Simulating Water and Smoke with an Octree Data Structure

FrankLosasso
StanfordUniversity
IndustrialLight + Magic

Fréceric Gibou'
StanfordUniversity

RonFedkiw
StanfordUniversity
IndustrialLight + Magic

Figurel: Ellipsetraveling througha shallav pool of water(left), formationof amilk crown (center),smole rising pasta sphergright).

Abstract

We presenta methodfor simulatingwaterand smole on an unre-
strictedoctreedatastructureexploiting meshre nementtechniques
to capturehesmallscalevisualdetail. We proposeanew technique
for discretizingthe Poissorequatioronthis octreegrid. Theresult-
ing linearsystemis symmetricpositive de nite enablingthe useof
fastsolutionmethodssuchas preconditionectonjugate gradients,
whereaghe standardapproximatiorto the Poissonequationon an
octreegrid resultsin a non-symmetridinear systemwhich is more
computationallychallengingto invert. The semi-Lagrangiarchar
acteristictracing techniqueis usedto adwect the velocity, smole
density andeventhelevel setmakingimplementatioron anoctree
straightforvard. In the caseof smole, we have multiple re ne-
mentcriteriaincludingobjectboundariesppticaldepth,andvortic-
ity concentrationln the caseof water we re ne neartheinterface
asdeterminedy the zeroisocontourof thelevel setfunction.
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1 Intro duction

Realisticsimulationsof smole andwaterare amongthe mostde-
siredin the specialeffectsindustry sincethey provide the direc-
tor with explicit controlover the ervironmentenablingthe creation
of otherwiseimpossiblecontent. Thesephenomena&ontainhighly
complex motionsand rich visual detail, especiallywhenthey in-
teractwith inanimateobjectsor the actorsthemseles. Moreover,
a signi cant portion of the entertainmenwvalue and much of the
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believability relieson an adequateepresentatioandpresentation
of the small scalevisual detailssuchasthin Ims in water small
rolling vorticesin smole, dropletsandspraysegtc. Thus,it is desir
ableto have bothsimulationandrenderingechniqueghatcandeal
with levelsof detail.

Recentimprovementsin simulationtechniquesave led to im-
pressve simulationsof both smole and water on uniform grids.
Empaveredby thesemi-Lagrangiamork of [Stam1999],[Fedkiw
etal. 2001]usedvorticity con nementto simulatesmole with vi-
suallyrich smallscalerolling motions. Similarly usingboth semi-
Lagrangianmethodsand hybridized particle and implicit surface
techniques|[Fosterand Fedkiw 2001; Enright et al. 2002b] sim-
ulatedsplashingwaterwith both smoothsurfacesandthin sheets.
While thesemethodshave achieved greatsuccesstheir applica-
tionis limited by thecomputationahardware(i.e. CPU,RAM, disk
spaceyequiredfor the simulations.In anattemptto alleviatethis,
[Rasmusseret al. 2003] proposeda methodthat combinesinter
polationandtwo-dimensionakimulationto obtainhighly detailed
simulationsof large scalesmole-like phenomenaWhile stunning
resultswere obtained,this methoddoesnot faithfully reproduce
the three-dimensionaNavier-Stokes equationsand thusis unable
to obtain resultsfor variousfully three-dimensionaphenomena.
Moreover, waterwasnot addressed.

In orderto optimizethe useof computationatesourcesye use
an adaptve meshor a level of detail approachwhere more grid
cellsareplacedn visuallyinterestingegionswith rolling smole or
sheetingvater Althoughadaptve meshstratgiesfor incompress-
ible ow arequitecommon,seee.g.[Ham etal. 2002],implemen-
tationsbasednrecursve structuressuchastheoctreesve propose
here,arelesscommon. In fact, [Popinet2003] claimsto have the

rst octreeimplementatiorof incompressibleo w, althoughthere
arecertainlysimilar works suchasthe nesteddyadicgrids usedfor

parabolicequationsgn [Rousselet al. 2003]. We extendthe work

of [Popinet2003]in two ways. First, we extend octreesto free
surface o ws allowing the modelingof a liquid interface. Second,
we considerunrestrictedoctreesvhereagPopinet2003]'s octrees
wererestricted.

