
Simulating Water and Smoke with an Octree Data Structure

FrankLosasso�

StanfordUniversity
IndustrialLight + Magic

Fréd́ericGibou†

StanfordUniversity
RonFedkiw‡

StanfordUniversity
IndustrialLight + Magic

Figure1: Ellipsetraveling throughashallow poolof water(left), formationof amilk crown (center),smoke risingpastasphere(right).

Abstract

We presenta methodfor simulatingwaterandsmoke on an unre-
strictedoctreedatastructureexploiting meshre�nementtechniques
to capturethesmallscalevisualdetail.Weproposeanew technique
for discretizingthePoissonequationonthisoctreegrid. Theresult-
ing linearsystemis symmetricpositive de�nite enablingtheuseof
fastsolutionmethodssuchaspreconditionedconjugategradients,
whereasthestandardapproximationto thePoissonequationon an
octreegrid resultsin a non-symmetriclinearsystemwhich is more
computationallychallengingto invert. Thesemi-Lagrangianchar-
acteristictracing techniqueis usedto advect the velocity, smoke
density, andeventhelevel setmakingimplementationonanoctree
straightforward. In the caseof smoke, we have multiple re�ne-
mentcriteriaincludingobjectboundaries,opticaldepth,andvortic-
ity concentration.In thecaseof water, we re�ne neartheinterface
asdeterminedby thezeroisocontourof thelevel setfunction.
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1 Intro duction
Realisticsimulationsof smoke andwaterareamongthe mostde-
sired in the specialeffects industry, sincethey provide the direc-
tor with explicit controlover theenvironmentenablingthecreation
of otherwiseimpossiblecontent.Thesephenomenacontainhighly
complex motionsand rich visual detail, especiallywhen they in-
teractwith inanimateobjectsor the actorsthemselves. Moreover,
a signi�cant portion of the entertainmentvalue and much of the
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believability relieson an adequaterepresentationandpresentation
of the small scalevisual detailssuchasthin �lms in water, small
rolling vorticesin smoke,dropletsandsprays,etc.Thus,it is desir-
ableto havebothsimulationandrenderingtechniquesthatcandeal
with levelsof detail.

Recentimprovementsin simulationtechniqueshave led to im-
pressive simulationsof both smoke and water on uniform grids.
Empoweredby thesemi-Lagrangianwork of [Stam1999],[Fedkiw
et al. 2001]usedvorticity con�nementto simulatesmoke with vi-
sually rich smallscalerolling motions.Similarly usingbothsemi-
Lagrangianmethodsand hybridized particle and implicit surface
techniques,[Fosterand Fedkiw 2001; Enright et al. 2002b] sim-
ulatedsplashingwaterwith both smoothsurfacesandthin sheets.
While thesemethodshave achieved greatsuccess,their applica-
tion is limited by thecomputationalhardware(i.e.CPU,RAM, disk
space)requiredfor thesimulations.In anattemptto alleviate this,
[Rasmussenet al. 2003] proposeda methodthat combinesinter-
polationandtwo-dimensionalsimulationto obtainhighly detailed
simulationsof largescalesmoke-like phenomena.While stunning
resultswere obtained,this methoddoesnot faithfully reproduce
the three-dimensionalNavier-Stokesequationsandthus is unable
to obtain resultsfor various fully three-dimensionalphenomena.
Moreover, waterwasnotaddressed.

In orderto optimizetheuseof computationalresources,we use
an adaptive meshor a level of detail approachwheremore grid
cellsareplacedin visually interestingregionswith rolling smokeor
sheetingwater. Althoughadaptive meshstrategiesfor incompress-
ible �o w arequitecommon,seee.g.[Ham et al. 2002],implemen-
tationsbasedonrecursivestructures,suchastheoctreeswepropose
here,arelesscommon. In fact, [Popinet2003]claimsto have the
�rst octreeimplementationof incompressible�o w, althoughthere
arecertainlysimilarworkssuchasthenesteddyadicgridsusedfor
parabolicequationsin [Rousselet al. 2003]. We extendthe work
of [Popinet2003] in two ways. First, we extend octreesto free
surface�o ws allowing themodelingof a liquid interface.Second,
we considerunrestrictedoctreeswhereas[Popinet2003]'s octrees
wererestricted.

