq:ex:b:R1:greedy_obj_weighted} &= \gamma ^P \frac 12 \left (x^E(\tlag ;\mbfpel )\right )^2 - \gamma ^C \frac 12 \left (x^E(\tlag ;\mbfpel ) + 1\right )^2 \\ \label {eq:ex:c:R1:greedy_obj_weighted} &= \frac {1}{2} (\gamma ^P - \gamma ^C) (x^E(\tlag ;\mbfpel ))^2 - \gamma ^C x^E(\tlag ;\mbfpel ) - \frac {1}{2} \gamma ^C\end {align}


$\gamma ^C = 0$


$\xright ^E = \infty $


$\gamma ^C$


$\infty $


$\xright ^E$


$-\infty $


$\gamma ^C = \gamma ^P$


$\xright ^E = -\infty $


$\gamma ^C > \gamma ^P$


$x^E < 0$


$\gamma ^C$


$\gamma ^P$


$\gamma ^C$


$\Edis ^P$


$\R ^1$


$\ttminr $


$\psi $


$\tlag $


$\Edis ^P$


$\Edis ^C$


$\ttminr $


$x^E$


$x^E$


$\xright ^E = .25$


$\xright ^E$


$t > 0$


$\gamma ^C$


$\gamma ^P$


$\Edis ^C$


$t < 0$


$\Edis ^P$


$t > 0$


$\Edis $


$\Epair $


$\Etmini $


$\psi (t) = s(t) s'(t)$


$s$


$s$


$s'$


$s$


$s'$


$\psi $


$s$


$s'$


\begin {equation}\label {eq:ex:R1:Etriple_l1} E_\text {triple}(\tro , \textrema ; \vle ) = -|\trr -\textrema ^R| - |\tro ^{I}|\end {equation}


$\psi $


$s$


$s'$


$s$


$s$


$s'$


$\tir \neq 0$


$\trr \neq \textrema ^R$


$\Etriple $


$\xright ^E = .25$


$\Etriple $


$\xright ^E$


$\xright ^E = .25$


$\trr $


$\textrema ^R$


$\tir \neq 0$


$\xleft ^E = .25$


$\xleft ^E = .24$


$\xleft ^E = .26$


$\Etriple $


$\xright ^E$


$\xleft ^E$


$\epsilon $


$\epsilon $


$\ttmin $


$(0,1)$


$-\dis (\ttmin )^2$


$\tlag $


$s$


$s'$


$\Etriple $


\begin {equation}\label {eq:ex:R1:rf_Etriple_l1} \Etriple (\trop , \trom ; \vle ) = - |\trorp - \trorm | - |\troip |\end {equation}


$\trom $


$\trop $


$t > 0$


$\Etriple $


$\Etriple $


$\xright ^E = .25$


$\Etriple $


$\xright ^E$


$\xright ^E = .25$


\begin {equation}\label {eq:ex:R1:rf:Ec_p_only} E_c(\tro ; \vle ) = \trr + \beta |\tir |\end {equation}


$\tir \neq 0$


$\tro $


$(0,1)$


$\beta $


$E_c$


$\xright ^E > .25$


$\beta = 1$


$\beta $


$\xright ^E = .25$


$\beta $


$\xright ^E$


$\xright ^E = .25$


$+\infty $


$\R ^2$


$\vxleft ^E = (1,0)$


$\vvleft ^E = (-1, 0)$


$(0,y^P)$


$x=-1$


$t \in [0,1]\; \red {=\tltrd }$


$x$


$\vxright ^E$


$-1$


$\vvright ^E = (-1, 0)$


$y$


$\vxright ^E$


$y_\tright ^E$


\begin {align}\label {eq:ex:R2:evader_sx} x^E(t) &= \cubedmat {t} \InterpolationMatrixC \begin {bmatrix} 1 \\ -1 \\ -1 \\ -1 \end {bmatrix} = 2t^3 -3t^2 -t + 1 \\ \label {eq:ex:R2:evader_sy} y^E(t) &= \cubedmat {t} \InterpolationMatrixC \begin {bmatrix} 0 \\ 0 \\ y_\tright ^E \\ 0 \end {bmatrix} = -2 y_\tright ^E t^2 \left (t - \frac 32\right )\end {align}


$(0,y^P)$


\begin {align}\label {eq:ex:R2:sxpe_yp} s_x^{P-E}(t) &= -x^E(t) = -2t^3 +3t^2 +t - 1 \\ \label {eq:ex:R2:sype_yp} s_y^{P-E}(t) &= y^P - y^E(t) = y^P + 2 y_\tright ^E t^2 \left (t - \tfrac 32\right )\end {align}


$s_x^{P-E}$


$\frac 12$


$\frac 12 \pm \sqrt {\frac 54}$


$s_y^{P-E}$


$\frac 12$


$s_y^{P-E}(\frac 12) = 0$


$y_\tright ^E = 2 y^P$


$y_\tright ^E = 2 y^P$


\begin {equation}\label {eq:ex:R2:sype_yp_degen} s_y^{P-E}(t) = 2y^P(t-\tfrac 12)(2t^2 -2t - 1)\end {equation}


$\frac 12$


$\frac {1 \pm \sqrt {3}}{2}$


$y^P = 0$


$t \in \R $


$y^P = 0$


$s_y^{P-E}/y^P$


$y^P \neq 0$


$s_y^{P-E}$


$y^P \to 0$


$\theta $


$(x,y)$


$(\hat {x}, \hat {y})$


\begin {equation}\label {eq:ex:R2:rotated_coords_spme} \begin {bmatrix}s_{\hat {x}}^{P-E}(t) \\ s_{\hat {y}}^{P-E}(t) \end {bmatrix} = \begin {bmatrix} \cos \theta & -\sin \theta \\ \sin \theta & \cos \theta \end {bmatrix} \begin {bmatrix} s_x^{P-E}(t) \\ s_y^{P-E}(t) \end {bmatrix}\end {equation}


$y^P = 0$


$s_x^{P-E}$


$\hat {x}$


$\hat {y}$


$\frac {\pi }{2}$


$x$


$s_x^{P-E}$


$\tro = \frac 12$


$s_y^{P-E}(\tro ) = 0$


$y_\tright ^E$


\begin {equation}\label {eq:ex:R2:sype_yp_degen_shift} s_y^{P-E}(t) = \frac {-y^P}{\tro ^2(\tro -\frac 32)} (t-\tro ) \left (t^2 + t (\tro - \tfrac 32) + \tro ^2 - \tfrac 32\tro \right )\end {equation}


$s_y^{P-E}$


$y^P$


$[-y_p,y_p]$


$x=0$


$x$


$s_x^{P-E}$


$\frac 12$


$y^E_\tleft \in [-y_p, y_p]$


$y_p - y^E(t)$


$-y_p - y^E(t)$


$y$


$y$


$y_p - y^E(t)$


$-y_p - y^E(t)$


$t \in (0, \frac 12)$


$t \in (0,\frac 12)$


$y_p - y^E(t)$


$t^2(t-\tfrac 32)$


$(0, \tfrac 12)$


$y_\tright ^E > 0$


$y_p-y^E(t)$


$(0,\frac 12)$


$y_\tright ^E > 0$


$y_p = 0$


$y_p - y^E(t)$


$t = 0, 0, \frac 32$


$t=1$


$y_p$


$y_p - y^E(t)$


$t=1$


$y_\tright ^E$


$y_p$


$y_p - y^E(\tfrac 12) = 0$


$y_\tright ^E = 2y_p$


$y_\tright ^E \in (2y_p, \infty )$


$t \in (0, \frac 12)$


$-y_p - y^E(t)$


$y_\tright ^E \in (-\infty , -2y_p)$


$[-2y_p, 2y_p]$


$x$


$[-x_p, x_p] \times [-y_p, y_p]$


$t=\frac 12$


$x_p$


$t \in (0,1)$


$y = y_p$


$y > y_p$


$\vvleft ^P = \vvright ^P = (0, -2)$


$\vxright ^P = (0,-2)$


\begin {gather}\label {eq:ex:R2:sype_yp_pmove} s_y^{P-E}(t) = \cubedmat {t} \InterpolationMatrixC \begin {bmatrix} 0 \\ -2 \\ -2 - y_\tright ^E \\ -2 \end {bmatrix} = -2t + 2 y_\tright ^E t^2 \left (t - \frac 32\right )\end {gather}


$s_y^{P-E}(\frac 12) = 0$


$y_\tright ^E = -2$


$y_\tright ^E = -2$


$s_y^{P-E}(t) = -4t(t-1)(t - \tfrac 12)$


$[-y_p, y_p]$


$y$


$y_p - 2 t - y^E(t)$


$-y_p - 2 t - y^E(t)$


$x$


$s_x^{P-E}(t)$


$\frac 12$


$y_p - 2 t - y^E(t)$


$t \in (0, \frac 12)$


\begin {equation}\label {eq:ex:R2:sype_yp_pmove_extent} s_y^{P-E}(t) = \cubedmat {t} \InterpolationMatrixC \begin {bmatrix} y_p \\ -2 \\ y_p - 2 - y_\tright ^E \\ -2 \end {bmatrix} = y_p - 2 t + 2 y_\tright ^E t^2 (t - \tfrac {3}{2})\end {equation}


\begin {align}\label {eq:ex:a:R2:sype_yp_pmove_disp_deriv} s_y^{P-E}(t) &= 2y_\tright ^E t \left (t - \frac 34 + \sqrt {\frac {9}{16} + \frac {1}{y_\tright ^E}} \right )\left (t - \frac 34 - \sqrt {\frac {9}{16} + \frac {1}{y_\tright ^E}} \right ) + y_p \\ \label {eq:ex:b:R2:sype_yp_pmove_disp_deriv} \dd {s_y^{P-E}(t)}{t} &= 6y_\tright ^E \left ( t - \frac {1}{2} + \sqrt {\frac {1}{4} + \frac {1}{3 y_\tright ^E}} \right )\left ( t - \frac {1}{2} - \sqrt {\frac {1}{4} + \frac {1}{3 y_\tright ^E}} \right )\end {align}


$-2t$


$y_\tright ^E > 0$


$-2t$


$t=0$


$t=\frac 32$


$y_p$


$t=0$


$t > 1$


$y_\tright ^E = 0$


$y_p$


$t=0$


$-\frac 43 \leq y_\tright ^E < 0$


$s_y^{P-E}$


$y_\tright ^E = 0$


$t=0$


$s_y^{P-E}(\frac 12) = 0$


$y_\tright ^E = 2y_p - 2$


$y_\tright ^E$


$s_y^{P-E}$


$t \in (0, \tfrac 32)$


$s_y^{P-E}$


$(0,1)$


$y_\tright ^E$


$(0,1)$


$y_\tright ^E > 2y_p - 2$


$y_\tright ^E < -\frac 43$


$t_{c_1} = t_{c_2} = \frac 12$


$y_\tright ^E = -\frac 43$


$t_{c_1} \to 0$


$t_{c_2} \to 1$


$y_\tright ^E \to -\infty $


$s_y^{P-E}(\frac 12) = 0$


$y_\tright ^E = 2y_p - 2$


$(0,1)$


$y_\tright ^E$


$s_y^{P-E}$


$t \in (0,\frac 32)$


$s_y^{P-E}$


$t=\frac 12$


$y_\tright ^E$


$t=\frac 12$


$y_\tright ^E > 2y_p - 2$


$x$


$[-x_p, x_p] \times [-y_p, y_p]$


$t=\frac 12$


$t_1 < \frac 12$


$t \in (0,\frac 12)$


$x_p$


$y = y_p$


$y > y_p$


$t_2 > \frac 12$


$t_2$


$t \in (\frac 12,1)$


$x_p$


$y_\tright ^E \geq -\frac 43$


$s_y^{P-E}(t_1) = 0$


$y_\tright ^E = \frac {-2 t_1 + y_p}{t_1^2 (3-2t_1)}$


$y_\tright ^E > \frac { - 2t_1 + y_p}{t_1^2 (3-2t_1)}$


$y_\tright ^E < -\frac 43$


$t_1 < t_{c_1}$


$t_1 < t_{c_1}$


$\frac {-1}{3t_1 (1-t_1)} < y_\tright ^E$


$y_\tright ^E > \frac {-2 t_1 + y_p}{t_1^2 (3-2t_1)}$


$y_\tright ^E \geq -\frac 43$


$y_\tright ^E > \frac {-1}{3t_1 (1-t_1)}$


$\frac {-1}{3t_1 (1-t_1)} < -\frac {4}{3}$


$t_2 \leq t_{c_2}$


$t_2 > t_{c_2}$


$t_{c_2}$


$t_2$


$y_\tright ^E > \frac {-2 \min (t_{c_2}, t_2) + y_p}{ \min (t_{c_2}, t_2)^2 (3-2 \min (t_{c_2}, t_2))}$


$t_{c_2} \leq t_2$


$\frac {-1}{3t_2(1 - t_2)} \leq y_\tright ^E < -\frac 43$


$t_2 < t_{c_2}$


$y_\tright ^E < \frac {-1}{3t_2(1 - t_2)}$


$\min (t_{c_2}, t_2)$


$t_{c_2}$


$t_{c_2} = \frac {1}{2} + \sqrt {\frac 14 + \frac {1}{3y_\tright ^E}}$


$y_\tright ^E$


$y_\tright ^E$


$s_y^{P-E}{(t)}$


$y_p=.1$


$y_\tright ^E$


$y_\tright ^E$


$y_\tright ^E$


$t=t_2$


$y_\tright ^E = -1.94$


$y_\tright ^E = -1.71$


$u_p$


$x$


$u_p t$


$\pm x_p$


$t_1$


$t_2$


$u_p$


$v_p$


\begin {equation}\label {eq:ex:R2:pp:xp} \vx ^P(t) = \vxp (t_{n}) -v_p\int _{t_n}^{t} \frac {\vxp (\tau ) - \vxe (\tau )} {\lnorm \vxp (\tau ) - \vxe (\tau )\rnorm _2} d \tau \end {equation}


$t > t_n$


$\vxe (t_n + \Delta t)$


$t_n + \Delta t$


$t_n$


$t_n+\Delta t$


\begin {equation}\label {eq:ex:R2:pp:xp_line} \vx ^P(t) = \vxp (t_n) - (t-t_n) v_p \frac {\vxp (t_n) - \vxe (t_n + \Delta t)}{\lnorm \vxp (t_n) - \vxe (t_n + \Delta t)\rnorm _2}\end {equation}


$t \in (t_n, t_n + \Delta t)$


$[0, \ttright ]$


\begin {align}\label {eq:cv:q} \vec {q} &= \frac {1}{\ttright ^3} (-2\Delta \vx + \ttright (\vvleft + \vvright ))\\ \label {eq:cv:a} \vec {a} &= \frac {1}{\ttright ^2} (3 \Delta \vx - \ttright (2 \vvleft + \vvright )) \\ \vec {b} &= \vvleft \end {align}


$\Delta \vx = \vxright - \vxleft $


$\ttright $


$\vvleft $


$\vvright $


$(0,\ttright )$


\begin {align}\label {eq:cv:velocity_squared} \lnorm \pvec {s}'(t) \rnorm _2^2 &= \pvec {s}'(t) \cdot \pvec {s}'(t) = (3 \vec {q} t^2 + 2 \vec {a}t + \vec {b}) \cdot (3 \vec {q} t^2 + 2 \vec {a}t + \vec {b}) \\ \label {eq:cv:derivative_velocity_squared} \dd {}{t} \frac {\lnorm \pvec {s}'(t) \rnorm _2^2}{2} &= \pvec {s}''(t)\cdot \pvec {s}'(t) = (6 \vec {q} t + 2 \vec {a}) \cdot (3 \vec {q} t^2 + 2 \vec {a} t + \vec {b}) \\ \label {eq:cv:d_derivative_velocity_squared} \ddd {}{t} \frac {\lnorm \pvec {s}'(t) \rnorm _2^2}{2} &= \pvec {s}'''(t) \cdot \pvec {s}'(t) + \pvec {s}''(t) \cdot \pvec {s}''(t) = 6 \vec {q} \cdot (3 \vec {q} t^2 + 2 \vec {a}t + \vec {b}) + (6 \vec {q} t + 2 \vec {a}) \cdot (6 \vec {q} t + 2 \vec {a})\end {align}


$\ttright $


$\vec {q} = 0$


$\vec {a}\cdot \vec {a} \geq 0$


$\vec {q}\neq \vec {0}$


$\pvec {s}' = 0$


$\pvec {s}'' = 0$


$\pvec {s}''$


$\pvec {s}'$


$\pvec {s}'' \cdot \pvec {s}'$


$\pvec {s}''' \cdot \pvec {s}' < - \pvec {s}'' \cdot \pvec {s}'' < 0$


$t = \frac {- \vec {q}\cdot \vec {a}}{3 \vec {q} \cdot \vec {q}}$


$\pvec {s}''' \cdot \pvec {s}' < - \pvec {s}'' \cdot \pvec {s}'' < 0$


$\lnorm \pvec {s}'' \rnorm _2$


$\pvec {s}'' = 0$


$\pvec {s}'' \cdot \vec {q} = 0$


$\ttright $


$\vxleft $


$\vvleft $


$\vxright $


$\vvright $


$\ttright $


$(0, \ttright )$


$\ttright $


$\ttright $


$\ttright $


$||s'||_2$


$\vec {q}$


$\vec {a}$


$\vec {b}$


$\vec {c}$


$\pd {\vpis }{\ttright } \pd {\ttright }{\vl }$


$\ttright $


$\tro $


$\tro $


$\ttright $


$(0, \tro )$


$\tro $


\begin {align}\label {eq:cv:al} \va _\text {left} &= \pvec {s}''(0) = 2\vec {a} = \frac {2}{\ttright ^2} (3 \Delta \vx - \ttright (2 \vvleft + \vvright )) \\ \label {eq:cv:ar} \va _\text {right} &= \pvec {s}''(\ttright ) = 6 \vec {q} \ttright + 2\vec {a} = \frac {2}{\ttright ^2} \left (-3 \Delta \vx + \ttright (\vvleft + 2 \vvright )\right )\end {align}


\begin {equation}\label {eq:cv:a_avg} \frac {\vec {a}_\tleft + \vec {a}_\tright }{2} = \frac {\vvright -\vvleft }{\ttright }\end {equation}