Adaptive meshingstratgiesleadto nonuniformstencilsandthus
a nonsymmetricsystemof linear equationswhen solving for the
pressurewhichis neededo enforcethe divergencefree condition.
Although [Popinet2003] solved this nonsymmetridinear system
with amultilevel Poissorsolver, [Day etal. 1998]pointedout that
thesemultigrid approachesan be problematicin the presencenf



Figure 2: Simulationof smole pasta sphere. The rightmosttwo gures are closeup views. The effective resolutionis 10243 andthe

computationatime is about4-5 minutesperframe.

objectswith high frequeng detail. Moreover, the situationwors-
ensin the presenceof interfaces(suchasthat betweenwaterand
air), especiallysincethefaithful coarsemeshrepresentationf wa-
tertightisosurficesis a dif cult researchproblemin itself, seee.g.
[Leeetal. 2003]. Althoughmultigrid solverscanbe ef ciently ap-
pliedif the densityis smearedut acrosshe interfaceasin [Suss-
manet al. 1999] (resemblinga one-phaseariabledensity o w as
in [AImgren et al. 1998]), this dampsout the surlacewave genera-
tion thatrelieson horizontalpressurdifferencesausedy stack-
ing differentheightsof high-density uid. Thatis, dampingthese
high frequeng pressurdaifferentialsmakesmultigrid ef cient, but
alsodampshewave motionleadingto visually uninterestingverly
ViSCous 0 Ws.

More recently [Sussman2003] departedfrom a smearedout
densityapproachand insteadsolves a free surfaceproblemasin
[Enright et al. 2002b]. Moreover, [Sussmar2003] switchesfrom
multigrid to a preconditionedconjugate gradient(PCG) method
statingthatthe pressurecanberobustly solved for with PCGsince
the matrix is symmetric.However, the symmetryrequirementim-
its his work to uniform non-adaptie grids. Our new formulation
alleviatesthis restrictionby providing a symmetricpositive de nite
discretizatiorof the Poissorequatioron anunrestrictedctreedata
structureallowing fastsolverssuchasPCGto be applied,evenin
the presencef interfaces.

2 Previous Work

[KassandMiller 1990]solvedalinearizedform of thethreedimen-
sionalNavier-Stokesequationsand[ChenandLobo 1994] solved
thetwo dimensionaNavier-Stokesequationaisingthe pressurdo
de ne a height eld. The full three dimensionalNavier-Stokes
equationswere solved in [Fosterand Metaxas1996; Fosterand
Metaxas1997a; Foster and Metaxas1997b] for both water and
smole. Large stridesin efciency were madewhen[Stam 1999]
introducedthe useof semi-Lagrangiamumericaltechniquesand
[Fedkiwetal. 2001]advocatedusingvorticity con nementin order
to presere the small scalestructureof the ow. [FosterandFed-
kiw 2001; Enrightet al. 2002b]proposechybridizing particleand
level setmethoddor water Theincompressibléorm of the Navier
Stokesequationdiasbeenusedandaugmentedo model re [Lam-
orletteandFoster2002;Nguyenetal. 2002],clouds[Miyazaki etal.
2002], particleexplosions[Feldmanetal. 2003], variableviscosity
[Carlsonet al. 2002], bubblesand surfacetension[Hong andKim

2003],splashandfoam[Takahashetal. 2003], etc. [Treuille etal.

2003]proposeda methodfor controlandusedit to make lettersout
of smole, and[Stam2003]solvedtheseequationon surfacescre-
ating beautifulimagery The compressiblesersionof theseequa-
tions were usedto couplefractureto explosionsin [Yngve et al.

2000]. TherearealsootherapproachesuchasSPHmethodqPre-
mozeetal. 2003;Mdiller etal. 2003].