Adaptivemeshingstrategiesleadto nonuniformstencilsandthus
a nonsymmetricsystemof linear equationswhen solving for the
pressure,which is neededto enforcethedivergencefreecondition.
Although [Popinet2003] solved this nonsymmetriclinear system
with a multilevel Poissonsolver, [Day et al. 1998]pointedout that
thesemultigrid approachescanbe problematicin the presenceof



Figure 2: Simulationof smoke pasta sphere. The rightmosttwo �gures are closeup views. The effective resolutionis 10243 and the
computationaltime is about4-5minutesperframe.

objectswith high frequency detail. Moreover, the situationwors-
ensin the presenceof interfaces(suchasthat betweenwaterand
air), especiallysincethefaithful coarsemeshrepresentationof wa-
tertight isosurfacesis a dif�cult researchproblemin itself, seee.g.
[Lee et al. 2003]. Althoughmultigrid solverscanbeef�ciently ap-
plied if thedensityis smearedout acrossthe interfaceasin [Suss-
manet al. 1999] (resemblinga one-phasevariabledensity�o w as
in [Almgren et al. 1998]),this dampsout thesurfacewave genera-
tion that relieson horizontalpressuredifferencescausedby stack-
ing differentheightsof high-density�uid. That is, dampingthese
high frequency pressuredifferentialsmakesmultigrid ef�cient, but
alsodampsthewavemotionleadingto visuallyuninterestingoverly
viscous�o ws.

More recently, [Sussman2003] departedfrom a smearedout
densityapproachand insteadsolves a free surfaceproblemas in
[Enright et al. 2002b]. Moreover, [Sussman2003] switchesfrom
multigrid to a preconditionedconjugate gradient(PCG) method
statingthatthepressurecanberobustly solvedfor with PCGsince
thematrix is symmetric.However, thesymmetryrequirementlim-
its his work to uniform non-adaptive grids. Our new formulation
alleviatesthis restrictionby providing asymmetricpositivede�nite
discretizationof thePoissonequationonanunrestrictedoctreedata
structureallowing fastsolverssuchasPCGto beapplied,even in
thepresenceof interfaces.

2 Previous Work
[KassandMiller 1990]solvedalinearizedform of thethreedimen-
sionalNavier-Stokesequations,and[ChenandLobo 1994]solved
thetwo dimensionalNavier-Stokesequationsusingthepressureto
de�ne a height �eld. The full three dimensionalNavier-Stokes
equationswere solved in [Fosterand Metaxas1996; Fosterand
Metaxas1997a; Foster and Metaxas1997b] for both water and
smoke. Large stridesin ef�ciency weremadewhen[Stam1999]
introducedthe useof semi-Lagrangiannumericaltechniques,and
[Fedkiwetal. 2001]advocatedusingvorticity con�nementin order
to preserve the small scalestructureof the �o w. [FosterandFed-
kiw 2001;Enrightet al. 2002b]proposedhybridizing particleand
level setmethodsfor water. Theincompressibleform of theNavier
Stokesequationshasbeenusedandaugmentedto model�re [Lam-
orletteandFoster2002;Nguyenetal.2002],clouds[Miyazakietal.
2002],particleexplosions[Feldmanet al. 2003],variableviscosity
[Carlsonet al. 2002],bubblesandsurfacetension[Hong andKim
2003],splashandfoam[Takahashiet al. 2003],etc. [Treuille et al.
2003]proposedamethodfor controlandusedit to make lettersout
of smoke,and[Stam2003]solvedtheseequationson surfacescre-
ating beautiful imagery. The compressibleversionof theseequa-
tions wereusedto couplefractureto explosionsin [Yngve et al.
2000].TherearealsootherapproachessuchasSPHmethods[Pre-
mozeetal. 2003;Müller etal. 2003].

