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Abstract
We considerthe simulation of nonconvex rigid bodies focusing
on interactionssuchas collision, contact,friction (kinetic, static,
rolling andspinning)andstacking. We advocaterepresentingthe
geometrywith both a triangulatedsurfaceand a signeddistance
function de�ned on a grid, and this dual representationis shown
to have many advantages.We proposea novel approachto time
integrationmerging it with thecollision andcontactprocessingal-
gorithmsin a fashionthat obviatesthe needfor ad hoc threshold
velocities.We show that this approachmatchesthe theoreticalso-
lution for blockssliding andstoppingon inclinedplaneswith fric-
tion. We alsopresenta new shockpropagationalgorithmthat al-
lows for ef�cient useof thepropagation(asopposedto thesimul-
taneous)methodfor treatingcontact. Thesenew techniquesare
demonstratedon a variety of problemsrangingfrom simple test
casesto stackingproblemswith asmany as1000nonconvex rigid
bodieswith friction asshown in Figure1.
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1 Intro duction
Dynamicvolumetricobjectsarepervasive in everydaylife, andthe
ability to numericallysimulatetheirbehavior is importantto anum-
berof industriesandapplicationsincludingfeature�lms, computer
gamesandtheautomobileindustry. Onecandifferentiatebetween
highly deformablevolumetric objectsand thosewherethe defor-
mation is either negligible or unimportant,and in the latter case
ef�ciency concernsusuallyleadto rigid bodyapproximations.

[ChatterjeeandRuina1998]notestheweaknessof therigid body
approximationto solidsanddiscussessomeknown �a ws in state
of the art collision models. Moreover, they discusssomecom-
monmisconceptionsmentioningfor examplethatthecoef�cient of
restitutioncanbegreaterthanonein frictional collisions. [Stewart
2000] emphasizesthe dif�culties with nonuniquesolutionspoint-
ing out that it is often impossibleto predictwhich solutionoccurs
in practicesinceit dependson unavailabledetailssuchasmaterial
microstructure.He statesthat one shouldrepeatthe calculations
with randomdisturbancesto characterizethepotentialsetof solu-
tions. [Barzel et al. 1996] exploited this indeterminacy by adding
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Figure1: 1000nonconvexrings (with friction) settling after be-
ing droppedonto a setof 25 poles.Eachring is madeup of 320
triangles, and eachpole is madeup of 880triangles.

randomtexture andstructuredperturbationsto enrichandcontrol
the motion respectively. The goal of rigid body simulationthen
becomestheconstructionof plausiblemotion insteadof predictive
motion.While thephysiciststrivestowardssynthesizingafamily of
solutionsthatarepredictive in thesensethat they statisticallyrep-
resentexperimentaldata,the interestin graphicsis morelikely to
focuson obtaininga particularlyappealingsolutionfrom thesetof
plausibleoutcomes,e.g.see[Chenney andForsyth2000;Popović
etal. 2000].

With this in mind, we focuson theplausiblesimulationof non-
convex rigid bodiesemphasizinglarge scaleproblemswith many
frictional interactions.Although we startwith a triangulatedsur-
facerepresentationof thegeometry, wealsoconstructasigneddis-
tancefunction de�ned on a backgroundgrid (in theobjectframe)
enablingthe useof fast inside/outsidetests. The signeddistance
functionalsoconvenientlyprovidesa normaldirectionat pointson
andnearthesurfaceof theobject.Wetakeacloserlook at theusual
sequenceof simulationsteps—timeintegration,collision detection
andmodeling,contactresolution—andproposea novel approach
thatmorecleanlyseparatescollision from contactby merging both
algorithmsmoretightly with thetime integrationscheme.This re-
moves theneedfor ad hoc thresholdvelocitiesusedby many au-
thorsto alleviateerrorsin thecontactandcollisionalgorithms,and
correctlymodelsdif�cult frictional effectswithoutrequiringmicro-
collision approximations[Mirtich andCanny 1995a;Mirtich and
Canny 1995b](which alsouseanad hocvelocity). We alsointro-
duceanovel algorithmthatincreasestheef�ciency of thepropaga-
tion methodfor contactresolution. The ef�ciency androbustness
of ourapproachis illustratedwith anumberof simpleandcomplex
examplesincludingfrictional interactionsandlargecontactgroups
asis typical in stacking.