Therepresentationf implicit surfaceson octreedatastructures
hasa long history in the marchingcubescommunity seethe re-
centpapersof [Ju et al. 2002; Ohtale et al. 2003] and the refer
encestherein. Moreover, [Frisken et al. 2000; Perry and Frisken

2001] popularizedthe use of signeddistancefunctionson octree
grids. In orderto simulatewater we needto solve the partial
differential equationsthat govern the motion of the signeddis-
tancefunction.[Strain1999b]adwocatedusingquadtreesndsemi-
Lagrangianmethodsto solve theseequations.Reinitializationfor
maintainingthe signeddistancepropertywasaddressedh [Strain
1999a], and extrapolationof velocitieswas consideredn [Strain
2000]. Onedif culty with semi-Lagrangiaimmethodsfor solving
level setequationds that extrememassloss (andthusvisual arti-
facts)usuallyoccurs however [Enrightetal. 2004]recentlyshaved
thatthe particlesin the particlelevel setmethodalleviate this dif -
culty. A quadtresstructurefor level setevolutionwasalsoproposed
in [Sochnilov and Efrima 2003]. However, noneof theseauthors
consideredevel setsin the context of incompressibleo ws with
interfacessuchaswater

Starting with the seminalworks of [Berger and Oliger 1984;
Bemger and Colella 1989], adaptve meshre nement (AMR) typ-
ically utilizesuniform overlappingCartesiargridsof varioussizes.
Thisis becaus@MR originally focusedon compressibleo w with
shockwaves,andablock structurecapproachs betterableto avoid
spuriousshockre ectionsfrom changinggrid levels(sincethereare
lessof them). However, in the absencef shocks,a moreoptimal
unrestrictedbctreeapproactcanbe usedfor incompressibleo w.

3 The Octree Data Structure

Figure 3 illustratesour unrestrictedoctreedatastructure(seee.g.
[Samet1989])with astandardMAC grid arrangemenfiHarlow and
Welch 1965], exceptthat all the scalarsexcept the pressureare
storedon the nodesor cornersof the cell. Thisis corvenientsince
interpolationsare more dif cult with cell centereddata (seee.g.
[Strain1999a])).

Coarsenings performedrom thesmallercellsto thelargercells,
i.e. from theleavesto theroot. Whencoarseningnhodalvaluesare
eitherdeletedor unchangedandthe new velocity componentsat
thefacesarecomputedby averagingthe old valuesfrom thatface.
Re nementis performedfrom the larger cellsto the smallercells.
The value of a new nodeon an edgeis de ned asthe averageof
its two neighbors,andthe value of a new nodeat a facecenteris
de ned astheaverageof thevaluesonthefour cornersof thatface.
The velocitieson the new facesarede ned by rst computingthe
velocitiesat the nodes,and then averagingbackto the facecen-
ters. Nodal velocitiesare computedby averagingthe four values
from thesurroundingcell facesaslong asthefacesareall thesame
size. Otherwise,usingthe coarsesneighboringfaceasthe scale,
we computetemporarycoarsenedelocitieson the otherfacesto
beusedin theaveraging.

For all variables,we constrainT-junction nodeson edgesto be
linearly interpolatedfrom their neighborson thatedge. Similarly,
T-junction nodeson facesare constrainedo be the averageof the
four surroundingcornervalues.See e.g.[Westermanret al. 1999]
for moredetails.
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Figure3: Left: Onelarge cell neighboringfour smallercells. The

y; representhe x component®f the intermediatevelocity u  de-

ned atthecell faces.Right: Zoomof onecomputationatell. The

velocity componentsarede ned on the cell faces,while the pres-

sureis de ned at the centerof the cell. The density temperature
andlevel setfunctionf arestoredatthenodes.