\begin {align}\label {eq:cv:alvl} \vec {a}_\tleft \cdot \vvleft &= \left ( 3 \Delta \vx - (2\vvleft + \vvright ) \ttright \right )\cdot \vvleft = 0 \\ \label {eq:cv:arvr} \vec {a}_\tright \cdot \vvright &= \left (- 3\Delta \vx + (\vvleft + 2\vvright )\ttright \right ) \cdot \vvright = 0\end {align}


\begin {equation}t_L = \frac {3\Delta \vx \cdot \vvleft }{(2 \vvleft + \vvright )\cdot \vvleft } \quad \text { and } \quad t_R = \frac {3\Delta \vx \cdot \vvright }{(\vvleft + 2\vvright )\cdot \vvright } \label {Xeqn84-122}\end {equation}


$\ttright $


$s'$


$s''$


$s' = 0$


$s'' = 0$


$s'$


$s''$


$s''$


$s'$


$s''$


\begin {equation}\label {eq:cv:1D:tinflect} t_\text {inflect} = -\frac {a}{3q} = \frac {\ttright a_\tleft }{a_\tleft - a_\tright }\end {equation}


\begin {equation}\label {eq:cv:1D:sp_tin_al_ar} s'(t_\text {inflect}) = - \frac {a^2}{3q} + b = \frac {\ttright a_\text {left}^2}{2(a_\tleft - a_\tright )} + \vleft = \frac {\ttright a_\tright ^2}{2(a_\tleft - a_\tright )} + \vright \end {equation}


$s''$


$t_\text {inflect} \in (0, \ttright )$


$a_\tleft $


$a_\tright $


$\ttright $


$a_\tleft $


$a_\tright $


$\pm 3 \Delta x$


$t_\text {inflect} \in (0, \ttright )$


$\ttright $


$a_\tleft $


$a_\tright $


\begin {equation}\label {eq:cv:1D:tL_tR} t_L = \frac {3\Delta x}{2 \vleft + \vright } \quad \text { and } \quad t_R = \frac {3\Delta x}{\vleft + 2\vright }\end {equation}


$t_L > 0$


$t_R > 0$


$t_L$


$t_R$


$\ttright $


$t_\text {inflect} \in (0,\ttright )$


$\ttright $


$\ttright $


$\ttright $


$s'(\tinflect )$


$t_L$


$t_R$


\begin {alignat}{2} \label {eq:cv:1D:vl_vr_tL_tR} \vleft &= \Delta x \left (\frac {2}{t_L} - \frac {1}{t_R} \right ) , & \vright &= \Delta x \left (\frac {2}{t_R} - \frac {1}{t_L}\right ) \\ \label {eq:cv:1D:al_ar_tL_tR} a_\text {left} &= \frac {6 \Delta x}{\ttright ^2}\left (1 - \frac {\ttright }{t_L}\right ), \quad & a_\text {right}&= \frac {-6 \Delta x}{\ttright ^2}\left (1 - \frac {\ttright }{t_R}\right )\end {alignat}


$\tinflect $


\begin {equation}\label {eq:cv:1D:tinflect_tL_tR} t_\text {inflect} = \left (\frac {1 - \frac {\ttright }{t_L}}{1 - \frac {\ttright }{t_L} + 1 - \frac {\ttright }{t_R}}\right ) \ttright \end {equation}


$s'(\tinflect )$


\begin {gather}\label {eq:cv:1D:sp_tinf_vleft} s'(\tinflect ) = \vleft + \frac {3\Delta x}{\ttright } \frac {(1-\tfrac {\ttright }{t_L})^2}{1-\tfrac {\ttright }{t_L} + 1-\tfrac {\ttright }{t_R}} \\ \label {eq:cv:1D:sp_tinf_vright} s'(\tinflect ) = \vright + \frac {3\Delta x}{\ttright } \frac {(1-\tfrac {\ttright }{t_R})^2}{1-\tfrac {\ttright }{t_L} + 1-\tfrac {\ttright }{t_R}} \\ \label {eq:cv:1D:sp_tinf_tl_tr} s'(t_\text {inflect}) = \frac {\Delta x}{\ttright } \frac {(1-\frac {\ttright }{t_L})^2 + (1-\frac {\ttright }{t_R})^2 + 1 - \frac {\ttright }{t_L}\frac {\ttright }{t_R} }{1 - \frac {\ttright }{t_L} + 1 - \frac {\ttright }{t_R}}\end {gather}


\begin {equation}\label {eq:cv:1D:dsptinflect_dtright_tLtR} \pd {s'(\tinflect )}{\ttright } = \frac {-6 \Delta x}{\ttright ^2} \frac {(1-\frac {\ttright }{t_L})(1-\frac {\ttright }{t_R})}{\left (1-\frac {\ttright }{t_L} + 1-\frac {\ttright }{t_R}\right )^2}\end {equation}


$s'(\tinflect )$


$\ttright > 0$


$t_L$


$t_R$


$\ttright $


$s'(\tinflect )$


$\ttright $


$\ttright $


$\ttright $


$s'(\tinflect )$


$\Delta x$


$\ttright $


$s'(\tinflect ) \to \sign (\Delta x) \infty $


$\ttright \to 0$


$t_L$


$t_L$


$t_R$


$\ttright = t_L$


$t_\text {inflect} = 0$


$s'(\tinflect ) = \vleft $


$\ttright $


$(0,t_L)$


$\tinflect \in (0, \ttright )$


$s'(\tinflect )$


$\ttright \in (0, t_L)$


$\sign (\Delta x) v_\tmax $


$\ttright $


\begin {equation}\label {eq:cv:1D:vleft_soln} \vleft + \Delta x \frac {3(1-\tfrac {\ttright }{t_L})^2}{\ttright (1-\tfrac {\ttright }{t_L} + 1-\tfrac {\ttright }{t_R})} = \sign (\Delta x) v_\tmax \end {equation}


$(0, t_L)$


$\vleft = \sign (\Delta x) v_\tmax $


$\ttright = t_L$


$\ttright $


$t_R$


$t_L$


$t_R$


$\ttright = t_R$


$t_\text {inflect} = \ttright $


$s'(\tinflect ) = \vright $


$\ttright $


$(0, t_R)$


$\tinflect \in (0, \ttright )$


$s'(\tinflect )$


$\ttright \in (0,t_R)$


$\sign (\Delta x) v_\tmax $


$\ttright $


\begin {equation}\label {eq:cv:1D:vright_soln} \vright + \Delta x \frac {3(1-\tfrac {\ttright }{t_R})^2}{\ttright (1-\tfrac {\ttright }{t_L} + 1-\tfrac {\ttright }{t_R})} = \sign (\Delta x) v_\tmax \end {equation}


$(0,t_R)$


$\vright = \sign (\Delta x) v_\tmax $


$\ttright = t_R$


$\ttright $


$t_L = t_R > 0$


$\vleft = \vright $


$\sign (\Delta x)$


$\ttright = t_{LR} = t_L = t_R$


$q = a = 0$


$s'' = 0$


$t$


$\ttright $


$(0, t_{LR})$


$\tinflect = \frac {1}{2}\ttright $


$s'(\tinflect )$


$\ttright \in (0, t_{LR})$


$\ttright $


$\ttright = t_{LR}$


$\ttright $


$\vleft = \sign (\vleft ) v_\tmax $


$\vright = \sign (\vright ) v_\tmax $


$t_L < 0$


$t_R < 0$


$\ttright $


$(0,1)$


$t_\text {inflect} \in (0,\ttright )$


$s'(\tinflect )$


$s'(\tinflect ) \to \sign (\Delta x) \infty $


$\ttright \to 0$


$t_R \leq t_L < 0$


\begin {equation}\lim _{\ttright \to \infty } s'(\tinflect ) = \vleft - \frac {3\Delta x}{t_L + \frac {t_L^2}{t_R}} = -\vleft \left (\frac {3}{2 + \frac {t_L}{t_R}\left (1 - \frac {t_L}{t_R}\right )} - 1\right ) \label {Xeqn92-132}\end {equation}


$[\frac 13, \frac 12]$


$t_R = -\infty $


$t_L \leq t_R < 0$


\begin {equation}\lim _{\ttright \to \infty } s'(\tinflect ) = \vright - \frac {3\Delta x}{\frac {t_R^2}{t_L} + t_R} = -\vright \left (\frac {3}{2 + \frac {t_R}{t_L}\left (1 - \frac {t_R}{t_L}\right ) } - 1\right ) \label {Xeqn93-133}\end {equation}


$[\frac 13, \frac 12]$


$t_L = -\infty $


$t_L = t_R = -\infty $


$s'(\tinflect ) \to 0$


$\ttright \to \infty $


$\ttright \to \infty $


$\lnorm \pvec {s}' \rnorm _2$


$t \in (0, \ttright )$


$\ttright $


$v_\tmax $


\begin {equation}\lim _{\ttright \to \infty } \pvec {s}(t) = \hat {s}(t) = \ttright \left (\hat {q} (\tfrac {t}{\ttright })^3 + \hat {a} (\tfrac {t}{\ttright })^2 + \vec {b} \tfrac {t}{\ttright } + \vec {c}\right ) = \ttright (\hat {q} \hat {t}^3 + \hat {a} \hat {t}^2 + \vec {b} \hat {t} + \vec {c}) \label {Xeqn94-134}\end {equation}


$\ttright $


\begin {align}\hat {q} &= \vvleft + \vvright \\ \hat {a} &= -2\vvleft - \vvright \end {align}


$t$


$\hat {t} = \frac {t}{\ttright }$


$[0,1]$


\begin {align}\label {eq:cv:nd:speed_squared} \lnorm \hat {s}'(t) \rnorm _2^2 &= \frac {\hat {s}'(\hat {t})}{\ttright } \cdot \frac {\hat {s}'(\hat {t})}{\ttright } = (3 \hat {q} \hat {t}^2 + 2 \hat {a}\hat {t} + \vec {b}) \cdot (3 \hat {q} \hat {t}^2 + 2 \hat {a}\hat {t} + \vec {b}) \\ \dd {}{t} \frac {\lnorm \hat {s}'(t) \rnorm _2^2}{2} &= \frac {\hat {s}''(\hat {t})}{\ttright ^2}\cdot \frac {\hat {s}'(\hat {t})}{\ttright } = \frac {1}{\ttright } (6 \hat {q} \hat {t} + 2 \hat {a}) \cdot (3 \hat {q} \hat {t}^2 + 2 \hat {a} \hat {t} + \vec {b})\end {align}


$\hat {s}'(t) = \frac {1}{\ttright } \hat {s}'(\hat {t})$


$\htinflect = \frac {\tinflect }{\ttright }$


\begin {equation}\label {eq:cv:nd:that_inflect} (6\hat {q}\htinflect + 2 \hat {a} ) \cdot (3 \hat {q} \htinflect ^2 + 2 \hat {a} \htinflect + \vec {b}) = 0\end {equation}


$\frac 12 \htinflect $


\begin {equation}\lnorm \hat {s}'(\tinflect ) \rnorm _2^2 = (\hat {a}\hat {t}_\text {inflect} + \vec {b}) \cdot (3 \hat {q} \hat {t}_\text {inflect}^2 + 2 \hat {a} \hat {t}_\text {inflect} + \vec {b}) \label {Xeqn96-138}\end {equation}


$\hat {q}$


$\hat {a}$


\begin {align}\label {eq:cv:nd:shat_that_inflect} \lnorm \hat {s}(\tinflect ) \rnorm _2^2 &= \vvleft \cdot \vvleft \left (-6\hat {t}_\text {inflect}^3 + 11 \hat {t}_\text {inflect}^2 - 6 \hat {t}_\text {inflect} + 1\right ) \nonumber \\ & \quad + \vvleft \cdot \vvright \left (-9 \hat {t}_\text {inflect}^2 + 11 \hat {t}_\text {inflect} - 3 \right ) \hat {t}_\text {inflect} \nonumber \\ & \quad + \vvright \cdot \vvright \left (-3 \hat {t}_\text {inflect} + 2 \right )\hat {t}_\text {inflect}^2\end {align}


$\htinflect $


$\htinflect \in [0,1]$


$\lnorm \vvleft \rnorm _2$


$\lnorm \vvright \rnorm _2$
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functions, that leads to averaging outcomes across mutually exclusive branches, hindering the determination of control parameters
via gradient-based optimization. The surging efficacy of machine learning techniques, particularly advances in numerical optimization
for training neural networks, has promoted broad interest in the topic of differentiability, including that of discontinuous events.

Generally speaking, the machine learning and artificial intelligence communities do not have a long-and-storied history studying
discontinuities and the mollification of discontinuities for the sake of differentiability; in fact, they have developed a number of
naive approaches and software packages (e.g., PyTorch [1], TensorFlow [2], Torch [3], Caffe [4], Theano [5], Jax [6], etc.) for
computing derivatives for the sake of training neural networks. A recent paper [7] showed that these software packages have a
fundamentally flawed view of the chain rule, ignoring the importance of L’Hopital’s rule and related techniques. On the other hand,
the computational physics community has been working with discontinuities since the beginning of the field (and the beginning of
computers) due to the importance of shock waves, particularly in nuclear weapons research. This includes developments such as ENO
[8], mollified Heavisides and sharp-interface methods (see e.g., [9]), level set methods [9], ghost fluid methods [10-12], immersed
interface methods [13], XFEM [14], etc.

Although collision detection is an important component in a myriad of computational physics problems, its discontinuous nature
has rarely been addressed (most research is focused on collision response). The crude way of detecting collisions consists of sampling
geometry in both space and time to ascertain potential interpenetrations; of course, this approach is problematic when objects lack
an interior, have thin features, are moving quickly, etc. The first-principles based approach to collision detection is typically referred
to as continuous collision detection (CCD), see e.g., [15-17]. In CCD, time-continuous trajectories of geometry are used to formulate
a root-finding problem, where the smallest non-negative real root (if it exists) represents the time of collision; moreover, the lack of
a real root in a prescribed time interval indicates the absence of a collision. Noting that collisions or the lack of collisions may be
important for obvious reasons motivates the desire to control the roots of CCD problems. As discussed in [18], this would require
differentiating both real and imaginary roots of the CCD problem with respect to the parameters of the problem.

In order to bootstrap considerations of CCD differentiability in computational physics it makes sense to first consider an area where
creating and avoiding collisions has received considerable attention in prior works, i.e., pursuit-evasion problems in differential game
theory. In the context of the pursuit-evasion problem, a pursuer aims for real roots within a desirable time interval, while an evader
aims to make those real roots either large or non-positive (assuming that zero corresponds to the current time). For more information
on differential game theory and pursuit-evasion problems see the seminal work [19] as well as [20-24]. Numerical solutions of
these games are considered in [25-28] and more recent works applying machine learning and artificial intelligence techniques (in
particular, reinforcement learning) to these games include [29-35]. In addition, see e.g., [36-39] for prior work that references
computational physics and game theory.

In addition to the competition between the pursuer and evader over the sign and value of the real roots, complex-valued roots
should also be considered. Turning a pair of real-valued roots into complex conjugates, or vice versa, can directly benefit the evader
or pursuer, respectively. More generally, consider a multiverse model where temporal trajectories have a real-valued root when an
event occurs and a complex-valued root when it does not. Decisions do not necessarily lead to different outcomes, but rather work
to influence outcomes by pushing real-valued roots to become complex-valued so that an event does not happen, or by pushing
complex-valued roots to become real-valued so that an event does happen. Formulating viable strategies requires differentiating both
real and complex-valued roots with respect to various potential controls, actions, or decisions.

In order to add mathematical rigor to the examples and discussions, the trajectories of the pursuer and evader will be modeled
by piecewise cubic polynomial splines that enforce physically appropriate continuity of position and velocity at their endpoints.
Notably, [18] proposed robust techniques for differentiating both real and complex-valued roots of cubic polynomials with respect
to their parameters, facilitating the differentiability of events occurring along piecewise cubic spline trajectories. Given the marked
differences between minimization and root-finding (not only mathematically, but strategically from the standpoint of game theory),
both distance function and root-finding approaches to the pursuit-evasion problem will be considered. Distance function approaches
are quite popular in prior work and seem quite natural at first glance; however, the pursuit of more realistic objective functions
quickly becomes intractable, since it requires careful consideration and control of the roots of fifth order polynomials. Notably, our
CCD-motivated approach replaces these fifth order polynomials with simpler and tractable (via [18]) third order polynomials. In
contrast to prior work in both the computational physics and the computational geometry literature, replacing the distance function
formulation with a CCD-based approach leads to a less complicated (as opposed to a more complicated) formulation.

Since we have chosen to illustrate our work via path planning and trajectory optimization examples, it is worth briefly considering
prior related works. These include sampling-based methods such as [40-43], convex optimization methods such as [44-47], methods
leveraging or providing numerically computed or estimated gradients such as [48-51], and collision avoidance methods utilizing
Markov decision processes such as [52-55]. The most similar prior work is [56], which uses implicit differentiation and subgradients
to plan trajectories that locally avoid obstacles. Their objective directly considers the time of a collision, and while they note the
discontinuity between colliding and not colliding, there is no explicit formulation of this as a goal (as we do, with making roots
complex). Other interesting and relevant works include [57-60].

2. Preliminaries
Assume that an agent has a set of controls 7 that can be used to affect its state X ; Z), e.g.,

1
Xt 7) = X(0) + / V(& Dde )
0
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where 1 represents all of the relevant controls, and V represents the temporal derivative of X; in the context of a pursuit-evasion
problem, X and V are position and velocity respectively. If the agents have no spatial extent, the displacement between them is

S@; AP, 7Ey = XP(1; 1Py - XE (1, 3F) )
where P and E superscripts represent the pursuer and evader. If the agents have spatial extent, the displacement between any two
particular points (one on the pursuer and one on the evader) is given by

Spoian(t: 27, 75) = XP(1: 37y + 7 — (XE (1 35) + 7F ) 3)

where the offsets 77 /7 might also vary with  and 7. Note that redefining X + 7 as X makes Eq. (3) equivalent to Eq. (2). If interactions
depend on proximity, a discretization of proximity boundaries would utilize Eq. (3) (equivalently Eq. (2)) for each relevant pair of
discretized points (perhaps preferring the pair with minimum distance). Note that proximity boundaries could instead be interpreted as
uncertainty (in position, proximity, etc.) boundaries. When the boundaries are represented by spheres, discretization can be replaced
by the displacement

XE@IEY - XP@7P)
”)?E(t; JE) — XP(t; ZP)“Z

Sephere(t: AT, 7F) = XP(1:4%) +

XP@;47) = XE(1; 4F) JE

H)?P(z; Py~ XE@, EE)HZ “2)

—| XE@; 7E) +

_ ()?P(t;ZP)—)?E(t; ;E») [p— n S (4b)
HXP(t; Py — XE(t /15)“2

where # = rP + rE is the sum of the radii of the spheres. Note that §Sphere flips direction when the spheres overlap which isn’t
necessarily sensible (unless the goal is to obtain an exact separation of 7).