Therepresentationof implicit surfaceson octreedatastructures
hasa long history in the marchingcubescommunity, seethe re-
centpapersof [Ju et al. 2002; Ohtake et al. 2003] and the refer-
encestherein. Moreover, [Frisken et al. 2000; PerryandFrisken

2001] popularizedthe useof signeddistancefunctionson octree
grids. In order to simulatewater, we needto solve the partial
differential equationsthat govern the motion of the signeddis-
tancefunction.[Strain1999b]advocatedusingquadtreesandsemi-
Lagrangianmethodsto solve theseequations.Reinitializationfor
maintainingthe signeddistancepropertywasaddressedin [Strain
1999a],and extrapolationof velocitieswas consideredin [Strain
2000]. Onedif�culty with semi-Lagrangianmethodsfor solving
level setequationsis that extrememassloss(andthusvisual arti-
facts)usuallyoccurs,however[Enrightetal.2004]recentlyshowed
thattheparticlesin theparticlelevel setmethodalleviatethis dif�-
culty. A quadtreestructurefor level setevolutionwasalsoproposed
in [Sochnikov andEfrima 2003]. However, noneof theseauthors
consideredlevel setsin the context of incompressible�o ws with
interfacessuchaswater.

Starting with the seminalworks of [Berger and Oliger 1984;
Berger andColella 1989], adaptive meshre�nement (AMR) typ-
ically utilizesuniformoverlappingCartesiangridsof varioussizes.
This is becauseAMR originally focusedoncompressible�o w with
shockwaves,andablockstructuredapproachis betterableto avoid
spuriousshockre�ectionsfromchanginggrid levels(sincethereare
lessof them). However, in theabsenceof shocks,a moreoptimal
unrestrictedoctreeapproachcanbeusedfor incompressible�o w.

3 The Octree Data Structure

Figure3 illustratesour unrestrictedoctreedatastructure(seee.g.
[Samet1989])with astandardMAC grid arrangement[Harlow and
Welch 1965], except that all the scalarsexcept the pressureare
storedon thenodesor cornersof thecell. This is convenientsince
interpolationsare more dif�cult with cell centereddata(seee.g.
[Strain1999a]).

Coarseningisperformedfromthesmallercellsto thelargercells,
i.e. from theleavesto theroot. Whencoarsening,nodalvaluesare
eitherdeletedor unchanged,andthe new velocity componentsat
thefacesarecomputedby averagingtheold valuesfrom that face.
Re�nementis performedfrom the largercells to thesmallercells.
The valueof a new nodeon an edgeis de�ned asthe averageof
its two neighbors,andthe valueof a new nodeat a facecenteris
de�ned astheaverageof thevaluesonthefour cornersof thatface.
Thevelocitieson thenew facesarede�ned by �rst computingthe
velocitiesat the nodes,and then averagingback to the facecen-
ters. Nodal velocitiesarecomputedby averagingthe four values
from thesurroundingcell facesaslongasthefacesareall thesame
size. Otherwise,usingthe coarsestneighboringfaceasthe scale,
we computetemporarycoarsenedvelocitieson the other facesto
beusedin theaveraging.

For all variables,we constrainT-junction nodeson edgesto be
linearly interpolatedfrom their neighborson that edge.Similarly,
T-junctionnodeson facesareconstrainedto be theaverageof the
four surroundingcornervalues.See,e.g.[Westermannet al. 1999]
for moredetails.



Dx

Dy

ui+1/2,j,k

v i,j+1/2,k

(i,j,k)

Dz

i,j,k-1/2w
p

T,

*

u

u
u

u

5

3

2
u

1
*

*

*

*

*

4

r, F

Figure3: Left: Onelargecell neighboringfour smallercells. The
u�

i representthe x componentsof the intermediatevelocity u� de-
�ned at thecell faces.Right: Zoomof onecomputationalcell. The
velocity componentsarede�ned on the cell faces,while the pres-
sureis de�ned at the centerof the cell. The density, temperature
andlevel setfunctionf arestoredat thenodes.