4 Navier Stokes Equations on Octrees

Weusetheinviscid,incompressibl&avier-Stokesequationgor the
conserationof massandmomentum

u+u Nu = Np+ f; (1)
Nu = 0 (2

whereu = (u;v;w) is thevelocity eld, f accountgfor the external
forces,andthe spatially constantdensityof the mixture hasbeen
absorbednto the pressurep. Equationl is solved in two steps.
Firstwe computeanintermediatevelocityu ignoringthepressure
term,andthenwe computethe velocity updatevia

u=u DiNp 3)
wherethe pressuréds de ned asthe solutionto the Poissonequa-
tion,

N?p=N u =t (4)

The externalforcesarediscretizedat the cell facesandwe post-
ponethe details of their discretizationto sections5 and6. The
corvective part of the velocity updateis solved using a semi-
Lagrangiarstable uids approactasin [Stam1999]. Firstwe com-
putenodalvelocities,andthenwe averagethesevaluesto the cell
faces(seesection3). The cell facevaluesare usedto traceback
characteristicsandtrilinear interpolationof nodalvaluesis usedto
de ne thenew intermediatevalueof thevelocity componenbnthe
facein question.

4.1 The Divergence Operator

Equationd is solvedby rst evaluatingtheright handsideat every
cell centerin the domain. Thena linear systemfor the pressurds
constructecandinverted. Considerthe discretizationof equation
4 for a large cell with dimensions4 x, 4 y and 4 z neighboring
smallcellsasdepictedn gure 3. Sincethediscretizatioris closely
relatedto the secondvectorform of Greens theoremthatrelatesa
volumeintegral to a surfaceintegral, we rst rescaleequatiord by
thevolumeof thelargecell to obtainV ¢4 tNZ2p= VN u . The
right handsidenow representshe quantityof mass o wing in and
out of the large cell within a time step4 t in m3s 1. This canbe
furtherrewritten as

VeeN (U 4tNp) = O (5)
This equationimplies thatthe Np termis mostnaturallyevaluated
atthe samelocationasu , namelyat the cell faces,andthatthere
is a directcorrespondencketweerthe componentsf Np andu .
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Figure4: Discretizationof the pressuregradient.

Moreover, substitutingequation3 into equations implies VeenN
u= 0orN u= 0asdesired.

Invoking the secondvector form of Greens theorem,one can
write . o

VeelN U = @ (Uggce N) Atace
faces

wheren is the outwad unit normalof the large cell and A¢ace rep-
resentsthe areaof a cell face. In the caseof gure 3, the dis-
cretizationof the x componentfu =fx of the divergencereads
4 x4 y4 zflu =Tx = UAz+ UgAz+ UAs+ UsAs  U;Aq, where
the minussignin front of u;A; accountsor the factthat the unit
normalpointsto theleft. Thenffu =Tx= ((u, + U+ U, + u;)=4
u,)=4 x. They andz directionsaretreatedsimilarly.

Once,the divergenceis computedat the cell center equation4
is usedto constructa linear systemof equationgfor the pressure.
Invoking again the secondrectorform of Greenstheorempnecan
write

Vearll (4tNp) = & ((4 tNP)iace N) Atace (6)

faces

Therefore pncethepressurgradientis computechtevery face,we
can carry out the computationin a mannersimilar to that of the
velocity divergenceabove. Thereexist differentchoicesin thedis-
cretizationof (Np)¢,ce @andwe seekto discretizethe pressuregra-
dientin a fashionthatyields a symmetriclinear system. Ef cient
iterative methodssuchas PCG (seee.g.[Saad1996]) canbe ap-
plied to symmetricpositive de nite matricesoffering a signi cant
adwantageover methodsfor nonsymmetridinear systems.More-
over, sincedataaccesdor the octreeis not as corvenientas for
regular grids, thereis a strongbene t in designinga discretization
thatleadsto a symmetriclinearsystem.

4.2 The Pressure Gradient

Considerthe con gurationin gure 4. In the casewheretwo cells
of the samesizejuxtaposesachother standarctentraldifferencing
de nesthepressurgradientatthefacebetweerthem,asis thecase
forpy= (P10 pPL)=4Y.