Typically, an agent is not in complete control of its state (position, velocity, acceleration, etc.), but rather aims to control its state
by accounting for or reacting to external forces outside of its control (these could be non-physical as well, e.g. economic models).
For example, when these external forces cause some acceleration A on an agent, a continuous representation of the physics can be
written as

N - - il 61
R(tye) = X(0,) = ) — 1)V (1,) = / / A&)de, de, ®)
I" t?l

where dX = Vdt and dV = Adt. Since only the most trivial physics models have analytic solutions, Eq. (5) needs to be replaced with
a discretization in order to facilitate a numerical approach. Recently, it has become popular to replace classical discretizations with
surrogate models based on machine learning or other reduced order techniques, e.g., [61-63]. While these surrogates decrease the
accuracy of the physics, they often increase the efficiency of numerical approaches, thereby improving the feasibility of optimization
methods. Moreover, these surrogates can provide the required differentiability with respect to the controls that may not exist in more
complex models and solvers.

In spite of discretizing for the sake of solvability, it is useful to have a continuous representation for the sake of differentiability
and control. This can be achieved via piecewise polynomial interpolation of the discrete values output by the numerical method.
Noting that it is well known that higher order polynomials tend to oscillate and overshoot, we utilize piecewise cubic interpolation
emphasizing that it is the lowest order piecewise polynomial interpolation that can be both continuous and differentiable.

Let X() be the piecewise cubic polynomial trajectory of a point under consideration. Given a time interval [#jf, trign:], the cubic
polynomial spline

) =GP +art +bt+¢ (6)

has parameters described by the following conditions

43 2 = -
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with fieq # trighe- Note that the time intervals used to resolve trajectories for the pursuer and evader will necessarily differ from the
time steps used to obtain a stable and accurate numerical discretization of the underlying physics. This means that Xjefr, jefes Xrights

and Uy, will be interpolated from X and V; in addition, Xjef, Diefes Xright> and Uyjgh, are functions of the controls 7, since X and ¥ are
functions of 1. When a discussion is facilitated by nondimensionalizing time, T can be factored in order to define f = t[_& €[0,1]

right ~Tleft
via
1
_— 0 0 0
("righg_’left)3
—3Mefi 1 0 0
(trlght_’left) (’right_’left)2
B8 2 2 —[3 2
[t ! ! 1] - [t t t 1] 3 Neft —2Meft 1 0 ©)
(Tnghtgtleft)s (fnght Tleft)? Tright~"left
“left et et 1
(tright—1eft)? (tright—"left)? Tright—"left
with
2 1 -2 1|1 0 0 0
N -3 =2 3 1|0 thene — 1 0 0
7= right left 10
0 1 0 0o 0 1 0 (10)
1 o o ofo 0 0 tright = Neft
remaining; then, [ 2 7 1|T replaces [* 2 ¢ 1]T.
In each [#jeq, t1ign] interval, each dimension has a separate and independent cubic polynomial
Ay =17 2 + 15@ an
where
‘L’(;i) X; lefe(4)
- (L et (A
i = | 4D = g Crien®) 12)
b;(2) xi,rightu')
¢;(A) Ui,right(}“)
is a vector of parameters. Assuming that the pursuit-evasion problem is in R3, let f)(Z)abe a 12 x 1 vertical concatenation of the three
p:(2). This allows one to write X(#; p(4)) in order to reflect the dependencies; then, g—fp is a 3 x 12 block diagonal matrix with a 3—;{

in each block. Let 5(r) be the piecewise cubic polynomial displacement between the piecewise cubic trajectories of the pursuer and
evader points under consideration. In each interval, Eq. (2) (and equivalently Eq. (3)) becomes

5t p° (AP, 1) = 3P (1 pP ) - *E (1 pE(AE)) (13)

where in each dimension

i@ 7 (AP, AE)) = xP (1 5P (A7) — xE (1 BEGE)) (14a)
=[¢ 0 (FaD-FEGD) (14b)
=3 2 « 1 pat b (14c)

noting that Egs. (13) and (14) (especially Egs. (14b) and (14c)) depend on the ability to subdivide the pursuer’s and evader’s splines
so they are defined on coincident time intervals. Note that

1P 1E
zleft(/1 )- zleft(f )
p = (P = vf (35
5P, Ik = ,left(gl’) 1 ft G (15)
X rlght X rlght
1P 1E
znght(/1 )= zrlght(/1 )

and that p*(AP, iE) = pP(AP) — pE(AE) is 12 x 1. In addition
Eq. (4) becomes

, z)pY is a 3 x 12 block diagonal matrix with a =& P in each block. Similarly,

n

Ssphere(t: (AT, AE) = 51 p° (AP, AE)| 1 - - —
[fwair. 7o

(16)

where 5 is defined via Eq. (13) using ¥* and X¥ as the centers of the two spheres.

In order to utilize numerical optimization on the various and competing objectives in pursuit-evasion games, differentiability
of the objectives with respect to the controls (i and iE) is required. Since our proposed objectives are primarily concerned with
controlling, creating, and/or eliminating roots (i.e., collisions), complex values of ¢ need to be considered. In order to distinguish
the obvious restriction that 7 € R for trajectories from the complex values of 7 that need to be considered for the sake of roots, the

4
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notation .y, With #,,,, € C is utilized. Throughout this work C will be represented via R? for ease and clarity in implementation;
thus, complex numbers will generally be written as 2 x 1 column vectors of the real and complex parts. Occasionally, multiplying
complex numbers will require writing them as 2 x 2 matrices.

In order to succinctly cover both real and complex cases, Eq. (14c) can be rewritten as
(IR)3 _ 3tR(t[)2 (tR)Z _ (tl)z tR

L5 7P FEVy
SUERASAD= 3R g1y 2Rl i

1. ,=p =
0 paP. 25) 17)
where r = tR 4 it!, stressing that t/ = 0 identically along any trajectory. This leads to
as,~<r;ﬁf<1P,ZE>>d ds;(t: S (AP, AF))
t+ ——
ot OB (AP, IE)

ds,(t; 53 (AP 7E)) = dpi (AP, 7E) (18)

for the differentials, where

ds;(t: B (AP, TE)) (BER? =32 2R 1 0)pAP ) (=6Rel 211 0 0)FGP,IE)
= R I = 7P TEy Ry2 Iy2 R Y\ 7P TE (192)
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T G I (S U L (O LR (O LR (19b)
opGr, iEy  13ERH —a') 2eRe! 0
(A7,
define the partial derivatives. Combining Eqs. (12) and (14) leads to
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which, with Eq. (18), leads to
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making the dependence on the controls more explicit.
2.1. Method and strategies

Our proposed method is as follows: An agent has some model of how the displacement § between itself and its opponent evolves
over time with respect to its own, and potentially its opponent’s, controls. This displacement can be interpolated by piecewise smooth
cubic splines, which leads to a consistent framework for considering various strategies, i.e., objective functions, that encourage or
avoid collisions, typically described in the language of pursuit-evasion problems. These strategies are applied via gradients of the
corresponding objective functions with respect to the interpolation points of the cubic splines and ultimately with respect to the
controls via the chain rule (with derivatives, or estimates of the derivatives, of the model of the displacement). Our work is primarily
concerned with the different strategies that consider collisions. When an opponent’s trajectory cannot be directly modeled or is
uncertain, we consider methods for bounding their trajectory so that similar strategies for creating or avoiding collisions can be
applied.

There are two quite disparate strategies for addressing the pursuit-evasion problem. One could focus on distance and aim to
minimize or maximize a norm of s, or one could focus on collisions by considering the roots of the three equations obtained by setting
each s; equal to zero. Different strategies arise depending on which approach is considered. In particular, there are many strategies
that avoid collisions while the distance decreases. When entities are relatively far apart, distance is probably more appropriate
given the uncertainties in trajectory approximation; however, when entities are closer together, a root-finding approach introduces
significantly more strategies. Generally speaking, an agent is at a disadvantage when it ignores or is otherwise unaware of potential
strategies of an opponent; thus, we flush out some of the details associated with using our formulation in a distance-based approach
(in Section 3) before moving on to the consideration of collisions (in Section 4). Both approaches are then considered in a simple
example (in Sections 5 and 6).

For an agent to formulate the displacement between itself and another agent requires some estimation of its opponent’s trajectory.
This is largely dependent on what an agent knows and believes about its opponent, so the specifics of the estimation ought to be
tuned to the problem at hand. One option is for an agent to treat its opponent’s strategy as entirely unknown or uncertain, and in
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such cases the agent can place a bound on its opponent’s possible positions. An agent seeking to collide with its opponent can aim for
the center of a bounding volume or a discretization of its surface. Conversely, an agent seeking to avoid collisions with its opponent
must avoid the bounding region entirely. This is accomplished by the application of axis-aligned bounding boxes (in Section 9), where
avoiding collisions with the box reduces to a root-finding problem involving derivatives and optimization of the roots in at most two
dimensions, regardless of the overall dimensionality of the game. Physical plausibility of the interpolating splines is also considered
(in Sections 6 and 7) and all of these components are later combined in a simple pursuit-evasion game (in Section 10).

3. Distance formulation

A distance function can be defined from the displacement,
(5" 7)) = [5G 7)), (22)
for Eq. (13) and

d’sphere (5 f’S(ZP7 }:E)) =

[ECTYvv n| (23a)
Pophere1:B* (A7, 75)) = |5:3 AP, )|, - n (23b)

for Eq. (16), where Eq. (23b) calculates signed distance, facilitating discernment between being too close with qgsphere < 0 and being
too far with @gppere > 0. Eq. (23a) is useful when # is the preferred separation distance, whereas Eq. (23b) is useful when all points
inside the sphere are treated equivalently.

The time when the distance is minimized

min = argmin ¢(t) 24)

>0

represents a critical point of the problem. To motivate strategies utilizing distance functions, consider a potential strategy for the
pursuer

H})i’n H(d’(’min)) ¢(tmin) + H(_d)(tmin)) Imin (25)
A

where H is the Heaviside function. The first term aims to minimize the distance when it is positive, while the second aims to minimize
!min When ¢ < 0. Note that Eq. (25) is applicable for both ¢g;pere and d;sphere as well. The evader would work against this via

max H($(tmin)) $tmin) + H(=¢(tmin)) fmin (26)
i

where the first term maximizes the minimal distance when it is positive, while the second term aims to maximize 7,;, when ¢ < 0.
Typically, Eqgs. (25) and (26) are combined and modified to

_Ii}l max H(¢(tyin)) (min) + H(=¢('min)) min (272)

A AE

max Il;llIl H(qb(tmin)) ¢(tmin) + H(_¢(Imin)) Tmin (27b)
AE P

respectively, in order to account for the pursuer and evader being aware of each other’s strategies.

As is typical, the global minimum defined in Eq. (24) is often replaced by the consideration of local minima. Since differentiating
¢ requires division by ||5||, with ||5||, — 0 as ¢ — 0, it is better to differentiate %(ﬁz; moreover, in the ¢ > 0 case, ¢ and %4)2 have the
same minima. Thus,

0 B (AP, AE))?

AEYT 95(1; p* (4P, AF))
ot 2

= 5t DG -

=Imin =Imin

Wt (AT, A5)) = =0 (28)

implicitly defines the 7,,;;, as critical points. Note that r € R, #,,;, € R, ¢ € R, and § € R*> means that each s, is defined by only the top
row of Eq. (17) with ! = 0; similarly, the scalar % is defined by the upper left entry of the 2 x 2 matrix in Eq. (19a) with ¢/ = 0. The
inner product between s and Z—E is the sum of fifth order polynomials, each of which is formed by multiplying a cubic by a quadratic.

Differentiating %qﬁz can be used to identify potential 7., for ¢gpper. and J’sphere as well, noting that when ‘ﬁsphere <0 local minima
become local maxima (and vice versa) and that new local minima are created (if they don’t already exist) wherever ¢g,pere = 0. For
both Egs. (23a) and (23b),

n

- [ B°G" ) = 0 (29)
[Sttmin: B2 350,

Wsphere(tmin;fls(zps ZE)) =11

implicitly defines the 1,;, as critical points. Note that division by a problematic ||5||, = 0 would only occur away from the spherical
interaction boundary at the center of the sphere. The solutions of Eq. (29) include the solutions of Eq. (28) in addition to points on
the sphere where |||, = #. Note that ||§||§ = 5? is a sixth order polynomial.
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Remark 3.1. Solving Eq. (28) for t,,;, requires finding the roots of a fifth order polynomial. Thus, controlling t,.;., as is suggested by
Eq. (27), requires difj‘erentiating a real root of a fifth order polynomial with respect to the coefﬁcienl:s of the polynomial. Solving for this
derivative requires mvertmg = At tin, which is problematic when t,,;, is nearly a repeated root and & az — 0. Analysis of the different ways
(in the paths of the polynomial coefficients) that a root can become repeated can lead to suitable directions for the gradient, as in the cubic
polynomial case addressed in [18]. However, a robust numerical method for fifth order polynomials does not currently exist. This inability to
properly treat t,;, is a roadblock to distance function formulations.

Converting a real-valued root 7;, to be complex-valued or vice versa removes or adds, respectively, local extrema. In order to
facilitate this strategy, Eq. (28) needs to be converted into a two equation system with both the real and imaginary parts set equal to
zero; thus, we rewrite Eq. (28) as

ds,(t; 552, ZF))

TP TE\y _
o 5i(tmin3 5; (A7, A7) = (30)

=Imin

w(t mmvPY(/lP }»E)) Z

i

where 7 € C, 1y, € C, v € C, and each s; € C along the lines of Eqs. (17) and (19a). For the sake of complexifying ||5]|, = #,
I8l = 20575 = X + )2 31
as is standard. Note that consideration of ,;; € C can be made consistent with ¢ € R by utilizing ¢(+R. ) instead of ¢(ty;,) when

min
tmin € C.

Remark 3.2. Technically, t € R in Eq. (28) dictates that the derivative in Eq. (30) is with respect to t € R not t € C. After differentiating
with respect to t € R, t,;, € C is substituted into the result before % € C and s; € C are multiplied via

ds;
0s,- Re -t —Im =L [Res;
it 32
o i [ ‘?Y’ Re m, ] [Im s[] (32)
or
as is standard. To see that the 2 X 2 matrix in Eq. (32) is identical to the 2 x 2 matrix in Eq. (30) (and Eq. (192)), consider differentiating
s (R +ithy = sRaR ) +is] (R, dh) (33)
with respect to tR and t' to obtain

sitR +ith[1

R (R T TR (I R (R T IR T

i] _ [()s, Wy | gosietahy - asfafely | as]aRe) (342)
ok ok ol ol

asR(R 1) osRaR 1)

1eeR 4 ifd _ 1R 4 ifd
Re s|(tR + it!) Im s|(tR + it )]_ (34b)

Iat;(2 I Id’IIZ 1
Ims/(tR +it")y  Res/(tR +it") 9s; @5y 95, (R

arR ot!

where s], computed for the sake of the chain rule, is identical to 2 Wlth t € R. Note that this result is expected, since polynomials are analytic.

3.1. Differentials

Egs. (22) and (23b) have differential
5B (AP, AE)"
s pecar. i),

as does Eq. (23a) when ||5]|, > #, but multiplication by -1 is required when ||5||, < 5. Straightforward substitution of d5 from Eq. (18)
into Eq. (35) leads to the partial derivatives of ¢, spneres OF Bphere With respect to r and AP/, From Eq. (30),

dg(r;p* (A7, AF)) = ds@; p* GG, 7E)) (35)

oy (t; p* (AP, 1E oy (t; p° (AP, AE
w (t; p°( >)dt+ (15 p°( ))

dy (5GP, 75) = i
ot - ap‘;(/lp,lE)

dp (A", 7 (36)

where the partial derivatives can be found in Eq. (A.1). For t,;, a root of y, y(t;,) = 0 implies d (tn: B (A7, 1E)) = 0; thus, substi-
tuting 7,;, into Eq. (36) leads to

ow(t - p (AP, AF oyt p (AP, IE o

Wllmin DA AT Y W tmin DAL A7) e 7P 7Ey = 0 (372)
Omin ; OpS (AP, AE)

W lmin: B*(A",75)  Otmin 0y (i B* (A7, 75) @7b)
Otmin 0B (AP, AF) OB (AP, AF)

as an implicit equation for each ‘;“" .

Eq. (37b) is an implicit equation for the derivatives of the roots of a fifth-order polynomial with respect to its coefficients. As
mentioned in Remark 3.1, [18] only addresses third-order polynomials and given the intricacies discussed therein, robustly solving

7
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Eq. (37b) seems rather difficult. In particular, the 2 x 2 coefficient matrix ;—“’_ in Eq. (37b) has the same form as the 2 x 2 coefficient

matrix on the righthand side of Eq. (34b) after replacing s; with y. This matrix is difficult to invert when the determinant approaches
zero. The lefthand side of Eq. (34b) illustrates that the determinant is simply the magnitude squared of the complex number ;‘” s

min

computed in a straightforward way by assuming ¢,,;, € C and y € C.

A collision, with ¢ = 0, is a local and global minimum of %qﬁz with % =0 as well. The corresponding d{) = ‘;‘f f;f + ¢ axl =01is
problematic for Eq. (37b) When a collision is not forecast, setting y = ¢a¢ =0 with ¢ # 0 means that a time at which 04’ =0is
considered. Note that = 0 would be considered even if ¢») were used in the objective rather than ¢2 When there is no relevant
time with 22 at =0, the pursuer could either aim to move a real root into the domain of interest or aim to merge two complex roots
in order to create a local minimum and maximum. Merging roots causes a repeated root with both % =0 and ’3)27;1’ = 0 resulting in
a problematic "alt’ = 0. Given a time at which % =0, the pursuer aims to merge complex conjugate roots of ¢ onto this root of %
in order to create a collision, which has a problematic ‘;—"t’ = 0. The evader resists these aforementioned strategies by aiming to keep
roots of ’;—‘f
solve Eq. (37b) numerically.

irrelevant or complex and ¢? > 0. Unfortunately, the game is played at or near ’;—"t’ = 0 where it is difficult to robustly

Remark 3.3. Whenever the pursuer is successful at getting closer to the evader, the forecast distance decreases to a relan've minima with

= 0 before increasing again. If the evader successfully disallows this pursuer progress, then any relevant roots of would be complex.
Thus the key point of contention in distance function formulations is when =0 has a repeated root (makmg 0"’ = 0) highlighting the
fundamental difficulty in distance function formulations.