4 Navier Stokes Equations on Octrees
Weusetheinviscid,incompressibleNavier-Stokesequationsfor the
conservationof massandmomentum

ut + u � Ñu = � Ñp+ f; (1)
Ñ � u = 0; (2)

whereu = (u;v;w) is thevelocity �eld, f accountsfor theexternal
forces,andthe spatiallyconstantdensityof the mixture hasbeen
absorbedinto the pressurep. Equation1 is solved in two steps.
Firstwecomputeanintermediatevelocityu� ignoringthepressure
term,andthenwecomputethevelocityupdatevia

u = u� � DtÑp (3)

wherethe pressureis de�ned asthe solutionto the Poissonequa-
tion,

Ñ2p = Ñ� u� =4 t: (4)

Theexternalforcesarediscretizedat thecell facesandwe post-
ponethe detailsof their discretizationto sections5 and 6. The
convective part of the velocity updateis solved using a semi-
Lagrangianstable�uids approachasin [Stam1999].Firstwecom-
putenodalvelocities,andthenwe averagethesevaluesto thecell
faces(seesection3). The cell facevaluesareusedto traceback
characteristics,andtrilinear interpolationof nodalvaluesis usedto
de�ne thenew intermediatevalueof thevelocitycomponenton the
facein question.

4.1 The Divergence Operator

Equation4 is solvedby �rst evaluatingtheright handsideat every
cell centerin thedomain.Thena linearsystemfor thepressureis
constructedand inverted. Considerthe discretizationof equation
4 for a large cell with dimensions4 x, 4 y and 4 z neighboring
smallcellsasdepictedin �gure 3. Sincethediscretizationis closely
relatedto thesecondvectorform of Green's theoremthatrelatesa
volumeintegral to a surfaceintegral,we �rst rescaleequation4 by
thevolumeof thelargecell to obtainVcell4 tÑ2p= VcellÑ�u� . The
right handsidenow representsthequantityof mass�o wing in and
out of the large cell within a time step4 t in m3s� 1. This canbe
furtherrewrittenas

VcellÑ� (u� � 4 tÑp) = 0: (5)

This equationimplies that theÑp termis mostnaturallyevaluated
at thesamelocationasu� , namelyat thecell faces,andthat there
is a directcorrespondencebetweenthecomponentsof Ñp andu� .
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Figure4: Discretizationof thepressuregradient.

Moreover, substitutingequation3 into equation5 implies VcellÑ �
u = 0 or Ñ � u = 0 asdesired.

Invoking the secondvector form of Green's theorem,one can
write

VcellÑ� u� = å
faces

(u�
face� n) Aface;

wheren is theoutward unit normalof the largecell andAface rep-
resentsthe areaof a cell face. In the caseof �gure 3, the dis-
cretizationof the x component¶u� =¶x of the divergencereads
4 x4 y4 z¶u� =¶x = u�

2A2 + u�
3A3 + u�

4A4 + u�
5A5 � u�

1A1, where
the minussign in front of u�

1A1 accountsfor the fact that the unit
normalpointsto theleft. Then¶u� =¶x = ((u�

2 + u�
3 + u�

4 + u�
5)=4�

u�
1)=4 x. They andzdirectionsaretreatedsimilarly.

Once,the divergenceis computedat the cell center, equation4
is usedto constructa linear systemof equationsfor the pressure.
Invokingagain thesecondvectorform of Green's theorem,onecan
write

VcellÑ� (4 tÑp) = å
faces

((4 tÑp)face� n) Aface: (6)

Therefore,oncethepressuregradientis computedatevery face,we
can carry out the computationin a mannersimilar to that of the
velocity divergenceabove. Thereexist differentchoicesin thedis-
cretizationof (Ñp)face, andwe seekto discretizethepressuregra-
dient in a fashionthat yields a symmetriclinear system.Ef�cient
iterative methodssuchasPCG(seee.g. [Saad1996]) canbe ap-
plied to symmetricpositive de�nite matricesoffering a signi�cant
advantageover methodsfor nonsymmetriclinear systems.More-
over, sincedataaccessfor the octreeis not as convenientas for
regulargrids,thereis a strongbene�t in designinga discretization
thatleadsto asymmetriclinearsystem.

4.2 The Pressure Gradient

Considerthecon�guration in �gure 4. In thecasewheretwo cells
of thesamesizejuxtaposeeachother, standardcentraldifferencing
de�nesthepressuregradientatthefacebetweenthem,asis thecase
for py = (p10 � p1)=4 y.