Considerthe discretizationof the pressuregradientin the x di-
rectionat the facebetweercell 1 andcell 2. A standardapproach
isto rst computeaweightedaveragevalue p, for the pressureby
interpolatingbetweerthe pressurevaluesp; and pip. Then,since
standardlifferencingof px = (p2  pa)=(:7%4 X) doesnotde ne py
atthecell facebut midway betweerthelocationsof p; andpy, one
usuallyresort¢o morecomplex discretizationsA typical choiceis
to passa quadraticinterpolantthroughpa, p2 and pg andevaluate
its derivative atthe cell face,seee.g.[Chenet al. 1997]. However,
this approachyields a nonsymmetridinear systemthat is slow to
invert. The nonsymmetrimatureof the linear systemcomesfrom



Figure5: An ellipsoid slips alongthroughshallov waterillustrating our methods ability to resohe thin sheets.The effective resolutionis

512 andthe computationatime is about4-5 minutesperframe.

the non-locality of the discretization,i.e. p; dependsn p;g and
the quadratidnterpolationwould depencdon pg. Consequentlythe
equationfor cell 1 involvesboth p1g and pg. It is unlikely thatthe
equationfor cell 6 dependn p1, sincecell 6 juxtaposesanother
cell of the samesize,namelycell 2. And evenif it did, the coef-
cientsof dependencwould notbesymmetric.

Our approachs basedon the factthat O(4 x) perturbationsn
thepressurdocationstill yield consistenapproximationssin [Gi-
bou et al. 2002]. Thereforede ning px = (P2 Pa)=(:754 X) at
the cell facestill yields a corvergentapproximationsincethe lo-
cationof fy is perturbedby a smallamountproportionalto a grid
cell. Moreover, we canavoid thedependencef p; onvaluesother
than p1 by simply settingpa = pz1. This correspondso an O(4 x)
perturbationof the locationof p;, andthereforestill yieldsa con-
vergentapproximation. Thus, our discretizationof py is simply
pPx= (p2 pL=(:754 X). Moreover, sinceonly p; andp, arecon-
sideredpnecande ne px= (p2 p1)=4 where4 canbede ned
asthe size of the large cell, 4 X, the size of the small cell, :54 x,
the Euclideandistancebetweenp; and py, etc. We have carried
out numericaltestsagainstknown analyticsolutionsto the Poisson
equationdemonstratinghatall thesechoicescorverge. Currently
we areinvestigatingtheimpactof different4 de nitions onsmole
andwatersimulations.

In light of equation6, px contritutesto bothrow 1 androw 2
of thematrix representinghelinearsystemof equationssinceit is
locatedat the cell facebetweencell 1 andcell 2. More precisely
the contritution to row 1 occursthroughtheterm

P2 P1
4

4 tpxn1Asace= 4 t (1) Asace

sinceny, thex componenbf the outwardnormalto cell 1, pointsto
theright (hencen; = 1). Likewise,thecontrikutionto row 2 occurs
throughtheterm

4 tpxnN1Asace= 4 t

p24 pl( 1) Asace

sinceny, the x componenbf the outward normalto cell 2, points
to the left (hencen; = 1). Therefore,the coefcient for ps in
row 1 andthe coefcient for p; for row 2 areidentical, namely
4 tAsace4 . The sameprocedureis appliedto all faces,andthe
discretizationof the y andz componentf the pressuregradient
arecarriedoutin asimilar mannerHence our discretizatioryields
a symmetriclinear systemthat can be ef ciently invertedwith a
PCGmethod.Thepreconditionekve useis basecdnanincomplete

LU Cholesly factorizationthat we modify to ensurethat the row
sumof LU is equalto therow sumof theoriginal matrix (see[Saad
1996]). Thisyieldsa signi cant speedupin the matrixinversion.