When using spherical spatial extent, the derivation of Eq. (37b) from Eq. (36) still holds with y replaced by y;pere- However, the
partial derivatives in Eq. (A.1) are replaced by

Wiphere (3 B°G", A5 [ n ww:p' (P ")y’ i0)? (382)
s o 7p T S o 3
ot [[scr:Boar. 3| o [ ecir. 220
Wiphere(1:B° (A7, A5) n oy (B (AP, AE))
(AP, IE) [s:Becar.amn), | omar.aE)
LB AP TE o op 08, BGP TEY)
n y (& p'( )1 s, F (AP, AEy 2P (38b)

[ Bocar. 3mn| OpSAP, IE)

leveraging Eq. (28) for the definition of y in order to simplify the second term in Eq. (38a). Note that Eq. (37b) with these partial
derivatives of ygppere holds for both ¢gppere and &Sphere, since wyppere in Eq. (29) is the same for both. Similar to the issues discussed in
()Wsphere

Remarks 3.1 and 3.3, the various difficulties associated with would need to be addressed in order to solve Eq. (37b) for d'"““ .

Remark 3.4. Note that w? in Eq. (38a) needs to be converted into a 2 x 2 matrix in order to be consistent with the notation used throughout
this paper. This can be accomplished along the lines of Eq. (32), except by converting both complex numbers into 2 x 2 matrices. The justification
would proceed stmllarly to Remark 3.2 and conclude with the fact that polynomials are analytic. In fact, if we had abstained from changing
the order of s; and % az in Egs. (28) and (30), then we would have been forced to turn a complex s; into a 2 X 2 matrix making y a 2 x 2
matrix in Eq. (28). Similarly, both v and s; need to be converted into 2 x 2 matrices in Eq. (38b).

Substituting Eq. (20) into Eq. (37a) leads to

W (i B P AE)) Otin o OW i3 B (AP, 2E)) 05 (A, 1) 39
Ot min AAP/E : op; (AP, JE) 0IP/E
and substituting Eq. (37b) into Eq. (39) leads to
W (i D° AP 2E)) Oty OW (Ui ° (A7, 1)) » Otmin  9P(A7,2F) (40)
atmin aZ”/E atmin i 0[75(}?, ZE) 0ZP/E
which gives
mln _ mm ﬁ?(fP’AE) (41)
OIPIE B(AP,AE)  0iP/E
when one can reliably 1r1vert . Since Eq. (37) also holds in the spherical spatial extent case, Eqs. (39)-(41) can be derived in the

spherical spatial extent case as well Eq. (41) dictates solving Eq. (37b) for each of the ')t“““ and subsequently multiplying each result

by the partial derivatives in Eq. (20) before summing.
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3.2. Greedy objectives

A greedy approach aims to decrease/increase ¢ as quickly as possible, i.e., aiming to decrease/increase % Typically, controls are
applied in a time interval [0, 1,,,], aiming to reduce ¢(t},5). Minimizing ¢(1,,) is equivalent to minimizing the slope of the secant line
between the endpoints of [0, #1,,], which is equivalent to minimizing the derivative as 4 — 0. Minimizing $(t15g) is also equivalent
to minimizing the integral of == ‘)4’ from 0 to 11,4, illustrating that a greedy approach to mimmlzmg could be obtained by minimizing
$(t1ag) €ven when 11, is not necessarily approaching 0.

Define the energy

=p o 1., ei=p =
Ey(t:47,35) = S (", 45 (42)
with an equivalent definition for ¢g;pere and d;sphere' Utilizing Eq. (35),

OE4(t; AP IF) ag(1;p° (AP, 7))

s 03(t; p° (AP, AE
- = ¢(;p° (37, 25) = 5P, 78y BER A AT) (43)
611’/5 0/1P/E }LP/E
and for the spherical case
0E¢sphere (t; ZP’ ;{E) _ ¢sphere(l; f)s(;iP’ ZE)) 0E¢(t; /_{P, IE) (44)

OAP/E

S ar ey, o oAr/E

where replacing ¢gppere With q;sphere requires multiplication by —1 when ||5||, < 7. Substituting Eq. (21) (with 7 € R, and ignoring the
row for ¢! entirely) into Eq. (43) leads to
oxP/E
left(AP/L)
9iP/E
P E 7pP/E
v W3 AP/E)

=1st(1;ﬁf(zl’,}£))[13 2o 7|, p75 e (45)
i right

OE(t: AP, IF)
OAP/E
P/aE (AP/E)

right
()AP/E

valid for any t € [tef, trighl-
Suppose the pursuer and evader each work with E(11,,), perhaps each with a different 1,,, (and even a different g, although

0Ey(t1ag)
N lag , while the evader aims to maximize

we ignore this for simplicity). The pursuer aims to minimize the distance at their #,, via —

(ag)
the distance at their #,,, via 2o lliag)

. As one might expect, these derivatives have the same form for both players: the pursuer moves
directly towards the evader and the evader moves directly away from the pursuer, so they both move in the same vector direction
(assuming that they both use the same #,). Denote the steepest descent/ascent directions for the pursuer/evader respectively by

FVP/E E(t1ag), which is the transpose of Eq. (45) with a “-” in place of the “+”

Suppose the game is composed of a single time interval and let both players initial states X} and Jje; be given so that xle/ﬁE and

:;‘;f; are identically zero matrices. This allows simplification of the gradient to
op - _P/E _P/E = T 2 N2(7F — 2T .2s(7P JE
¢VP/EE¢(tlag;}»P,ﬂE) _ [()xnght AP/E) oun.ght(/l”/b‘) ] A 2(tlag) (2tlag 3)S(flag’}) (4 ;j ")1)> -y (46)
0iP/E 0IP/E (T1ag)~(right — flef)(1 — Nag)S(11ag; P (47, A7)
where, along the lines of Eq. (9), flag = % has been used for the sake of simplicity. Let the controls for each player be their
right ~left
values of Xyjg; and drigp so that
=P/E 7P/E P/E 7P/E
A A
# = [I3X3] M = [03X3] 47
0IP/E 03x3 QiPIE Iys

and iP/E € RS, Substituting Eq. (47) into Eq. (46) turns the first matrix on the right-hand side into a 6 x 6 identity leaving only
the second matrix, which is a 6 x 1 column vector. Since 27, — 3 < 0, the pursuer aims for a positional change at 7,5, opposite
the direction of §(tlag), which would decrease the distance since E(tlag) points from the evader to the pursuer. The evader also aims
for a positional change opposite the direction of E(tlag), which would increase the distance. Since 1 — flag > 0, the pursuer aims for
velocity change at tqp, in the direction of 5(t},g), which is the wrong direction. This occurs because increasing the derivative at #ygp,
causes the values on (fef, trigh) t0 decrease, even though the values on the next interval would increase. See Fig. 1. Thus, the pursuer
mistakenly aims for a velocity change in the wrong direction in order to improve its displacement in (fjef trigne)- The evader has the
same incorrect behavior. On the other hand, this strategy does lead to a local improvement in (e, #1igh) that might be desirable.

9
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x(t B
( ) ------- Increasing right
- - - Increasing vright

R _ _ ~"lright t

Fig. 1. A plot of one-dimensional cubic splines x(r) that represent additive changes to X, and vy, Additive changes to x,p,, can be expressed
by adding a scalar multiplier times a cubic that evaluates to zero at Xjef. Vjefr, and Uyjgn,, While being equal to 1 at #,,,, (dotted line). This cubic is
strictly positive in the open interval. Notably, continuity implies that the interval after 7., would similarly see an increase in the values of x(7).
Additive changes to vygy, utilize a cubic that evaluates to zero at xjeg, Vjeg, and X1, While having a slope of 1 at #,;;, (dashed line). This lowers the
values of x(7) to the left of #,;4,, but raises the values of x(¢) to the right of £,

Most physical systems would have a velocity subservient to their positional goals. For example, let the controls for each player be

their values for X, and let
= TP/Ey _ 3 = TP/Ey _ =
N FPIEY = xright(’l / ) = Xleft _ xrightuL / ) = Xieft (48)
Uright( )= P/E _ _P/E - AtP/E
right left

be subservient to Xygp; then,

. - T . - T
axright(lP/E) _ aUright(}“P/E) _ 1 (49)
IAP/E T 9AP/E T OAP/ETPS
replaces Eq. (47). Substituting Eq. (49) into Eq. (46) leads to
FVPIEE (1193 17, AF) = (flag)? (Frag — 2)3(t1ag: B (A, AF)) (50)

which is always in the correct direction of —5(f,4) since fj,, —2 < 0. The gradient vanishes when 5(t,4) = 0, which is correct for
the pursuer, but undesirable for the evader; driven by gradient ascent, the evader can move in any direction to avoid the potential
collision at = 11,,. Instead of a constant velocity, the trajectory could be modeled with a constant acceleration via

P/EY2
-»P/E TP/E -»P/E p/E-»P/E (At ) ~P/E
rlght(/1 )= +Ar Vleft + 2 a (51a)

—'P/E(AP/E) —»P/E
QP/E TP/E -»P/E P/EGP/E _ rlght Fleft _,p/E
rlght(/1 )= + At =2 AtP/E Uleft (51b)
where the players each still control their X,igp,;. The velocity derivative in Eq. (49) then includes an extra 2 on the numerator; then,
flag — 2 is replaced by —1 in Eq. (50) and the gradient once again points in the correct direction.

3.3. Root-forecasting objectives

Instead of a greedy approach, it might make more sense to increase or decrease ¢ at the time at which it is smallest. This leads to
analyzing the real roots of y. Although the complex roots of y correspond to monotonic behavior, complex roots can merge to form
real roots implying that they need to be considered as well. Thus, y(#,;,) = 0 with 7.;, € C is considered in this subsection.

Since merging complex roots produce local extrema with values close to that of ¢(tR ) just before the complex roots merged, it
makes sense to aim to increase/decrease ¢(t£m) even when 7;, € C. Consider m1n1m121ng/max1mlzlng

E4R IP3F) = —¢(rmm,psu” ity? (52)

so that ¢ is either close to or far from zero if t’ ., does become zero making W(lrl:nn) = 0. Importantly, tr’;m depends on the roots and

thus depends on 4, whereas 11ag from Section 3.2 was chosen arbitrarily and thus is not dependent on . Utilizing the definition of y

10
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in Eq. (28), Eq. (52) leads to

OE, (R 1T, 3F) aptR, B (AP, 3F)) atR
¢\ min’ -5, 7P TE min —s, 7P TE mm
—_— =gt pP A A))— . pi(A, A 53
3iP/E = ¢} mins P ( ) S37E +y@k mins P ( )) /L (53)
ok ) . . .
where =h/E is defined in Eq. (41). One can similarly derive
0E¢sphere(tllflln AP AE) d’sphere(lrl:,mvpj('lp AE)) qu}(t[l:ﬂn;ZPy}:E)

69
a/lP/E

SR B AP R, 0Ar/E

illustrating that E e here behaves similarly to E (as before, replacing ¢gppere With &Sphere requires multiplying by —1 when |[5]|, < ).
Regarding the tractability of this objective function, finding tlfﬁn requires computing the roots of a fifth order polynomial y. In
addition, finding each ‘)'“““ in Eq. (41) requires solving Eq. (37b), which aims to find the derivatives of the roots of a fifth order

polynomial with respect to its coefficients (no robust method for doing so yet exists).

When dealing with real roots of y where y/(tr’:ﬁn) = 0, the last term in Eq. (53) vanishes making it identical to Eq. (43). The only
difference between this and the objective function for 1,4 is that t[’fﬂn is constrained to have y/(tl’;m) = 0 forcing tr’fﬁn to be a relative
extrema of ¢. This means that the pursuer is working to minimize distance at the relative extrema of ¢. Minimizing distance at relative
minima of ¢ is the quickest way to reduce the minimal separation distance. Minimizing distance at a relative maximum of ¢ reduces
the separation distance required to turn around and start getting closer once again, perhaps eliminating some evasive maneuvers of
the evader. The evader opposes these goals.

Remark 3.5. The reader may have noticed that we do not differentiate inflection points from relative minima/maxima, since we treat an
inflection point as a coincident minimum and maximum consistent with a repeated real root.

Consider the first term in Eq. (53). When dealing with complex roots of y where y/(tr’;m) # 0, ¢ has a nonzero slope w(tr’;m) at
tmm. When y/(lfl‘ﬁn) > 0, the pursuer prefers merging r,;, with its complex conjugate in order to create a relative maximum so that ¢
flips from increasing to decreasing. When "’(’rl; i) < 0, the pursuer prefers to keep ¢ decreasing by maintaining tr’n in 7 0. In both cases,
minimizing ¢ at tr’fﬂn according to the first term in Eq. (53) is beneficial to the pursuer. The evader has competing goals, and would
similarly aim to maximize ¢ at ’ﬁin according to the first term in Eq. (53). That is, the first term on the right-hand side of Eq. (53) is
well motivated whether or not y/(tr’flin) =0

Consider the second term in Eq. (53). When V/(trlfﬂn) > 0, the pursuer prefers to decrease tfﬁn so that the aspirational real-valued
root (which would make ¢ start to decrease) occurs as early as possible; thus, the steepest descent direction for tl’; in should be (and is)
followed, via the negative transpose of Eq. (53). When y/(tr’fﬁn) < 0, the pursuer prefers to increase tl’fﬂn so that any potential real-valued
root (which would make ¢ start to increase) is delayed to be as far out into the future as possible; thus, the steepest ascent direction
for tfﬂn should be (and is) followed, via the negative transpose of Eq. (53). The evader has competing goals, which are achieved via
the (positive) transpose of Eq. (53).

Remark 3.6. Note that the transpose of Z’;’L in Eq. (53) could be used to move both real roots and the real parts of complex roots around,

moving desirable roots into intervals under constderation and undesirable roots out of such intervals.

3.4. Root-controlling objectives

Modifying the naive greedy approach in Section 3.2 to more strategically consider the relative extrema of ¢ in Section 3.3 led
quite naturally to a desire to control the roots of y. Although the objective function in Section 3.3 provided insight on how to move
real roots and the real parts of complex roots around in time, a mechanism for merging complex roots to become real-valued and
vice versa did not emerge. Thus, root-controlling objectives are discussed in this section.

Remark 3.7. The greedy approach from Section 3.2 aims to minimize/maximize ¢(tyo,). When the player working against the current
monotonicity is successful, ¢ flips from increasing to decreasing or vice versa. This happens when complex conjugate roots of w merge into
a pair of real roots, representing a new relative maximum and minimum. Thus, the greedy approach is also concerned with root merging
however, it only considers the roots implicitly, likely missing out on various potential strategies.

When aiming to control complex-valued roots, consider minimizing/maximizing

E,  (tmini A7, iy = Ly min = = Lar 2y Ly (55a)

2 min 2 min 2 min

Et ( min> P )“E) = tmm + |t (55b)

min |

where Eq. (55b) provides more uniform gradients. Note that the absolute value on tr’n in Properly treats whichever complex conjugate
is being considered. Eq. (55b) leads to

WP, iE)
_ [l !min (56)

0E
()EP/E mln)]a JP/E

tmin (Tmin’

11
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where ;;}HE is defined in Eq. (41) and requires finding the derivatives of the roots of a fifth order polynomial with respect to its

coefficients (by solving Eq. (37b)). When aiming to merge complex conjugates, the %(t{n in)2 term in Eq. (55a) might be preferred over

the |’£1 | term in Eq. (55b), since replacing S(trln ) With t{n i 10 Eq. (56) can help to prevent overshoots as t{n w — 0; alternatively, a
smoothed sign function (or a soft #,) could be used. When instead aiming to separate complex conjugates, this smoothing can lead to
erroneously small gradients; thus, is should be avoided with S(0) = +1 depending on which complex conjugate is being considered.

When aiming to control real-valued roots, consider minimizing or maximizing

TP TEy _ _ R+ _ R~
EPalr(tmm mln"l A7) = 4

mm min

(57)

as suggested in [18]. Typically, the pursuer would aim to minimize E,; when the roots are close together in order to avoid a potential
merge. On the other hand, the evader may work to merge roots even when they are quite far away, creating a slight asymmetry. The
boundary between the two aforementioned cases (Egs. (55) and (57)) is the repeated root case, which requires special treatment as
discussed in [18].

As discussed in Section 3.3 the sign of v/(tR ) for a complex-valued root i, indicates whether ¢ is locally increasing or decreasing.
When "’(’;ﬁ ) > 0, the pursuer aims to merge the complex conjugate roots to change ¢ from increasing to decreasing. When W(III; w) <0
the pursuer aims to resist such merging in order to maintain a decreasing ¢. The evader works against these goals. The sign of y can

be incorporated into the last term in Eq. (55b) by modifying it to
. 7P TE\ _ R 7P JE
Ep (tmin: 37, 35) = S (w5 G 35 ) Iy, | (58)

where the sign of zero could be treated as identically zero, since it corresponds to a real root where both the pursuer and evader will
instead temporarily only focus on the first term on the righthand side of Eq. (53); on the other hand, it could make more sense to use
the sign of y at tr’fl . — ¢ when the roots become real, since that represents the monotonicity that ¢ would have if tr’n ., were to become
nonzero again. Eq. (58) leads to

0E (tmin; AT, AE)
min

ot
= S (R B GR35 ) Sl 2 59
33P/E wR B NS ) 33P/E (59)
utilizing the fact that the derivative of S(y) is 0 almost everywhere (and that the discontinuity is unimportant, since the treatment
of Eq. (59) would typically be split into two separate cases). When y/(tﬁm) > 0, the pursuer uses the negative transpose of Eq. (59)
following steepest descent on the magnitude of tr’n i to merge the complex conjugate roots as desired. When y/(tr’:ﬁn) < 0, the pursuer
utilizes steepest ascent. The evader works against these goals.