Considerthe discretizationof the pressuregradientin the x di-
rectionat the facebetweencell 1 andcell 2. A standardapproach
is to �rst computeaweightedaveragevaluepa for thepressure,by
interpolatingbetweenthepressurevaluesp1 and p10. Then,since
standarddifferencingof p̂x = (p2 � pa)=(:754 x) doesnotde�ne p̂x
at thecell facebut midwaybetweenthelocationsof pa andp2, one
usuallyresortsto morecomplex discretizations.A typicalchoiceis
to passa quadraticinterpolantthroughpa, p2 andp6 andevaluate
its derivative at thecell face,seee.g.[Chenet al. 1997]. However,
this approachyields a nonsymmetriclinear systemthat is slow to
invert. Thenonsymmetricnatureof the linearsystemcomesfrom



Figure5: An ellipsoidslipsalongthroughshallow waterillustratingour method's ability to resolve thin sheets.Theeffective resolutionis
5123 andthecomputationaltime is about4-5minutesperframe.

the non-localityof the discretization,i.e. pa dependson p10 and
thequadraticinterpolationwould dependon p6. Consequently, the
equationfor cell 1 involvesboth p10 andp6. It is unlikely that the
equationfor cell 6 dependson p1, sincecell 6 juxtaposesanother
cell of thesamesize,namelycell 2. And even if it did, thecoef�-
cientsof dependencewouldnotbesymmetric.

Our approachis basedon the fact that O(4 x) perturbationsin
thepressurelocationstill yield consistentapproximationsasin [Gi-
bou et al. 2002]. Thereforede�ning px = (p2 � pa)=(:754 x) at
the cell facestill yields a convergentapproximation,sincethe lo-
cationof p̂x is perturbedby a small amountproportionalto a grid
cell. Moreover, wecanavoid thedependenceof pa onvaluesother
thanp1 by simply settingpa = p1. This correspondsto anO(4 x)
perturbationof the locationof p1, andthereforestill yieldsa con-
vergent approximation. Thus, our discretizationof px is simply
px = (p2 � p1)=(:754 x). Moreover, sinceonly p1 andp2 arecon-
sidered,onecande�ne px = (p2 � p1)=4 where4 canbede�ned
asthe sizeof the large cell, 4 x, the sizeof the small cell, :54 x,
the Euclideandistancebetweenp1 and p2, etc. We have carried
out numericaltestsagainstknown analyticsolutionsto thePoisson
equationdemonstratingthatall thesechoicesconverge. Currently,
weareinvestigatingtheimpactof different4 de�nitions onsmoke
andwatersimulations.

In light of equation6, px contributesto both row 1 androw 2
of thematrix representingthelinearsystemof equations,sinceit is
locatedat the cell facebetweencell 1 andcell 2. More precisely,
thecontribution to row 1 occursthroughtheterm

4 t pxn1Aface= 4 t
p2 � p1

4
(1)Aface;

sincen1, thex componentof theoutwardnormalto cell 1, pointsto
theright (hencen1 = 1). Likewise,thecontribution to row 2 occurs
throughtheterm

4 t pxn1Aface= 4 t
p2 � p1

4
(� 1)Aface;

sincen1, the x componentof the outward normalto cell 2, points
to the left (hencen1 = � 1). Therefore,the coef�cient for p2 in
row 1 and the coef�cient for p1 for row 2 are identical, namely
4 tAface=4 . The sameprocedureis appliedto all faces,and the
discretizationof the y andz componentsof the pressuregradient
arecarriedout in asimilarmanner. Hence,ourdiscretizationyields
a symmetriclinear systemthat can be ef�ciently invertedwith a
PCGmethod.Thepreconditionerweuseis basedonanincomplete

LU Cholesky factorizationthat we modify to ensurethat the row
sumof LU is equalto therow sumof theoriginalmatrix (see[Saad
1996]).Thisyieldsasigni�cant speedup in thematrix inversion.