The matrix constructedabove is negative de nite, asis usual
whendiscretizingequatiord. We simply multiply all equationsy

1to makeit positive de nite. We alsonotethatDirichlet or Neu-
mannboundaryconditionsdo notdisruptthesymmetry In thecase
of a Neumannboundarycondition,theterm (p, p1)=4 disap-
peardrom bothrow 1 androw 2. In thecaseof aDirichlet boundary
condition,e.g.for p,, the equationfor p, dropsout of the system
andall the termsinvolving p, aremovedto the right handside of
thelinearsystem.

4.3 Accuracy

We stressthat the dominanterrorsare dueto the rst orderaccu-
rate semi-Lagrangiaradwection scheme. The velocity averaging
is secondorderaccurateandis requiredin all MAC grid methods
in orderto de ne a full velocity vectorat a commonlocation for

the semi-Lagrangiamdvection. Droppingthe Poissonsolver from

secondo rst orderaccurag merelyputsit on parasymptotically
with the semi-Lagrangiarscheme. However, we still solve for a

fully divergencefree velocity eld to machineprecisionjust asin

a non-adaptie setting. We testedour Poissonsolver on mary ex-

actsolutionsandreadilyobtainseveraldigits of accurag indicating
thattheerrorsfrom this partof thealgorithmaresmall. Seetable1

for atypicalresult.

5 Smoke

The externalforcesdueto buoyang/ andheatcorvectionaremod-
eledasfyo = arz+ b(T Tamyz wherez= (0;0;1), Tambis
theambientemperaturanda andb areparametersontrollingthe
in uence of the densityandthe temperature The densityandthe
temperatureare passiely adwectedwith the o w velocity andare
updatedwith the semi-Lagrangiamethodusingvelocitiesde ned
at the nodes(seesection3). Both the densityandthe temperature
arethenaveragedo thefacesn orderto evaluatetheforcingterm.
The vorticity con nementforce is calculatedasfollows. First
we de ne velocitiesat the centersof cells by usingareaweighted
averagingof facevalues. Thenall the derivativesneededo com-
putethevorticity, w= N u, arecomputeddn cell facesusingthe
samemethodusedto computepressuralerivatives. Areaweighted
averagingis used(again) to de ne all thesederiativesat the cell
center and then we computethe vorticity and its magnitude(at



Llerror order L¥error order
4:083 10 ? 6:332 10 ?
8713 10 3| 2:22 || 22203 10 2 | 1:523
2:952 10 3| 1:56 || 1:292 10 2| :770
9:980 10 4| 1:56 || 7:745 10 3| :739
4:010 10 4| 1:31 || 4249 10 3| :866
1:820 10 4| 1:14 || 2:287 10 3| :894

Tablel: Poissorsolver accurag onanunrestrictedbctreegrid.

the cell center). Next, the gradientsof the vorticity arecomputed
at the cell faces,and averagedback to the cell centerto de ne

N = Njwj=jNjwijj. Finally, the unscaledorce canbe computedat

thecell centerasN  w. Cell facevaluesof thistermareobtained
by averagingthe valuesfrom the two cells that containthe face.
Thenthistermis scaledby the diagonalof thefaceh andatunable
parametee.

Insideanobject,we setthetemperatur¢o theobjecttemperature
andthedensityto zero.For velocity, we clip thecomponenhormal
to the objectsothatit is guaranteedo be separatingFurthermore,
we apply Neumannboundaryconditionsto the cell facesthat in-
tersectthe objectwhensolving for the pressure.This keepsthese
velocities x ed.

In the caseof smole, we utilize threedifferentre nementcrite-
ria. First,we re ne nearobjectssincetheir interactionsvith smole
will introducesmallscalesfeatureghatenhancéoelievability. Sec-
ond,we re ne nearconcentration®f high vorticity. Third, we re-

ne in abandof densityvalues(for example:1< r < :3). Thislast
criteriaprunesoutboththelow densitieghatcannoteseeraswell
asthe high densitiednterior to the smole which areself-occluded.