4. Root-finding formulation

A collision (or interaction based on proximity) between two agents occurs in some interval when all of the components of s in
that interval satisfy

Si(troot;ﬁf(zpy ZE)) =0 (60)
with 7., € R. The roots of Eq. (60) can be complex with 7., € C and thus s; € C (although s; € R along any real trajectory). The

pursuer would aim for a #,,,; € R while the evader would aim to prevent this. To motivate strategies utilizing rootfinding, a pursuer

seeking a collision as quickly as possible might aim to minimize % > 0 via

njli,n nl%x ( +H(tr00t)5(tr00t) @ H( trOOt))ITOOt + ﬂltrootl (61)
i

where g >0 encourages a collision with ¢/
term with a* > 0 encourages a small tR

oot = 0> the H (—tﬁmt) term with a~ > 0 encourages tﬁ) > 0, and the delta function 5(tmOt

oot > 0 when a collision is predicted with 6(0) = 1. The evader would work against this, via

mzéx Iilln ( +H(lr00t)5(troot) a H( tI‘OOt)) root + ﬁltrootl (62)
A

to be far from zero, and a positive t?  to be far from zero when a collision is

encouraging ¢/ R ot

predicted.
Eq. (60) requires 7., € C to simultaneously solve all three cubics, which might not be possible. Solution nonexistence contradicts
our premise that unobtainable events can be modeled simply via complex roots. This can be remedied by considering

si(troot,i§5f(zP7ZE)) =0 63

where each cubic is solved by a separate t,,,; € C. The pursuer would aim to cluster the three 1., ; into a coincident t,,,; € R,
while the evader would aim to prevent this.
When considering spherical spatial extent, setting Ssphere from Eq. (16) to be identically zero results in

S(troor: (AT, AE)||. =1 (64)
2

to be far from zero, a negative tX

root root

by setting the scalar component of the unit vector —— to zero. This leads to a sixth order polynomial

(B8 <|
D si(troos B (AT, AE)? = (65)

i

12
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for 1,4, € C. When 5 = 0, all of the s; are fully decoupled from each other leading to Eq. (60). When 5 # 0, the three cubics are coupled
since it is unclear how much of # should be appropriated to each of them. Eq. (65) leads to

Y (R ttoors B G, Z‘f»)2 = (57 troois " IE»)2 = (662)
i

D 58 (troos By AP, A5 (troors 51 (A7, AE)) = 0 (66b)

1

after independently setting its real and imaginary components to zero.

Remark 4.1. One might be tempted to utilize Eq. (31) in order to define the norm in Eq. (64). This violates the spirit of our proposed
methodology, which consists of specifying equations that define an event and using real-valued and complex-valued roots to determine whether
the event does or does not occur. If one were to utilize Eq. (31) in Eq. (64), it would lead to

D 5K troors BT ZEN? + 5] (troos i GT, AEN)? = n? (67)

i

for o0 € C. Not only does Eq. (67) differ from Eq. (66a), but Eq. (67) is only a single equation for two unknowns (tR and t! ). There
are a few ways to proceed, for example, one might set

5! (troors BT AEN? = 0 (68)

1
in order to specify that all of the s ,I should be identically zero. This can also be written as
5! (troor: BL (AT 7E) = 0 (69)
in order to emphasize that it represents three separate constraints. Remark 4.3 illustrates the issues with this approach.

A more tractable approach that avoids sixth order polynomials for spherical spatial extent consists of choosing a point 7 on the
sphere and aiming to collide with it, i.e.,

i(troors B (A7, A5 = (702)
Yon=r (70b)

i
noting that acceptable solutions have 5; € R. Substituting Eq. (70a) into Eq. (70b), to eliminate the dependence on, and thus the need

for the knowledge of, the individual #; results in Eq. (65) as expected. As the sphere shrinks to a point, i.e. - 0, the #; naturally
disappear leading to Eq. (60). Eq. (70a) can be replaced by

Si(trooris PYAT . AE)) = 71)

with the pursuer working to cluster the three real roots. Note that the #; could be treated as parameters that are updated each iteration,
so that the more tractable cubic polynomials in Eq. (71) can be used in place of the sixth order polynomial in Eq. (65). In fact, it would

make more sense to navigate the surface of the sphere by treating only 7, and #, as parameters, where the sign in n; = +4/1#% — n12 - r/%
should be chosen to be consistent with the intended hemisphere.

Remark 4.2. The pursuer can discretize a sphere around the evader and consider each discretized point as a separate ij. The evader, however,
cannot similarly discretize a sphere around the pursuer, since avoiding every discretized point still allows collision with the sphere.

4.1. Differentials

Eq. (63) implies that ds,(t;e0; 5 (A7, AF)) = 0 which leads to

Dl BT, S BT ey 720
Orooti ) oS (AP, IE) !
05/ (troots A" 35N ooy 98/(troorss (AT 35 72b)
Ot root,i OB} (AP, AE) 0B (AP, AE)
where a:j{im_ ;% are defined via Eq. (19). This formulation for the derivatives of the roots of a cubic polynomial with respect to

its coefficients is discussed in detail in [18]. Substituting dﬁf from Eq. (20) into Eq. (72a) leads to

95i(trootis LT AF)) Otroors  05i(troor3 (AT, AF)) 0 (A7, 3F) 73
Itroot QAP/E op3 (AP, IE) AAP/IE
and substituting Eq. (72b) into Eq. (73) leads to
asi(troot,i;ﬁ?(zp’zE)) Otroot,i asi(troot,i;ﬁ?(zp’zE)) Oroot,i aﬁf(zl”;{b‘) 74)

oot 9IP/E Otroot,i aﬁf(ZP, ZE) AAP/E
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which gives

atroot,i _ atroot,i aﬁ?(ZP’ZE) (75)
OAP/E  Op(AP,IE)  0iP/E

when one can reliably invert - Eq (75) dictates solving Eq. (72b) for —= x '°°“ and subsequently multiplying the result by the partial

derivative in Eq. (20).
For spherical spatial extent, the total derivatives of Eq. (66) can be expressed compactly as the system

Ot PG, AEY) 05,(tyoou; AP AEY
Zsi(tm;ﬁ;‘u”ﬂ))<—’ root: o + 0007 2 D P EY ) =0 76)
i

Otro0t root a;‘;’j(ZP, }_:E)

where

77)

R .zsc2P JE zsc1P JE
-5/, 7P 7 (1 DA, A 1 DA, A
Si(troot;[’f(ﬂp, /lE)) - |:sl ( root P,( )) S ( root ( )):|

5T (troo: B (A7, 3F)) s{‘( roots B u )
is the matrix equivalent for multiplying by a complex number. From Eq. (76), the partial derivatives are defined implicitly as

o 08U BRI\ o 95 (troor: (A7, AF))
Zsi(trooﬁpf(ipJE)) S = :OOt-» =-5;( root’p 1P, 75 + 78)
; Oyt 0B} (AP, 2F) op3(AP, AE)

for j = 1,2,3. Solving Eq. (78) for % ‘°°‘ poses significant difficulties, since the 2 x 2 coefficient matrix contains fifth order polynomials;

in fact, 0"°°‘ is the derivative of the root of the sixth order polynomial in Eq. (65) with respect to the coefficients of one of the third

order polynomlals that are squared and summed to compose it.

Note that a nonzero S; is required in order to formally derive Eq. (78) from Eq. (76); otherwise, d ﬁjﬁ drops out of Eq. (76). This
occurs on the three great circles obtained by intersecting a sphere of radius 5 with each of the three coordinate planes. To see this,
suppose that the 7, are constrained to lie on the great circle given by the two dimensions i = 1, 2; then, Eq. (76) only sums over i # 3
and Eq. (78) is correct for j = 1,2. In order to remain on the circle, the third dimension requires the constraint s5(f,oo; 17;(;1"’ A5y =

implying that '“’3‘“ satisfies Eq. (72) with t,,o.; replaced by t,,.,. That is, the third dimension only uses the i = 3 term in Eq. (76),

meaning that multiplication by S; can be ignored. From a practical standpoint, temporarily rotating the coordinate system can be
used to alleviate this issue.

Remark 4.3. The total derivatives of Eqs. (67) and (68) from Remark 4.1 also lead to Egs. (76) and (78) except with

I R .2sc7P 7E
Sitroors PP, FE) = [Sf Crooi 2147, 470 0 79

5  (troor: B (AT, ZE))

replacing Eq. (77). The constraint that Y, s (t,,,)? = 0 implies that each s! (1,40,)* = 0, meaning that the second row of Eq. (78) using Eq. (79)
is trivially satisfied. Another way to see this is that Y, s! (t,50)? = 0 defines t,,,, as points where the implicit function theorem fails, since

9 1
SO = 25 (o) e m

az Si =0 (80)

1=troot

1=troot

and s/ (ty0,) = 0 is always problematic. Alternatively, Egs. (67) and (69) lead to

drmot IrOOt =
95 Urooc 7} G 3) o (AP, 3E)
J

Otroor

5 7 3r 05RtrooesB (AP IEY) R erp 35 (100 (AP, AE
R . __[S/ (tro0rs By (A7, AF)) 0| 2%3ltroort ;04 A7) @1)

0 1 aﬁj(jf’, JE)
replacing Eq. (78). The gradient direction in Eq. (81) would keep Y, sR (1) constant as well as st. (troor) = 0, but would vary the other
51 (troor) fOT k # j (Since 1,54, couples the s,), violating the constraint in Eq. (69).

Substituting d ﬁf from Eq. (20) into Eq. (76) leads to

p =g 05(troor: BEGP AE) ot
Z Si(troors By (AT, AE)) i+ root> root
i Ot g0t 0LP/E

o mp =g O5i(troor: PYCAT, AEY) 0S (AP, TE)
== Z Si(troot;P}-Y(/lps AE)) - ro_())t _.’ = ! = (82)
7 6pf(/1P, AE) 0AP/E

and substituting Eq. (78) into Eq. (82) three times leads to

05(tro0r BIGAP, AN\ o1
(Z S. (troot’P (AP E)) i\'root> £y _.root
i

Otroot OAP/E

14
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o e 08 (troon PGP AEY) ot )
=( X Siltroon: BT, AE) ——2 y e 83)
- 100t T 0pS(AP,AE)  9AP/E

which gives

Otroot _Z Ot oot aﬁf(jP’zE) "
OFPIE A ops (AP IE)  0IPIE

when one can reliably invert the coefficient matrix. Eq. (84) dictates solving Eq. (78) separately for each of the ""Ot and subsequently

multiplying each result with the partial derivative in Eq. (20) before summing.
For the more tractable approach to spherical spatial extent given in Eq. (70),

05:(troocs LA, AE)) 05i(teoors PGP, AEY) o L R
[ roov dtgoop + —— T dpiGiP,iF) = [d"’r,] (85a)
Otroot 0B (AP, AF) dn;
R I R
-, ] [dm ] —0 (85b)
) ['l,-’ nf | Ldn!

noting that Eq. (85b) is identical to Eq. (76) based on the definitions of #; and d#,;. Making the leap to consider the #; as independent
degrees of freedom as opposed to removable by constraint would lead to

aSi(troot; E?(ZP’ IE)) 0troot _ asi(tmﬂt; 515(11)’ ;‘[E)) (86a)
Itroot Ip3 (AP, IE) OpS (AP, AE)

95i(troors B (A7 A5)) 0ty [1 0] (86b)
0100t on; 0 1

which is significantly simpler than Eq. (78). However, perturbing the parameters in Eq. (70a) while keeping 5, constant, which is
required in order to define the partial derivative according to Eq. (86a), perturbs 7, in the i-th equation to be inconsistent with the
Iroot iD the other two equations (obviously, since Eq. (78) dictates the correct perturbation of ¢, with respect to perturbations in
the parameters). Thus, this approach only works when a separate 7,,,; € C is employed for each cubic equation, replacing Eq. (70a)
with Eq. (71). This leads to

95i(troo s BL(AT . AE)) 08 (troors PEAT, AEY) oo [dnR

————————dlo it ———————dp;(A", A7) = | ] (87)
ot .. > (AP, 7E) !

root,i p; (A", i
in place of Eq. (85a) and

asi(tmot,i;ﬁ?(zP7 ity Olroo,i _ asi(troot,i;ﬁf(zp7 iEy) (88a)
Oroot,i OB} (AP, ZE) oS (AP, IE)

95i(trootis BT AF)) Otroor; [1 0] (s8b)
atroot,i on; 0 1

in place of Eq. (86). Note that Eq. (88a) is identical to Eq. (72b) and thus tractable. Moreover, Eq. (88b) has the same coefficient
matrix as Eq. (88a) and thus should be similarly quite tractable.
Assuming #, and #, are the degrees of freedom with #; specified via a constraint, Eq. (85b) can be rewritten as

e KO DY e [ @
dny oy + ('131)2 (& i i 1 ldn;
and substituted into Eq. (87). This leads to a modification of the i = 3 version of Eq. (88b)
053(tro0t3: B3(" ) Otggrs [ nk 173’] [n,.k _ng] ©0)
atroot,3 on; (’73 2+ (’1 )? ’75 ’7;{ n ”,'R

governing the dependence of 7., ; on #; and #,.

Remark 4.4. Substituting Eq. (20) into Eq. (87) leads to Eq. (73), and substituting Eq. (88a) into Eq. (73) leads to Egs. (74) and (75).
That is, the dependencies of the t,,,,; on the controls 7 does not fundamentally change when new controls n, and n, are added to navigate a
point of interest on the sphere.

4.2. Root-finding objectives

The root-finding formulation is arguably the best way to continue the discussion on objective functions from Sections 3.2-3.4.
Rewriting E, _ from Eq. (55b) with #,,,,; gives

Tmin

7E
Etroot/( root,i> ’1 A7) = trootz + ltrootz| 91)
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where the absolute value on tmotl properly treats whichever complex conjugate is being considered. Note that y (see Eq. (58)) is not
considered, since the pursuer always prefers real-valued roots and the evader always prefers complex valued roots in the root-finding

formulation. Similar to Eq. (57), the evader may aim to merge two distinct real roots tmo“ and lm ot by maximizing

(AP 7By = Rt R (92)

Palr(lroot i’ root i’ root,i root,i

while the pursuer would aim to minimize E,;; when the real roots are too close together.
In addition to controlling individual roots, a term is required for clustering (or resisting clustering) of the roots in order to create
(or avoid) a coincident real root and thus a collision. For example, the pursuer might minimize

. p 7By _ 1 Z R 2 z 1
Ecluster(troot’tclusterv AT, A7) = 5 (troot,i - tcluster) + |lr00t,i| (93)
i i

for some target 7,4 € R. Instead of treating 7., @s @ parameter it can be defined via

3
1
Teluster = 3 Z root,i ©9

so that it depends on the 7., ;. Eq. (94) is more appropriate for an evader’s attempts to prevent clustering, since it is unlikely that
they would know a pursuer’s target # s, value. Since the tﬁ)ou terms in Egs. (91) and (93) can conflict, it is more appropriate to
replace the first term in Eq. (91) with

. 7P JE\ _
E’clusler (tctusters 4> A7) = STctustercluster (95)

with #user defined via Eq. (94). S(fquster) has been added on behalf of the pursuer in order to aim for an increasing 7.uge; When
Teuster < 0- Note that the second term in Eq. (91) already appears in Eq. (93). This leads to a combined objective

E 2 1
E (troot7 Telusters ’1 s A Z(trootz tcluster) + Z |lroot,i| + S(tcluster)tcluster (96)
i

composed of Eyger and E

Tcluster *

The derivative of Eq. (93) is

- -p 7 R
0Ecluster(troot; tcluster’ AP’ AE) _ Z(tR —t ) al‘root,i cluster Z ( root i (97)
9iP/E - root,i ~ 'cluster 9iP/E 9iP/E roott

whether 7., is constant or defined by Eq. (94). Eq. (97) can be rewritten as

0Ecluster(?root; T luster: ;{P’ IE) R alroot,i
9iPIE = Z [lroot,i ~ Teluster Sy, root. I):| GiPIE (98)

when 7 sier 1S cOnstant or equivalently

Otroot,i

oot/ (99)
0AP/E

7 . 7P JE
9Euster (Troot: Leluster- 4 - A7) 2 [ — 3 R ( )]
aZP/E root,i j 1 "root,j root,i

when 7 e 1S defined in Eq. (94). Note that arriving at Eq. (99) requires some algebraic simplification. Note that r°‘;‘E’ is defined

in Eq. (75) and requires solving Eq. (72b) via the approach proposed in [18]. In the spherical spatial extent case, :;‘,’7; defined
via Eq. (84) requires solving Eq. (78), which would require a robust extension of the approach proposed in [18] and is thus not
yet tractable. On the other hand, treating the 5, as constant by discretizing the sphere is tractable, since it can utilize the approach
proposed in [18]. In addition, treating the #; as an independent variable used to navigate target points on the sphere is also probably
tractable (see Remark 4.4).

Consider a slight modification of derivative of the combined objective from Eq. (96),

()Ec (?root; Tclusters ’1P’ }‘E)
9AP/E

Z [ ruster +SER ) s(l! ] Ilroots (100)
root,i C uster root,i root,i ZP/E
where #.1,,5er is €ither constant or defined by Eq. (94). Here S(f.5er) has been replaced by individual S(t,,;) both to give more fine
grained control and so that Eq. (100) is still valid when 7, i constant. Weighting parameters can be added to the S(troot ;) in order
to specify the relative importance of clustering the roots versus moving them around; similarly, weighting parameters can be added
to the S(troot ;) in order to specify the relative importance of creating real roots versus clustering and moving them.

5. A simple 1D example

Consider a game played in R! with a target C, a pursuer P, and an evader E arranged from left to right. The evader’s goal is to
get as close as possible to the target without colliding with the pursuer. For simplicity, let both the target and pursuer be stationary.
The evader initially heads to the left towards the target before turning around to avoid the pursuer. See Fig. 2. The displacement s is

16
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C P E
i I I I =
-1 0 1
Fig. 2. The target, pursuer, and evader are arranged sequentially from left to right with the pursuer initially at the origin.
1+ 1+
-5 -5
€+ €+ Tl -7
0 : ; }
3 7
1—ce¢ 1€ i€
Time Time

Fig. 3. Left: A plot of the negative displacement between the pursuer and evader, |t — (1 — €)| + ¢, representing the behavior of an evader with a
maximum speed of 1 and the ability to instantaneously modify their velocity. Right: The negative displacement for the piecewise smooth trajectory
of an evader with a maximum speed of 1 (solid) and some finite turn around time (dashed) described by Eq. (101).