The matrix constructedabove is negative de�nite, as is usual
whendiscretizingequation4. We simply multiply all equationsby
� 1 to make it positive de�nite. We alsonotethatDirichlet or Neu-
mannboundaryconditionsdonotdisruptthesymmetry. In thecase
of a Neumannboundarycondition, the term (p2 � p1)=4 disap-
pearsfrombothrow 1androw 2. In thecaseof aDirichletboundary
condition,e.g.for p2, theequationfor p2 dropsout of thesystem
andall the termsinvolving p2 aremoved to the right handsideof
thelinearsystem.

4.3 Accuracy

We stressthat the dominanterrorsaredueto the �rst orderaccu-
rate semi-Lagrangianadvection scheme. The velocity averaging
is secondorderaccurateandis requiredin all MAC grid methods
in order to de�ne a full velocity vectorat a commonlocationfor
thesemi-Lagrangianadvection. DroppingthePoissonsolver from
secondto �rst orderaccuracy merelyputsit on parasymptotically
with the semi-Lagrangianscheme.However, we still solve for a
fully divergencefree velocity �eld to machineprecisionjust asin
a non-adaptive setting. We testedour Poissonsolver on many ex-
actsolutionsandreadilyobtainseveraldigitsof accuracy indicating
thattheerrorsfrom thispartof thealgorithmaresmall.Seetable1
for a typical result.

5 Smoke
Theexternalforcesdueto buoyancy andheatconvectionaremod-
eledasfbuoy = � a r z+ b (T � Tamb) z, wherez = (0;0;1), Tamb is
theambienttemperatureanda andb areparameterscontrollingthe
in�uence of the densityandthe temperature.The densityandthe
temperaturearepassively advectedwith the �o w velocity andare
updatedwith thesemi-Lagrangianmethodusingvelocitiesde�ned
at thenodes(seesection3). Both thedensityandthe temperature
arethenaveragedto thefacesin orderto evaluatetheforcing term.

The vorticity con�nementforce is calculatedas follows. First
we de�ne velocitiesat the centersof cells by usingareaweighted
averagingof facevalues. Thenall the derivativesneededto com-
putethevorticity, w = Ñ � u, arecomputedon cell facesusingthe
samemethodusedto computepressurederivatives.Areaweighted
averagingis used(again) to de�ne all thesederivativesat the cell
center, and then we computethe vorticity and its magnitude(at



L1error order L¥ error order
4:083� 10� 2 �� 6:332� 10� 2 ��
8:713� 10� 3 2:22 2:203� 10� 2 1:523
2:952� 10� 3 1:56 1:292� 10� 2 :770
9:980� 10� 4 1:56 7:745� 10� 3 :739
4:010� 10� 4 1:31 4:249� 10� 3 :866
1:820� 10� 4 1:14 2:287� 10� 3 :894

Table1: Poissonsolveraccuracy onanunrestrictedoctreegrid.

the cell center). Next, the gradientsof the vorticity arecomputed
at the cell faces,and averagedback to the cell centerto de�ne
N = Ñjwj=jÑjwjj . Finally, theunscaledforcecanbecomputedat
thecell centersasN � w. Cell facevaluesof this termareobtained
by averagingthe valuesfrom the two cells that containthe face.
Thenthis termis scaledby thediagonalof thefaceh anda tunable
parametere.

Insideanobject,wesetthetemperatureto theobjecttemperature
andthedensityto zero.For velocity, weclip thecomponentnormal
to theobjectsothat it is guaranteedto beseparating.Furthermore,
we apply Neumannboundaryconditionsto the cell facesthat in-
tersectthe objectwhensolving for the pressure.This keepsthese
velocities�x ed.

In thecaseof smoke,we utilize threedifferentre�nementcrite-
ria. First,were�ne nearobjectssincetheir interactionswith smoke
will introducesmallscalesfeaturesthatenhancebelievability. Sec-
ond,we re�ne nearconcentrationsof high vorticity. Third, we re-
�ne in abandof densityvalues(for example:1 < r < :3). This last
criteriaprunesoutboththelow densitiesthatcannotbeseenaswell
asthehighdensitiesinterior to thesmokewhichareself-occluded.