6 Water

We usethe particlelevel setmethodof [Enright et al. 2002a]with
f  0designatinghewaterandf > 0 representinghe air. When
solving for the pressureone only needsto considercellsin the
water Dirichletboundaryconditionsof p; = pgir+ S k aresetin the
air cellsborderinghewater wheres is asurfacetensioncoefcient
andk = N (Nf=Nfj) is the local interfacecurvature. We note
that[Hong andKim 2003]consideredurfacetensionin the caseof
bubblesbut notfor Ims. k is computedby averagingnodalvalues
of f to thecell centey computingderivativesof f onthecell faces,
averagingtheseback to the cell center usingthesecell centered
valuesto obtainthe normal, computingderivatives of the normal
on the cell faces,averagingthesevaluesbackto the cell center
and nally usingthesecell centeredraluesto obtainthe curvature.
The only externalforce we accountfor is gravity via u += 4 tg.
Theinteractionwith objectsis similar to thatof smole. We apply
adaptve re nementto a bandaboutthe interface (focusingmore
hearily onthewaterside),notingthatthe signeddistanceproperty
of f makesthis straightforvard.

Recently [Enright et al. 2004] shavedthatthe particlelevel set
methodrelieson particlesfor accurag andthelevel setfor connec-
tivity. Moreover, they shaved that one could usea simple semi-
Lagrangianmethodon the level setwith no signi cant accurag
penalty as long as the particlesare evolved with at leastsecond
orderRunge-Kitta. Thus,we updatef with the semi-Lagrangian
methodusingvelocitiesde ned at the nodes(seesection3). The
particlesare adwectedusing secondorder Runge-Kitta and trilin-
earlyinterpolatechodalvelocities.

We usethefastmarchingmethod Tsitsiklis 1995;Sethianl996]
to maintainthe signeddistancepropertyof f. First, the signed
distanceas computedht all the nodesaroundtheinterface,andthey
aremarked asupdated The nodesadjacento the updatednodes
aretaggedtrial. Thenwe computepotentialvaluesof f atall trial
nodesusingonly updatednodes. The smallestof theseis tagged

Figure 6: Formationof a milk crown demonstratinghe effect of
surfacetension. We take s = 0 (left) ands = :0005(right). The
effective resolutionis 512% andthe computationatime is about4-5
minutesperframe.

asupdatedandall its non-updateaheighborsaretaggedrial . This
processis repeatedo Il in a bandof valuesnearthe interface.
For mary grid nodesthereare neighboringvaluesof f in all six
directions but at T-junctionstherearedirectionswheref is missing
someof its neighbors. Sincewe coarseraswe move away from
the interface, thesedirectionswill generallynot contrikute to the
potentialvalueof f . Thus,we trivially ignorethem.

Velocity extrapolationis carriedoutby rst de ning nodalveloc-
ities, extrapolatingthem,andthencomputingthe facevelocities.If
we performthis algorithmasin [Enright et al. 2002a],we will oc-
casionallyencountegrid pointsthathave no neighboringvaluesof
velocity andcannotbe updated.While this is rare (but notimpos-
sible)for uniform grids, T-junctionsexacerbateheir occurrencen
octreegrids. Whenthis happensye skip overthesenodesuntil one
of their neighbords updatedandthenwe updatethemin the usual
manner).

7 Conclusions

Our new symmetricformulationreduceshe pressuresolver to ap-
proximately25% of the total simulationtime requiringonly about
20iterationsto cornvergeto anaccurag of machineprecision.This
leaveslittle room for improvementand even a zero cost pressure
solver would only make the code25% faster On the otherhand,
nonsymmetridormulationsrequiringBiCGSTAB or GMRESand
nonoptimalpreconditionerseasily lead to an order of magnitude
slowdown, or in the worst casescenarioproblemswith robustly
nding asolutionatall. The symmetricformulationenablesa full
octreediscretizationof the equationghat govern boththe o w of
smole andwater Moreover, we achievedreasonableomputational
costson grids as ne as 1024 allowing us to capture ne scale
rolling motionin smole andthin Ims for water
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