Table 1
Negative displacements —s(r) for the evader when choosing ngm =.26,.25, and .24. See
Fig. 4.
xl‘i f ”15 @ erighl UrEigh[ —s(1) Roots Extrema
.25 -1 .26 1 —.028 +1.032 =1+ .25 49245 + .07i, 50.52 .49250, 33.84
.25 -1 .25 1 2 —t+.25 .5, .5, © .5, ©
.25 -1 .24 1 0263 + .97 —t + .25 .44, .58, -49.51 .51, -32.84

the negative of the evader’s trajectory (from Eq. (13)), and the closest the evader can get to the target is to asymptotically reach the
pursuer at x = 0. Let the evader start at xlEe = 1 with uli ¢ = —1 and maximum speed vk =1

Consider a nearly optimal solution for the evader, where they reach a minimum distance of ¢ from the pursuer. If they can modify
the direction of their velocity instantly (while maintaining their maximum speed ”rﬁax = 1), their (negative) displacement s is the
absolute value of a linear function shifted vertically by e. See Fig. 3, left. More realistically, if the evader requires finite time to turn
around the absolute value function is interrupted. Consider a sample trajectory where the evader moves towards the pursuer with
their maximum velocity of —1 until time ¢, where the displacement is 1 —7,. At this point an acceleration of 2 is applied until the
evader reaches a velocity of 1, meaning that the displacement during this time is

t—1,)?

—sO=>0-1,)+—-1)(=D+ (T(Z) (101)

according to first order physics. In order for the parabola to have a global minimum of ¢, i.e., at (% +1,,€),t,= % — ¢. The evader

will reach their maximum speed of 1 at ¢t = % — ¢, meaning that Eq. (101) describes the displacement for 1 € [% —e,1—¢]. SeeFig. 3,
right.

Assume ¢ = 0 for simplicity (the situation is similar when e > 0) and limit the discussion to the turn-around interval where ¢ €
[.75,1.75]. For simplicity, shift the time domain to ¢ € [0, 1] = [#j¢f;, trignc] SO that the evader’s position at 115 is fixed at xIEe g = 0.25. Since
only the interrupt of the absolute value is being considered, the evader has fixed vl’i = —1and Uﬁght = 1 at i and t4gp respectively.

When modeling the evader’s trajectory with a cubic spline, eri . is only remaining parameter and is thus considered the evader’s

gh
only control. The optimal solution occurs when choosing xgght = .25, resulting in a repeated root with the pursuer. This is shown in
Fig. 4 and Table 1 along with perturbations yielding a pair of either complex or real roots.

5.1. Greedy objectives

Let s, be the displacement from the evader to the pursuer and let s, be the displacement from the target to the evader,
s1(5B (A5 = —xF (1 pF A5 (102a)
52t B () = xF (@R AF) + 1 (102b)
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250 Complex roots
Repeated roots
220 Real roots
15 +
-5
A1+
.05 +
0
0 1 2 3 4 5 6
Time

Fig. 4. Negative displacements —s(7) from Table 1 representing the optimal solution (blue, a repeated root) and perturbations of the optimal solution
(orange and green, for complex and real roots respectively) in the interrupt region. Note that the time axis is clipped to highlight the roots. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

noting that the evader has a pursuer role in s, when dealing with the target. An evader utilizing greedy objectives from Section 3.2
might consider maximizing

Egreedy(tlag; ZE) = 7PEg(tlag; ZE) - VCEg(tlag; ZE) (103a)
1 ~F, 2 1 g - 2

=173 (xF1agiBEGPN) = 7€ 3 (xF 1agi AP +1) (103D)
1 ~E,7 ~E,7 1

= 0" =y 110 BEAN? =y xF l11qg: BT () = 1€ (103c)

E
right
7€ eventually causes the evader to stop targeting co and to start targeting eright towards —co. Once y€ = P, Eq. (103c) becomes linear

based on Eq. (42). When y€ = 0, the optimal solution for the evader ignores the target and flees the pursuer with x = 0. Increasing

with the optimal solution at xf; = —c0. Increasing y€ > yP causes the maximum value of the quadratic in Eq. (103c) to occur at

ht
xf < 0, meaning that the pursuger always wins the game. Unfortunately, larger penalties on the pursuer prevent the evader from
approaching it, and smaller penalties on the pursuer allow the evader to cross over it. The only viable strategy is to keep y¢ large
enough to allow the evader to approach the target until it is almost too late to avoid the pursuer; then, y¥ needs to be increased
rapidly (while decreasing y©), hoping that there is enough time left to avoid the pursuer. Obviously, it would be better if the objective
function captured the trajectories and the collision time; however, the relevant distance function formulations in Sections 3.3 and
3.4 are currently intractable.

Remark 5.1. In multiple spatial dimensions the evader would aim to go around the pursuer instead of through it. At first this seems liked a
marked improvement, but E¥ rules out an entire sphere of spatial locations around the pursuer; in fact, this sphere increases in size whenever
the evader is successful in increasing its distance from the pursuer. The pursuer can use this sphere to cover the target, restricting the evader’s
strategies similar to the case in R'. Multiple pursuers can arrange their spheres to provide an even better covering of the target.

5.2. Root-forecasting objectives

An evader utilizing root-forecasting objectives from Section 3.3 would use t[’fﬂn (the real part of a root of y) instead of 7,4 in
Eq. (103). Notably, Edf and Eg utilize different tr’flin variables each depending on a different spline. This means that the two squared

terms in Eq. (103b) each use a different x© variable and thus cannot be merged into a single quadratic in xf in Eq. (103c¢). Since the

optimal solution is to set eright = .25 in order to obtain a repeated root, the evader would set its target eright position to its right aiming
to turn around as soon as the game started being played with ¢ > 0. Thus, the evader is adjusting y* and y* so that Eg dominates

when 7 < 0 and Ej: dominates when 7 > 0. This is the same undesirable strategy that the greedy formulation led to.
5.3. Root-controlling objectives

Since E, was shown to be problematic in Section 5.2, consider only using Epair and E,; from Egs. (57) and (58). There are five

min
roots of w(r) = s(r)s’(t) since s is cubic, and Fig. 4 shows the three roots of interest (two of s and one of s”). Note that any two adjacent
distinct real-valued roots of s are separated by a real-valued root of s’; moreover, any two adjacent distinct real-valued roots of y
contains at least one (if not two) extrema. Thus, we consider merging a real root of s with a real root of s’ via

.JEy _ R R 1
Etriple(troot’ Textrema’ 4" ) = =100t = Textremal = Iroot (104)

stressing that that this doesn’t actually happen; instead, Eq. (104) ends up merging two distinct real-valued roots while leaving the
extrema intact (as can be seen in Fig. 4). In Section 5.4 where there are no issues associated with y mixing s and s’, we will consider

18



T. Maxfield and R. Fedkiw Journal of Computational Physics 545 (2026) 114451

0.01 0.0 1
—0.11 —0.11 :
1
—0.21 0.2 !
E 1
—0.3 = 034 1
B 0.3 £ 0.3 |
= 0.4 L 0.4 i
3 0. o —0.
R ) !
—0.5 &y 051 i
1
1
—0.61 —0.6 !
1
—0.71 —0.7 : real energy
1 complex energy
—0.81 —0.8 1
—20 -15 -10 -05 00 05 10 15 20 —20 -15 -10 -05 00 05 10 15 20
‘Erigllt xright
1 1
................. 1 R
....... i root 0.00 1 —
[ on oot
08 - 1 extrema
! ~0.05
1
1
061 o ~0.10
-1
. . —
= ES
[ —0.15 1
0.4
~0.20
0.2
~0.25
T T T T T T T T T T T T T T T T T T
-20 -15 —10 —05 00 05 10 15 20 —20 -15 -10 -05 00 05 10 15 20
E B
Tright Tyight
Fig. 5. The root-controlling E;. has a global maximum at xfight = .25, corresponding to a triply repeated root (upper left). The first (upper right,

green) and second (upper right, orange) terms in E;;, are calculated from the real (lower left) and the complex (lower right) parts of the roots,

respectively. All plots share the same horizontal axis, the control eright’ and the dashed vertical line indicates the optimal xﬁght =.25.
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Fig. 6. Perturbing xl’iﬁ = .25 (blue, as was shown in Fig. 5) to xlEeft = .24 (green) and xl’iﬁ = .26 (orange) makes the expected perturbation in the
energy Eyye (left), the real and complex parts of the roots (center and right respectively), and the corresponding extrema. All plots share the same
horizontal axis, the control x£_ . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

X R right”
this article.)

the merging of two distinct real roots of s. Maximizing the first term in Eq. (104) both creates and maintains a triple root between
two roots of s and one root of s’, since a nonzero tr’Dct # 0 implies tﬁ,ot # tfxtrema. However, as can be seen in Fig. 5, the separation of
tﬁm and tgxtrema is small for tr’OOt # 0; thus, the second term in Eq. (104) has been added in order to create a more robust energy.

Fig. 6 shows that the formulation of the problem (i.e., energy, the roots, and the extrema) remains unchanged under small
perturbations of xl’i « Also note that it is straightforward to maintain a safe offset distance of ¢ merely by reformulating with the
pursuer at e instead of at 0. In hindsight, the root-forecasting strategy of Section 5.2 could have been made viable by ensuring that
tmin is always chosen to be the extremum in (0, 1); then, maximizing —¢(t,,;,)* leads to the optimal strategy. The greedy strategy of
Section 5.1 could have been made viable by choosing ¢, in the same fashion.

5.4. Root-finding objectives

An evader leveraging the root-finding formulation only considers the roots of the displacement with the pursuer s, ignoring the
roots of 5. This leads to a slight modification of Eg;pe to

AEy = o Rt Rt

+ = . _ _
E triple (o0t Troot> root ~ ‘root root (105)
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Fig. 7. The same as Fig. 5, except for the root-finding form of Eyp., Eq. (105). The global maximum of Eyp still occurs at x% = .25 (upper left).
The first (upper right, green) and second (upper right, orange) terms in E,;,. behave similarly, following from the real (lower left) and complex
(lower right) parts of the roots, respectively. All plots share the same horizontal axis, the control eright, and the dashed vertical line indicates the

optimal xgght = .25. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

where 7 and ¢}, are the first two roots encountered, respectively, for 7 > 0. See Fig. 7. Alternatively, consider maximizing

E(troor; A5) = R+ plrl | (106)

motivated by Eq. (91). The first term pushes the collision (or potential collision when ¢/ # 0) to happen at a later time and the

second term aims to prevent the collision from happening. Note that 7., needs to be chosen to be the first root in (0, 1). After real
roots merge, the real part of the complex root starts moving back to the left (see Fig. 7, bottom left); thus, the first term in Eq. (106)
aims for the triple root. The second term in Eq. (106) pushes the real part of the complex root to the left and thus competes with the
first term; thus, § controls the size of the gap between the pursuer and evader. See Fig. 8.

Remark 5.2. It is worth noting that dropping consideration of the target did not lead to the evader immediately heading off to +co as quickly
as possible. This is important in the context of inertia of game play. It makes little sense for an agent to panic and take the most extreme
action possible to achieve a goal that is achievable with minimal effort. Moreover, using minimal effort to achieve a particular goal allows an
agent to continue progressing towards other goals with minimal disruption. In the example under consideration, this translates into the evader
continuing to proceed along their path to the left up until the point at which evasive action is actually necessary.

6. Agnostic pursuer example

Consider the extension of the game outlined in Fig. 2 to R? with Sc'i o= 1,0), B{i o= (~1,0), a stationary pursuer at (0, y?), a target

defined via the line x = 1, and t € [0, 1] = [jeg, t1ignc]- Fix the x-component of i’rEight to be —1, and choose Bf; 1t = (—1,0) so that the
evader crosses the goal line with a velocity perpendicular to the goal; then, the y-component of )_égght’ denoted yfight, is the only
control. This leads to

[N
—_
|
)
—_
—_

Eo=[F £ 1 =2P -3 —r+1 (107a)

3
0 1 0 0| -1
0 0 -1
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Fig. 8. The global maximum of E, occurs when an xf; 1 > 25 maintains a finite-sized gap between the pursuer and the evader (left, for g = 1).
The contribution of the real part of the root (middle, green) is fixed, and decreasing the contribution of the imaginary part (middle, orange) by
decreasing f moves the maximum closer to xfight = .25 (right, colors blue to purple for § from 0 to 2). Note that all plots share the same horizontal
axis, the control xfi ht? and the dashed vertical line indicates the optimal erig

legend, the reader is referred to the web version of this article.)

he = .25. (For interpretation of the references to colour in this figure

2 1 =2 1o
3 2 3 - 0 3
En_[3 =-2F (r-2 107b
e VE i (1=3) (107b)
10 o 0

for the evader’s trajectory (following from Eq. (11) and (12)). Given the tractability and other (e.g., see Remark 5.1) issues with the
distance function formulations, we limit discussion to root-finding formulations going forward.

6.1. Stationary pursuer

With (0, y*) as the position of the stationary pursuer, the displacement is

sPEmy = —xF@) =20 + 3% +1 -1 (108a)

SPEO =y =P = 37 + 2k P (- 2) (108b)
where sP~E has roots %, % + \/g , implying that a collision happens when s/ ~* has a root at % Setting s/~ (%) =0 gives yﬁght =2yP
as the only invalid strategy for the evader. Substituting yrEight =2y? into Eq. (108Db) gives

spE @ = 2P0 - HEP -2 1) (109)

1£V3
2
The y* = 0 case is a removable singularity in the family of splines. This can be seen by noting that sf —£/yP is the same cubic for

all y* # 0. Thus, the roots of sf ~E are ill-conditioned as y¥ — 0 and not degenerate. This can also be seen by rotating the coordinate
system by an angle 0, from (x, y) to (%, ), giving

[sg—’f(z)] _ [0050 —sin6’] [szf(t) (110)

s;"E(t) sin 0 cos 6 ;"E(t)

which has roots %, , unless y* = 0 in which case all 1 € R are roots.

where Eq. (109) causes the second column to vanish when y” = 0 leaving only s?~F from Eq. (108a) multiplying the first column;
then, both the % and § coordinate splines have the same three roots as long as the rotation is not a multiple of %

Changing the x location of the pursuer modifies Eq. (108a) causing the relevant root of s?~F to deviate from ¢4, = % After solving
E

P_E e .
5, " (troot) = 0 in order to obtain Vright’

P

— -y 3 3
sy E) = ———-(- tmm)(t2 + (o0t = 5) + Trgor = Etmm) (11
troot(trOOt -3

replaces Eq. (109). Once again, one can divide sf —E by yP.
6.2. Stationary pursuer with spatial extent

Let the pursuer have spatial extent in one dimension, represented by a line segment [—y,. y,] along x = 0. The x-displacement s?~*
still has a root at % If yllz i € =V 3, then the first non-repeated root of either y, — yE() or —Vp— yE (1) indicates the evader leaving
the pursuer’s y-extent; otherwise, it indicates the evader entering the pursuer’s y-extent. Thus, the evader would aim to have 1, 3, or
5 real roots of y, — yE(#) and Yy = yE(t) combined in ¢ € (0, %). Having 0, 2, or 4 real roots leads to failure, and it is not possible to
have 6 or more total real roots between the two cubics.
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Suppose the evader aimed for exactly one real rootin 7 € (0, %) and preferred to have that root with y, — yE(#), shown in Eq. (108b).

Since (1 — —) is negative in (0, 2), > 0 is required in order for a root of y, — yE(#) to exist in (0, l). With y’? aht 0and y, =0,

right
Yp —yE@ hasrootsats = 0,0, 2 and alocal minimum at 7 = 1. Increasing y, shifts y,, — yE(t) upwards, causing one of the repeated roots
to move to the right and eventually merge with the largest root at t = 1. Increasing yright slows the rightward movement of the repeated

root caused by increasing y,; thus, since y, — yE ( ) =0 gives yf =2y, yE e (2y,, 00) guarantees that the rightward moving root

right right

remains in ¢ € (0, %) as desired. Note that aiming to instead have the root be with -y, — yE(t) would have given yﬁght € (—00,-2y,);
thus, the [-2y,,2y,] subset of the goal line represents invalid strategies.

Modifying the situation to add spatial extent in the x-direction by creating a box [~x,, x,] X [~y,, y,] around the pursuer means
that the evader needs the rightward moving root to be earlier then 7 = % The time interval can be found by adding x, to the right-
hand side of Eq. (108a). Since the rightward moving root is the only one that can occur in 7 € (0, 1), the evader can ignore potential

intersections with the box when approaching y = y, from y > y, (or similarly from below).

6.3. Constant velocity pursuer

Consider a pursuer starting at the origin and moving with constant velocity UIZ i Ufi’ght = (0, —2) so that igght = (0, —2); then,
2 1 -2 1 0
-3 -2 3 -1 -2 3
P-E 3 2
n=[ 2 1 1 242 (r—-) 112
Sy ® [ ] 0 1 0 oll-2- yrlght + yrlght 2 ( )
1 0 0 0 -2

replaces Eq. (108b). Setting sP E( ) =0 gives yrl ue = —2 as the only invalid strategy for the evader. Substituting y ight = -2 into
Eq. (112) gives s;’ E(ty = —41¢t - 1)t — E)'
Suppose that this moving pursuer has spatial extent [~y,, y,] in the y-direction so that the roots of y, — 21 — yE(t)and — y, =2t — yE@)

are relevant. The x-displacement sf —E (1) still has a root at %, and if the evader aims for one real root of yp—2t— yE@) in t € (0, %)
then

2 1 -2 1 Yp
-3 =2 3 -1 -2
P—E/n _ [/3 2 3
s )= |t t t 1 —2r+2yE (= 2) (113)
y [ ] 0 1 0 0 -2 yrlght right 2
1 0 0 0 -2
replaces Eq. (112). Consider
P E/ _ 3 9 1 3 9 1
® = 2yrlght -1 + 16 + = t— 71T +—= +¥, (114a)
yright yright
dsP=E()
y 1 1 1 1 1 1
_6yr1 Y b I—5—4/7 7%t (114b)
ght E E
di 2 4 3yright 2 4 3yright

in order to understand the perturbation of Eq. (108b) by the —2¢ term to obtain Eq. (113).
When y > 0, the —27 term perturbs one of the repeated roots at r = 0 to the left and the root at r = 5 to the right. Increasing

right
¥, causes the root at = 0 to move to the right and eventually merge with the largest root at some 7 > 1. When yrl b = 0, increasing
,» still moves the root at =0 to the right; however, there is no other root to merge with. When —= i< y right < 0, the monotone

decreaslng sf £ maintains the same behavior as in the yright = 0 case with the root at r = 0 moving to the right. Setting s;’ - (%) =0

_ i E P-E ive i 3 P-E ; ino i E
gives yrlght 2y, — 2. Since a larger Vright makes s, 7" more negative in 7 € (0, 2) and sy ¢ s decreasing in (0, 1), a larger Vright TOVeS
the root in (0, 1) to the left; therefore, valid strategies are represented by yE oht >2y,—2.
4 i . _ _1 _4 ; -
When yrlght —=, the critical points fe, =1, = that appear when yrlght 3 separate with t, >0 and t, > las yrlght — —o0.