6 Water
We usetheparticlelevel setmethodof [Enright et al. 2002a]with
f � 0 designatingthewaterandf > 0 representingtheair. When
solving for the pressure,one only needsto considercells in the
water. Dirichlet boundaryconditionsof pI = pair+ s k aresetin the
air cellsborderingthewater, wheres isasurfacetensioncoef�cient
andk = Ñ � (Ñf =jÑf j) is the local interfacecurvature. We note
that[HongandKim 2003]consideredsurfacetensionin thecaseof
bubbles,but not for �lms. k is computedby averagingnodalvalues
of f to thecell center, computingderivativesof f on thecell faces,
averagingtheseback to the cell center, using thesecell centered
valuesto obtain the normal,computingderivativesof the normal
on the cell faces,averagingthesevaluesback to the cell center,
and�nally usingthesecell centeredvaluesto obtainthecurvature.
The only external force we accountfor is gravity via u += 4 tg.
The interactionwith objectsis similar to thatof smoke. We apply
adaptive re�nement to a bandaboutthe interface(focusingmore
heavily on thewaterside),notingthatthesigneddistanceproperty
of f makesthisstraightforward.

Recently, [Enright et al. 2004]showedthat theparticlelevel set
methodreliesonparticlesfor accuracy andthelevel setfor connec-
tivity. Moreover, they showed that onecould usea simplesemi-
Lagrangianmethodon the level set with no signi�cant accuracy
penaltyas long as the particlesare evolved with at leastsecond
orderRunge-Kutta. Thus,we updatef with the semi-Lagrangian
methodusingvelocitiesde�ned at the nodes(seesection3). The
particlesareadvectedusingsecondorderRunge-Kutta andtrilin-
earlyinterpolatednodalvelocities.

Weusethefastmarchingmethod[Tsitsiklis 1995;Sethian1996]
to maintain the signeddistancepropertyof f . First, the signed
distanceis computedatall thenodesaroundtheinterface,andthey
aremarked asupdated. The nodesadjacentto the updatednodes
aretaggedtrial . Thenwe computepotentialvaluesof f at all trial
nodesusingonly updatednodes. The smallestof theseis tagged

Figure6: Formationof a milk crown demonstratingthe effect of
surfacetension.We take s = 0 (left) ands = :0005(right). The
effective resolutionis 5123 andthecomputationaltime is about4-5
minutesperframe.

asupdated, andall its non-updatedneighborsaretaggedtrial . This
processis repeatedto �ll in a bandof valuesnearthe interface.
For many grid nodesthereareneighboringvaluesof f in all six
directions,but atT-junctionstherearedirectionswheref is missing
someof its neighbors.Sincewe coarsenaswe move away from
the interface,thesedirectionswill generallynot contribute to the
potentialvalueof f . Thus,we trivially ignorethem.

Velocityextrapolationis carriedoutby �rst de�ning nodalveloc-
ities,extrapolatingthem,andthencomputingthefacevelocities.If
we performthis algorithmasin [Enright et al. 2002a],we will oc-
casionallyencountergrid pointsthathavenoneighboringvaluesof
velocity andcannotbeupdated.While this is rare(but not impos-
sible)for uniformgrids,T-junctionsexacerbatetheiroccurrenceon
octreegrids.Whenthishappens,weskipoverthesenodesuntil one
of theirneighborsis updated(andthenweupdatethemin theusual
manner).

7 Conclusions
Our new symmetricformulationreducesthepressuresolver to ap-
proximately25%of the total simulationtime requiringonly about
20 iterationsto convergeto anaccuracy of machineprecision.This
leaves little room for improvementandeven a zerocostpressure
solver would only make the code25% faster. On the otherhand,
nonsymmetricformulationsrequiringBiCGSTAB or GMRESand
nonoptimalpreconditionerseasily lead to an order of magnitude
slowdown, or in the worst casescenarioproblemswith robustly
�nding a solutionat all. Thesymmetricformulationenablesa full
octreediscretizationof the equationsthat govern both the �o w of
smokeandwater. Moreover, weachievedreasonablecomputational
costson grids as �ne as 10243 allowing us to capture�ne scale
rolling motionin smokeandthin �lms for water.
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