In this case, setting sP E ( )=0to obtaln yE = 2yp — 2 is the condition on the second (not the first) root in (0, 1). Since a larger

right
yrlght makes sP E more negative in ¢ € (0, —) and sP ~E is increasing around ¢ = %, a larger yﬁght moves the second root to the right of
1 = 3; therefore, valid strategies are still represented by yrlght >2y,—2.

Addlng spatial extent in the x-direction creates a box [—x o Xpl X =V, ] around the pursuer, meaning that the evader needs to act
earlier than r = % This earlier time 7, < % is the unique root in ¢ € (0, l) found after adding x, to the right-hand side of Eq. (108a). In
addition, the evader needs to avoid re-intersecting y = y, from y > y, before some time 7, > %, where 1, is the unique root inz € (%, 1)
found after subtracting x, from the right-hand side of Eq. (108a).

=211+,
When L2
Vi right — 23-21p)°

—2t1+y, E

; therefore, valid strategies are given by yrlght PG’ OF iaht

solvmg for sP E(t,) = 0 gives y£ <

rlght
-3, the condition on the first root is no longer automatically satisfied by the condition on the second root when #; <1, . From
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Fig. 9. Left: Plot of sf ~E(t) with y, = .1 for various yl (values of yrlght are indicated along their respective curve). Increasing y ensures that a
second root does not occur before time ¢ = ¢,. Right: Vlsuallzatlon of the evader’s trajectories corresponding to the figure to the left. Tile parallelogram
represents the portion of the time evolving boundary of the pursuer that the evader’s trajectories need to avoid. The yfight = —1.94 trajectory collides

with the top right corner of the pursuer, whereas the y£ —1.71 just misses the top left corner of the pursuer.

rlght

-1 -1
rlght 3t(1-1y) when 31,(1-17) <

21, +
This means that y£ | > ——122

Eq. (114b),1, < t, 1mphes right > 2G-20)

extends from y£

< y rlght

toy

3 (1 —11) right”

—5. When 1, <t,, there is a condition on the second root; otherwise, when #, > t,, the condition is on 7, instead of #,. That is, the
=2min(t, 12)+y,

condition on the second root is > — - .
Vi rlght minic, 12 (-2min(t;, 17))

From Eq. (114b), t,, <t, is relevant when 3[2(_1—]_[2) < yﬁgm < —% and

1, <t,, is relevant when yE since

right m. Note that the condition as written is slightly circular when the min(t,,,,) is ¢

X

t, =+

o + E depends on y ight’ however, the inequality can be manipulated to obtain a non-circular condition on y ight" See

Fig. 9.
Adding a velocity u,, in the x-direction would modify the right-hand side of Eq. (108a) to include u,¢ in addition to +x,. Although
this causes both #, and 1, to occur sooner/later for positive/negative values of u, respectively, the analysis is similar.

Remark 6.1. The reasoning and calculations for reaching the goal line by going below the pursuer are similar in spirit to what was discussed
above for going above the pursuer.

7. Predatory pursuer

Consider a pursuer with fixed speed v, and velocity that always aims directly at the evader (i.e., pure pursuit [64]); then,
t =P ~E
O R R 115)
" IFP@ = 2@,

gives the pursuer’s position for 7 > 7,. Uncertainty over the evader’s trajectory hinders the pursuer’s ability to always head in the
optimal direction; instead, an estimate of the evader’s position X¥£ (¢, + Af) at time ¢, + At would be used; then, assuming that the
pursuer traveled in a straight line from time ¢, to time ¢, + Az, Eq. (115) can be replaced by

¥P@t,) - ¥E@t, + Ar)
PIxE @, = XE@, + AD)||,

ey =3@,) - -1 (116)
forr e (1,1, + Ar).

8. Constraining velocities

Before proceeding with a predatory pursuer example, the velocity of the evader needs to be constrained in order to make escaping
the pursuer non-trivial. The more general framing of this problem consists of considering a spline on [0, Iright] where Eq. (8) gives

a = 3_( —2AX + trlght(ljleft + l_jright)) (117a)
lrlght

a= 2—(3A)? - tﬂght(Zﬁleﬁ + ﬁright)) (117b)
tright

b = Biege (117¢)
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with AX = Xjgn — Xjee and setting out to minimize 7,4, While bounding the magnitude of the velocity. For discussion and analysis of
other possible constraints, such as a constraint on arc length, see [65].

Assuming that tieg and yig, are appropriately bounded, only relative extrema of the speed in (0, #4i41,) need to be considered. The
square of the speed and its derivatives

5|5 = 5@) - 5'() = 3> + 2at + b) - (31> + 2at + b) (118a)

5: I£ (20”2 =5"(1)- (1) = (63t +2d) - (31> + 2t + b) (118b)
2 -

jzz Is (2’)”2 =5"(0)-5(0) +5"(1) - 5 (1) = 67 - (3q1* + 2at + b) + (631 + 2d) - (64t + 24) (118¢c)

can be used to determine the minimum #, g, that bounds the speed at internal relative extrema.

When g =0, Eq. (118a) is at most quadratic and @ - @ > 0 implies that there are no relative maxima in the interval. When § # 6,
Eq. (118a) is quartic with a positive leading coefficient meaning that a relative maximum only occurs when there are three distinct
extrema; in particular, the middle extrema would be the relative maximum. Thus, a relative maximum exists if and only if the cubic
in Eq. (118b) has three distinct real roots. Note that 5’ = 0 can be ruled out, since that would be a relative minimum, not a relative
maximum, of Eq. (118a); thus, the root of interest has either 5’/ = 0 or 5’ orthogonal to 5. In addition, 5’ - ¥ must be strictly decreasing
near the root, implying that the quadratic in Eq. (118c) must be strictly negative at the root, i.e., 5"’ - 5/ < —5” - 5" < 0 at the root. This

can only happen if the concave up quadratic is negative at its minimum. Since the minimum occurs at 7 = q;’ " <=5"-5"<0

is also required here. Notably, both quadratics in Eq. (118c) have the same minimum, meanmg that ||5||, is minimized here as well;
interestingly, setting 5/ = 0 and minimizing the residual via the normal equations leads to 5’ - § = 0 at the minimum of the quadratic.

At this point, f,gh can be included as an additional spline parameter along with Xjef, Ujefts Xright> and Trig¢- In the context of our
pursuit-evasion discussions, the evader would minimize 7, gy, subject to some (soft) constraints on the maximum speed in (0, #;jgh)-
See Figs. 10 and 11. As discussed above, this means bounding the speed at the middle root (when it exists) of the three-distinct-root
cubic in Eq. (118b). In order to increase or decrease the speed at the local maximum, the straightforward derivatives of the quartic in
Eq. (118a) with respect to both its parameters and its argument are required. Since the argument is a root of the cubic in Eq. (118b),
the chain rule dictates derivatives of the roots of a cubic with respect to its parameters. Although this could be accomplished via [18],
the chain rule is not actually necessary at the middle root of the cubic since the derivative of the quartic with respect to its argument
is zero there. Finally, note that the derivatives of 7, @, b, and ¢ with respect to the spline parameters can be computed from Eq. (117).

0p; Oty
This modifies Eq. (20) to include — Z58% terms.
Olyight o1

Remark 8.1.  The notion of t,, ties into the root-finding formulation. When t,,,, is a preferred collision, using t,,, in place of tyg, and
aiming to shorten the time of collision can lead to a nonphysical speed extrema in (0, t,,,,) introducing constraints on the ability to reduce t,.

Remark 8.2. It could be worth considering whether analysis of Eqs. (118a)-(118c) might lead to a simpler formulation. Define

- . - 2 - - =
Apefy = s”(O) =2a= 2—(3Ax — tﬁgh[(Zvleﬂ + Uright)) (119a)
tn’ghr
N - _ ~ 2 - - N
aright = S,/(tright) = 6qtright +2a= > (—3AX + tright(vleft + Zuright)) 1 19b)
lright
which satisfy
Giefe + Aright  Uright = Uleft (120)
2 tright

illustrating their simple dependence on the original parameters; then, assuming that the middle root of the cubic is not appearing or disappearing
but simply moving in time,

‘_ileft . 5left = (3A} - (Zﬁleft + ﬁnght)tﬁght) . ljleft =0 (121a)

Gright * Dright = (—3AX + (Dpefe + 2yight)right) * Dright = 0 (121b)

with solutions

3A% -0 3A% - B
= % and tg= % (122)
(201eft + Urigne) - Uteft (tef + 20rigne) * Urighe
for tgn in Egs. (121a) and (121b) respectively can be used to determine when the constraints may need to be turned on and off. We leave

further analysis to future work (except for the 1D case addressed in Section 8.1, and some analysis on existence in the 3D case in Section 8.2)
since bounds on the splines are only a proxy for bounds on the physics anyways.
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Fig. 10. One-dimensional splines (left) with corresponding velocities (right) for various ¢

right With all other parameters identical
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X

ts t
Fig. 11. Two-dimensional splines (left) with corresponding speeds (right) for various #,,, with all other parameters identical. Note how decreasing
1ighe Creates a local maximum in [|s'||, in the time interval of interest.

8.1. One-dimensional case

In one spatial dimension, s’ and s” cannot be orthogonal meaning that relative extrema only occur when s’ = 0 or s”” = 0. When
the roots of s’ are repeated, they are coincident with the root of s”; moreover, the root of s” is a relative maximum when the roots
of s’ are real-valued and distinct. The root of s”" can be written as

triohtd
a right“left
finflect = T3 (123)
q  Qeft — Aright
with
teoa? triohi a
S )= a _ right% e e = right®right
inflect/ = — 3 = left =
3 2(ajefy — Gright)

+ vy hi
2alef — Aright) O
where the last equality is derived with the help of Eq. (120).

(124)

Since s is continuous, #jpgec € (0, trighe) if and only if ajer and aye, have opposite signs. When 7o, is slightly positive, ajeq and
Gright differ in sign via the +£3Ax terms; thus, f;;geqc € (O, Tight)- Increasing o, may cause either or both of g and Gright tO change
signs. The sign changes at

3Ax

= and
20Ujeft + Uright

th= 3Ax

Vleft + 2Uright

(125)
are relevant when ¢; > 0 and ¢ > 0 respectively. The smallest positive value between 7, and 7, provides an upper bound on the

values of o1, that have have #iygece € (0, tigh)- Choosing #yqp, to be equal to this upper bound guarantees that the velocity extrema

occurs at either 0 or #gp. In addition, it may be possible to shrink 7,4, even further based on the behavior of s’ (fjygect)-

Using ¢; and 1,

2 1

Uleft = Ax(t— - _>1 Uright
L

Ax<3 - i) (1262)
IR IR I

6Ax tright —6Ax tright
Mere = 5— (1= ) Gright = 5 ==

lright L rright R

(126b)
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and f;,qec¢ Can be written as

.
1— right
" B D T (127)
inflect | Tright il Tright right
L IR

which leads to three variations of s'(jyfiect)»

(1- Tright )2

3Ax 153
5" (tinflect) = Vleft + T e o (128a)

right | — Xight 4 j _ right

L R
( _ Tright )2

3Ax '
’ R
5" (tinflect) = Vright + —— ———— 7 — (128b)

tright]_iht+1_&h‘

r R

_ Tright \2 _ Tright \2 _ Tright Iright
’ _ Ax a 173 )+ R )y +1 LR 12
§ Uinflect) = t_ Tright Iright (128¢)

right ] — Hent 4 et
L tr
with derivative
Tright Tright
1— 28y — B8
as,(tinﬂect) _ —6Ax ( 193 X IR ) (129)
alright tfight (1 _ right +1— Iright )2
r tr

which all facilitate conditions on s’ (fiyec)- All #righe > O that are smaller than the smallest positive value between 7, and 1, (i.e.,
all #o, under consideration) lead to a positive value for the second fraction on the righthand side of Eq. (129); thus, s'(fipgect)
is monotone in #gp, for all 7, under consideration. In addition, the second fraction in Eq. (128¢) is positive for all 7, under
consideration; thus, s'(fjfec) is the same sign as Ax for all #;op, under consideration. Moreover, s (fiyfiect) = S(AX)00 @S trign; — 0.

When ¢, is the smallest positive value between ¢; and g, setting tyghe = 17, 8iVeS tinfiect = 0 and 5" (finfiect) = Viegr- DCTEASING frighy
into the interval (0,7,) yields tjygect € (0, trighy)- Since s’ (fipgecy) changes monotonically for #p € (0,7, ), setting Eq. (128a) to be equal
to S(Ax)vp,y leads to a quadratic equation for #gh

right \
301 - )

Uleft + Ax ', ™ = S(AX)Umax (130)
right right
trighe(1 = 2% + 1= ZE%)

which has at most one solution in the interval (0, 7). It has no solution when vjeg; = S(AX)Umay; in this case, tygn = 77 is the minimum
allowable tgp.

When 1, is the smallest positive value between 7, and p, Setting fyjghe = 7 8iVeS fipfiect = fright aNd 5" (finflect) = Uright- Decreasing
t1ight into the interval (0,15) yields tiyece € (0, f1ighe)- Since s’ (fipgec) changes monotonically for g € (0,15), setting Eq. (128b) to be
equal to S(Ax)vp,y leads to a quadratic equation for 7gp,

Tright \2
o)

Uright + Ax = S(AX)Vpax (131)

Tright Tright
trighe(1 = <% + 1 = <)

which has at most one solution in the interval (0, 7). It has no solution when Uright = S(AX)Vpay; in this case, tight = IR 18 the minimum
allowable tright-

Whent; =1z >0, Ujefy = Urighe and they have the same sign as S(Ax). Setting ,jon; = 1, g =1, = g gives ¢ = a = 0 leading to s"=0
for all 1. Decreasing t,gy, into the interval (0,7, p) yields fipgec = %tright. Since s’ (fjgfiect) changes monotonically for #g, € (0,7, g), either
Eg. (130) or identically Eq. (131) can be used to determine the minimum allowable #,,.. These equations degenerate to be linear
(instead of quadratic) in this case; in addition, tygp = ;¢ is the minimal allowable f;g When vjef, = S(Vief)Umax OF equivalently
Uright = S(Uright)vmax‘

When #; <0and tz <0, the parenthetical term multiplying ty g in Eq. (127) is always in the interval (0, 1) implying that tipgec €
(0, trigne)- Eq. (129) still states that s (fjppece) changes monotonically, and Eq. (128c) still states that s'(fipfiect) = S(AX)00 @S tyighe — 0.
When tz <t; <0, Eq. (128a) leads to

. 3A 3
lim 5" (tipfect) = Vlefe — _x2 = —Vegy] ————— -1 (132)

Tright 00 lL+z_L 2+ I_L( _t_L)
R
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where the parenthetical term lies in the interval [%, %] with the right endpoint achieved when 7z = —o0; thus, Eq. (130) can be used.
When t; <tp <0, Eq. (128b) leads to

. 3Ax 3
,hm s/(tinﬂect) = Uright — 7 = ~Uright -1 (133)
I +1r I

193
where the parenthetical term lies in the interval [%, %] with the right endpoint achieved when ¢; = —o0; thus, Eq. (131) can be used.
Note that 7; = 7g = —0c0, has 5" (fipfiect) — 0 @S t4igne — oo and either Eq. (130) or (131) can be used.

8.2. Three-dimensional case

Motivated by the one-dimensional analysis, we take the limit as 7,5, — co in order to bound ||5'||, on 7 € (0, tygn,), implying
existence of a minimum tygp,, that limits the speed to not exceed vp,y. Let

lim 5(1) = $(t) = trign (q( Y+a(——yP +b— + a) = tyigh (47> + ai> + bi + ©) (134)
Tright Tright

tright —00 2% ght

where t4, has been pulled out of Eq. (117) to obtain
qg= l_jeft + Bright (135a)
= _zvleft - Unght (135b)

where the change of variable from ¢ to 7 = - ' makes [0, 1] the interval of interest. Egs. (118a)and (118b) can be rewritten as

right

HIEAG » . = » . o
||§’(t)||§ YO Fb _ (34 + 24t + b) - (3G + 247 + b) (136a)
rlght Iright

NN

§'(t o o
a ol _ ' D SO _ L a4 2a)- 3i + 24 + 5 (136b)
dt 2 tngh " Tright  Tright

noting that §'(t) = ——58'(?). Let fipgece = '“‘ﬂ“‘ be the solution to

(64%nflect + 24) - (3qtmﬂect + 2afmﬂect +B=0 (137)

corresponding to the location of the speed extrema; then, multiplying Eq. (137) by finflect and subtracting it from Eq. (136a) gives

||§’(tinﬂect)||2 = (8Fipflect + B) - (G477 ot + 20T inflect + B) (138)

reducing Eq. (136a) from a quartic to a cubic. Substituting in 4 and a leads to

~ 2 - - ~
”S(tinﬂect)nz = Ulef UlEﬁ( 6tmﬂect + 11tmﬂect Oinflect + 1)
+ Uleft - Uright(_gtinﬂect +1 1tinﬂect - 3)linﬂect
+ Uright . a’right( 3tlnﬂect + 2) inflect (139)

as a weighted sum of cubics in #i,ge. It remains to show that Eq. (139) is properly bounded for any 7. € [0,1] that satisfies

Eq. (137), assuming that ||Djeg ||, and ErightHz are also properly bounded.

~ - - - 2 . ~ ~ - .
Remark 8.3. Setting fipgee = 1 in Eq. (137) leads t0 —Tyep - Urighs = ZHU,ight 5 then, setting finge = 0 and fipgec, = 1 in Eq. (139) gives

2
and ” Uright ” 5 respectively.

N 2
Vtefi |,

Eq. (139) can be bounded via

||§(tinﬂect)”2

R 2 < ~6f; 1nﬂect + 11tmﬂect Ofinflece + 1 + a‘ 9tmﬂect + 11tmﬂect 3tlﬂﬂ3ﬁ ta ( 311nﬂect + 2Imﬂect) (140)
[[Bietell2
. _ HﬂrightH2 -
with0 <a= Tl <1 when rlghtHz < || Biett ||, and
||§(tinﬂect)||2 2 ~
<h= 6tmﬂect +1 1Imﬂect 6lmﬂe‘3t +D+8|- mﬂect +1 1Imﬂect 3linflect| = -3 mﬂect + 2tmﬂect (141)

‘ -

Uright H

with 0 < g = |”W°—ﬁ”2 < 1 otherwise. Note that the middle terms would normally have a cos® when rewriting Eq. (139) using an
Uright ||,
equality; however, Eqgs. (140) and (141) assume cos § = +1 wherever necessary in order to obtain the absolute value function in the
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Fig. 12. Left: Plot of the bound in Eq. (140) for @ = 0, @ = 1, and @ = &;,. Right: Plot of the bound in Eq. (141) for =0, f = 1, and f = f,.

bound. Since the right-hand side of Eq. (140) is a quadratic in a, it is straightforward to find the global extremum «a.; as a function of
finflect- Since a € [0, 1], &4, = min(max(ag;;, 0), 1) can be plugged into Eq. (140) in order to determine the global maximum or minimum
of the quadratic at each 7; 5., defaulting to one of the boundary values (either a = 0 or & = 1) when a, & (0, 1). Fig. 12 left illustrates
that the right-hand side of Eq. (140) is bounded from above by a value of 1 for all 7; e € [0, 1] for @ =0, @ = 1, and « = &, implying
that ||$(infiect)||» < ||Dtese|lo- Fig- 12 right similarly illustrates that ||$(tjpgece)||, <

Uright |2 after applying the same process to .

9. Safe sets

Consider a temporal discretization of the pursuer-evader problem with individual time steps At =1t,,; —7,. Assuming an evader
has uncertainty over the pursuer’s strategy and trajectory, they might aim to avoid a sphere of radius v,At as long as they can bound
the pursuer’s maximum speed by v,. As pointed out in Remark 4.2, discretizing the sphere works for the pursuer but not for the
evader. Thus, we instead consider an axis-aligned bounding box with side length 2v,At around the pursuer. Note that the axis-aligned
bounding box overapproximates the sphere, limiting potential strategies. As future work, it is worth considering other bounding
volumes as well as bounding volume hierarchies and spatial coverings, see e.g., [56,66-70]. In fact, object oriented bounding boxes
are straightforward to use, simply by changing the coordinate system to make them axis aligned.

An axis-aligned bounding box is the interior region formed by the intersections of three sets of parallel planes. Deducing collisions
with the box can be decomposed into subcases noting that the ordering of the collisions with the planes dictates which of the 27
subregions the evader lies in. Importantly, this facilitates root analysis in each dimension independently. Using time-varying corners
leads to a continuous collision detection (CCD) formulation similar in spirit to what was discussed in Sections 6.3 and 9. Temporally
discretizing the corner locations simplifies the formulation, since only a stationary box needs to be considered; however, the stationary
box teleports from one location to another every time step. Given the uncertainty of the purser’s location inside the axis-aligned box,
the evader needs to avoid ever being inside of it. In order for the evader to avoid being inside the new stationary box at the beginning
of the next time step, it must end the time step outside a larger stationary box with side length 4v,Az. See Fig. 13.

When the evader starts a time step outside of the larger box, it merely needs to avoid collisions with it; otherwise, the evader
needs to escape the larger box while avoiding collisions with the smaller box. A straightforward way to deal with escaping the larger
box is to decompose the evader’s trajectory into two splines which have a common endpoint on the larger box. The first spline needs
to avoid collisions with the smaller box, and the second spline needs to avoid collisions with the larger box. Importantly, the evader
needs to traverse the entire first spline during the time step. See Fig. 13. Notably, this two spline approach ensures the evader only
seeks to avoid collisions, since the sought-after collision with the larger box is captured via the endpoint between the two splines.
In the more general case when the evader’s trajectory is modeled by a large number of splines that interpolate a simulation of the
evader’s physics, we are advocating the splitting of the multi-spline interpolation so that no spline crosses the larger box. Note that
root-finding would need to be subsequently addressed on every relevant spline.

Assuming that the velocity between the two splines is continuous, there are six degrees of freedom on the common point between
the splines: the three-dimensional velocity, the two-dimensional position, and the time it takes to traverse the first spline (as discussed
in Section 8 and Remark 8.1). In the more general case where the common point between two splines is not constrained in any way,
there are seven degrees of freedom at the common point. As usual, any extra degrees of freedom can be chosen to best satisfy the
evader’s goals.

Remark 9.1. Itis not necessary for the evader to avoid collisions with the larger box when it is outside of it, since an even number of collisions
is sufficient; however, it is important that the evader avoid collisions with the smaller box any time they are inside the larger box.

9.1. Avoiding axis-aligned bounding boxes

Regardless of whether the evader is trying to avoid collisions with the smaller or larger box, the problem is identical. The interior
of an axis-aligned bounding box is the intersection of the interiors of a pair of parallel planes in every dimension. The evader is
free to enter and leave the interior regions between pairs of planes as long as it stays outside of at least one of them at all times.
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1st
'/~/’E

Fig. 13. In R?, the circle indicates potential locations of the pursuer in 7 € [t,,1,,,], and the smaller square is an axis-aligned overapproximation
to the circle. The larger square represents the set of locations that the smaller square could contain at time ¢, if the pursuer were able to reach
any location in the smaller square. The evader’s first spline needs to avoid collisions with the smaller square, and its second spline needs to avoid
collisions with the larger square. Importantly, the evader needs to traverse the entire first spline during the time step.

A A A A
I I I I
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: E | ' E |
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Fig. 14. Left: The evader is inside the vertical pair of lines and is aiming to stay outside of the horizontal pair. It accomplishes this by iterating
on its degrees of freedom in order to merge the two real roots with the top horizontal line together in order to make them complex. (Six iterations
are shown, progressing from the bottom spline to top spline.) Right: The evader is inside the vertical pair of lines and is aiming to exit them before
entering the horizontal pair. It accomplishes this by iterating on its degrees of freedom in order to force an exiting-an-interior-region real root before
the problematic entering-an-interior-region real root. When the roots are equal, the evader touches the corner; moreover, forcing a gap between the
roots creates extra clearance with the corner. (Five iterations are shown, progressing from the bottom spline to top spline.)

When the evader is inside of all but one interior region, it needs to avoid entering the last interior region before exiting another
one. Staying outside of the last interior region means avoiding collisions with the plane in the relevant dimension that is closest to
the evader. This can be accomplished by either pushing all of the real roots (indicating collisions with that plane) to be outside of
the time interval of interest or by merging real roots inside the time interval of interest with each other to make them complex. See
Fig. 14 left. Alternatively, the evader can exit one of the other interior regions before entering the last one. This can be accomplished
by forcing at least one exiting-an-interior-region real root to occur before the problematic entering-an-interior-region real root. See
Fig. 14 right.

Remark 9.2. Note the similarity between Fig. 14 left and Fig. 4. The one-dimensional problem considered in Section 5 is essentially equivalent
to the vertical direction in Fig. 14 left, with both aiming to merge two real roots into a complex conjugate pair so that the evader can turn
around before colliding. The ability to simplify more difficult problems by orthogonalizing constraints and/or modifying coordinate systems
should not be underestimated.

9.2. Escaping axis-aligned bounding boxes

As discussed above, the evader needs to escape the larger box before the end of the time step. This can be accomplished by creating
an intersection with any one of the planes defining the interior of the box. For the sake of simplicity, each plane can be considered
separately before choosing the one that leads to the best strategy. As discussed above, a straightforward way to address this is via a
two spline strategy where the first spline has an endpoint on the plane of interest and the second spline avoids collisions with the
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Fig. 15. Two successive time steps (left and right, respectively), each illustrating the current and prior locations of the pursuer and evader. The
first figure also shows the planned trajectories during the time step, and the second figure shows the pursuer and evader’s locations after moving
through that planned trajectory. The pursuer and its fictitious boxes move directly to the right putting the evader into a precarious position, even

though its predicted spline adequately avoided intersecting the larger box.
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Fig. 16. Using long term planning (dashed lines), instead of a greedy short-term approach, allows the evader to begin reacting earlier (left) than in
Fig. 15 and thus be in a better position as it gets closer to the pursuer (right).
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Fig. 17. Sample game trajectories when the evader has v, = 1.5, 1.25, 1.10 and 1.0 respectively (top to bottom). In spite of increasing the long
term planning window the evader always lost the game with v, = 1.0 in our simulations (as might be expected). The color gradient of the lines

indicates time.
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Fig. 18. Same example as in Figs. 16 and 17, except in three spatial dimensions. The pursuer starts at the origin, and the evader starts at (1, 0,0) and
aims at (-1, 0, 0). In order to prevent the game from degenerating into two spatial dimensions, the evader’s initial velocity is chosen as (—0.9, 0.25, 0.25).
The evader’s maximum speed is v,,,, = 1.5. The color gradient of the lines indicates time. See also Fig. 19.

box. The first spline is restricted to have its endpoint lie on the plane of interest and its velocity point outwards from the interior
region between the two planes in the dimension of interest.

Since the evader needs to traverse the entire first spline during the time step, t,gy; should be minimized while also appropriately
bounding the speed below v,,,, as discussed in Section 8. A greedy strategy would be for the evader to travel in a straight line. In
this case, the analysis in Section 8.1 could be used to determine #,p,; however, there is no guarantee that this 7., occurs before the
end of the time step. In fact, although Section 8.2 showed that a g, does exist in every case, it is possible that none of them occur
before the end of the time step. This means that minimizing #,,, might not lead to the evader escaping the box, but it at least puts
them in a good position to do so soon. However, it is important to keep in mind that the first spline needs to avoid collisions with
the smaller box.

Remark 9.3. Similar to the discretization of the sphere proposed for the pursuer in Remark 4.2 the evader could consider a discretization of
the box; moreover, discretization allows the evader to replace the larger box with a more accurate sphere (even though the smaller box cannot
be replaced). Exiting velocity direction and magnitude could also be discretized, at the risk of increasing the dimension of the discretization.

10. Combined objectives

Consider a game where the pursuer, with constant speed v, = 1, starts at (0,0) and uses the evader’s position and velocity to aim
for a predicted position of the evader according to Eq. (116). The evader starts at (1,0) and its strategy is to cross the goal line at
x = —1; as opposed to fleeing towards y = +co goal line locations, the evader aims for a point as close as possible to (-1, 0) in order to
minimize some concept of urgency. The evader has an initial velocity (—1,0), and a maximum speed v, = 1.5, allowing the evader
to move faster than the pursuer when their spline is roughly linear, but limiting their speed to be closer to that of the pursuer when
maneuvering.

In order to maintain safety from the pursuer and embrace uncertainty along the lines of Section 9, the evader uses the two spline
strategy with its first spline (when it exists) ending on the boundary of the larger box and its second spline progressing towards the
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Fig. 19. Azoomed in view of a time step from Fig. 18 in order to illustrate the fictitious boxes in three spatial dimensions. The evader’s plan is shown
as the dashed line, with the solid orange and blue lines indicating the pursuer’s and evader’s past and current-step trajectories, respectively.(For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

goal line. Let Az; and Ar, be the time allocated to the first and second spline respectively with At; + Az, = At and Az = 0 when the
evader starts outside the larger box. As discussed in Sections 8 and 9, the evader aims to minimize A¢, in order to escape the larger
box as soon as possible. This is accomplished by sampling a discretization of the faces of the box to find possible exit points and a
discretization of the hemisphere normal to each face to find possible exit velocities. The corresponding t,s, for each sample pair is
minimized (via bisection) subject to the constraint that vy, is not exceeded on the spline; then, the sample pair that minimizes #gp,
(or satisfies some other criteria) can be chosen. The endpoint of the second spline, determined by X;gh and dyign, should be chosen
to progress towards to the goal line while avoiding collisions with the larger box.

Fig. 15 illustrates two subsequent time steps in the game. In the first time step, the evader can no longer continue heading straight
towards the goal line, and instead calculates a trajectory that bends downward so that it does not intersect with the larger box. In
the second time step, after the evader gets to the end of its predicted spline and the pursuer and the fictitious boxes around it have
moved, the evader ends up in a precarious situation where it will almost assuredly lose the game. Of course, a number of other
considerations could be added to the evader’s strategy in order to guarantee a more favorable outcome at the end of the time step.
One of the most straightforward ways to address this issue without introducing a number of other strategies is to simply switch from
greedy and myopic short-term planning to long-term planning. Notably, this can be accomplished in a straightforward manner with
only a minor modification of our approach. Fig. 16 illustrates how long-term planning improves upon the dilemma shown in Fig. 15
without needing to introduce any other strategies or considerations. Instead of considering the second spline on Ar, it is extended to
be considered on a Aty > At,. Nothing else need change.

Fig. 17 illustrates the trajectories obtained playing the game with various maximum velocities for the evader. Note that the
evader’s primary goal is to reach x = —1 and that it only starts aiming for y = 0 once it safely gets around the pursuer. Fig. 18 shows
the trajectories obtained in three spatial dimensions. Notably, our formulation remains unchanged and the code is straightforward
to implement. The root-finding and intersection code scales linearly with dimension, in comparison to the sampling code that scales
more poorly due to the Newton-Cotes approach. The scaling of the sampling code can be fixed via Monte Carlo sampling.
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Remark 10.1. More generally, in RY, collisions with an axis-aligned bounding box can be interpreted as being inside N pairs of parallel
planes; thus, once inside N — 1 pairs of parallel planes, the goal is to exit one pair before entering the last pair. Choosing one of the N — 1
pairs to exit can obviously be accomplished in linear time, and the problem degenerates to R? once this pair has been chosen.

11. Conclusion

We illustrated the efficacy of using cubic splines in order to interpolate physically simulated trajectories for the purpose of collision
avoidance and path planning as well as the complimentary problem that seeks collisions during pursuit. Although more interesting
objectives turned out to be intractable using distance-based formulations, a novel root-finding approach was shown to be tractable
with the aid of [18]. Collisions are created by merging complex roots and avoided by merging real roots. The ability to explicitly
and robustly handle the discontinuity between colliding and not colliding allows for gradient-based optimization between these
two regimes, leading to a larger set of path planning strategies. As is typical, bounding volumes were used to represent uncertainty
and spatial extent. This led to a natural asymmetry, since colliding requires intersecting some point on a bounding volume surface
while collision avoidance requires missing every point. A pursuer can readily sample a surface of any type, whereas an evader may
struggle to formulate algorithms for collision avoidance of complex volumes/surfaces. Notably, axis-aligned bounding boxes readily
facilitate collision avoidance since they can be conceptualized as pairs of parallel planes thus decomposing collision avoidance into
one-dimensional subproblems.

After illustrating the efficacy of our approach to pursuit and collision avoidance, we combined it with other goals and objectives
in order to emphasize its potential for real-world impact. Most importantly, the ability to use gradient-based optimization allows our
formulation to be incorporated into larger machine learning pipelines. It also facilitates the use of more complex controls via the
chain rule. In addition, it is straightforward to incorporate traditional control and game theory concepts to provide more optimal
estimates of an opponent’s trajectory, such as iterated best response or bounded rationality [71,72]. Although our relatively simple
examples already showed interesting emergent behavior, our current framework can also be used in more complex scenarios including
(moving) obstacles, boundaries, etc. via the axis-aligned bounding box framework.

For the sake of exposition, we used a bound on the maximum velocity as a surrogate for the various limitations that would be
imposed by the physics. An arc length bound is another useful surrogate, see [65]. It would be interesting to pursue more detailed
coupling with numerical simulations of the physics. Although the axis-aligned bounding boxes facilitated incorporation of both
uncertainty and spatial extent, overapproximations of safe sets restrict strategies. While it is straightforward to rotate the frame
to consider object-oriented bounding boxes, our work could be improved by extending it to consider collisions with triangulated
surfaces. There are robust CCD methods in the literature (dating as far back as [16]) that decompose triangulated surface conditions
into coplanarity considerations, suggesting that our approach may be extendible to this case. Finally, a number of theoretical questions
remain open. In order to extend [18], higher order polynomials would need to be understood better. It is unclear whether the sixth
order polynomial in the distance function formulation has special structures that can be exploited due to it being the sum of the
squares of third order polynomials. We have not settled on an optimal strategy for preserving complex-valued roots outside of merely
aiming to keep the imaginary part large. Etc.
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Appendix A. Reference equations

For reference, the partial derivatives of y, defined in Eq. (28), are

where

ap (PGP, AE) ¥ ds,(t: 53 (AP, AE)) 95, B (AP, TF))

or - or or
o L s, P (AP, 2EY) o L st PP (AP, 2EY)
Ris. s 7P J7E el ’ Lo zs¢7P 7E el ’
+s; (05, (A7, 4 ))T"‘Si (5, (A7, 4 ))T (A.1a)
(B (7)) _ ds(t: 53 (AP, AEY) 9s,(t: S (AP, TEF))
9B} (AP, 7F) o 9B} (AP, 7F)
ap g O, P, TE)) p g O, AP, TEY)
s P AE) P L D P, TEy i 2 (A.1b)
OB} (AP, AE) orR 0B (AP, AE) orl
% and s% are given in Eq. (19) and the second derivatives
AT ) 6tk 2 0 0)FUP,IE) (=6 0 0 0)pGP,iE)
~ ook I =5 7P GE R S5 (7P GE (A.22)
ot otk (6f 0 0 0)pEP.AE) (/R 2 0 0)pE(AP,4F)
syt (AP, AF)) (=61 0 0 0)FAPIE) (-6tR -2 0 0)pGP, i)
it 2o LA IO (A.2b)
ot ot! (6r8 2 0 0)pAP. 1)  (-6! 0 0 0)p(Af,iE)
PP IE) BR3¢ 4R 1 0
— — = orRe] w0 0 (A.2¢)
0[7;‘(/11),/1’5) JtR | 1t t
P, BGPE) [ —erRed Y 0] (A.2d)
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follow directly by differentiating Eq. (19) directly with respect to ¢R and +/ (assuming that ¢ € C).
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