2 Previous Work
[Hahn1988]consideredrigid bodycollisionsby processingthecol-
lisions chronologicallybackingthe rigid bodiesup to the time of
impact. [Mirtich 2000]useda timewarpalgorithmto backup just



theobjectsthatareinvolved in collisionswhile still evolving non-
colliding objectsforward in time. This methodworks well except
whentherearea large numberof bodiesin contactgroups,which
is thecasewe areconcernedwith in this paper. [Hahn 1988]pro-
cessedcollisionswith staticfriction if theresultwasin thefriction
cone,and otherwiseusedkinetic friction. If the approachveloc-
ity wassmallerthana threshold,theobjectswereassumedto bein
contactand the sameequationswereappliedapproximatingcon-
tinuouscontactwith a seriesof “instantaneouscontacts”. [Moore
andWilhelms 1988] insteadproposedthe useof repulsionforces
for contactonly usingthe exact impulse-basedtreatmentfor high
velocitycollisions.

[Baraff 1989] proposeda methodfor analytically calculating
non-collidingcontactforcesbetweenpolygonalobjectsobtaining
anNP-hardquadraticprogrammingproblemwhich wassolvedus-
ing a heuristicapproach.He alsopointsout that theseideascould
beusefulin collisionpropagationproblemssuchasonebilliard ball
hitting a numberof others(thatarelined up) or objectsfalling in a
stack. [Baraff 1990] extendedtheseconceptsto curved surfaces.
[Baraff 1991]advocated�nding eithera valid setof contactforces
or avalid setof contactimpulsesstressingthattheusualpreference
of thelatteronly whentheformerdoesnotexist maybemisplaced.
For moredetails,see[Baraff 1993]. [Baraff 1994]proposeda sim-
pler, fasterand more robust algorithm for solving thesetypesof
problemswithout theuseof numericaloptimizationsoftware.

[Bhatt and Koechling1995] discussedthe nonlineardifferen-
tial equationsthat needto be numerically integrated to analyze
thebehavior of three-dimensionalfrictional rigid body impactand
pointedout thattheproblembecomesill-conditionedatthesticking
point. Then they useanalysisto enumerateall the possiblepost-
stickingscenariosanddiscussthefactorsthatdeterminea speci�c
result. [Mirtich andCanny 1995b]integratedthesesamenonlinear
differentialequationsto modelboth contactandcollision propos-
ing a uni�ed model (asdid [Hahn 1988]). They usethe velocity
an objectat restwill obtainby falling throughthe collision enve-
lope(or somethresholdin [Mirtich andCanny 1995a])to identify
thecontactcaseandapplya microcollisionmodelthatreversesthe
relative velocity aslong astherequiredimpulselies in thefriction
cone.This solvestheproblemof blockserroneouslysliding down
inclinedplanesdueto impulsetrainsthatcausethemto spendtime
in a ballistic phase.

Implicitly de�ned surfaceswereusedfor collision modelingby
[Terzopoulosetal. 1987]to createrepulsiveforce�elds aroundob-
jectsand[PentlandandWilliams1989;Sclaroff andPentland1991]
who exploitedfastinside/outsidetests.We useaparticularimplicit
surfaceapproachde�ning a signeddistancefunctionon anunder-
lying grid. Grid-baseddistancefunctionshave beengainingpopu-
larity, seee.g.[FisherandLin 2001;Hirota et al. 2001]who used
themto treatcollision betweendeformablebodies,and [Kim and
Neumann2002]who usedthemto keephair from interpenetrating
thehead.Although[Gibson1998]pointedoutpotentialdif�culties
with spuriousminimain concaveregions,we have not noticedany
adverseeffects,mostlikely becausewedonotuserepulsionforces.

[Milenkovic 1996] usedpositionbasedphysicsto simulatethe
stackingof convex objectsanddiscussedwaysof makingthesimu-
lationsappearmorephysicallyrealistic. [Milenkovic andSchmidl
2001]consideredstackingwith standardNewtonianphysicsusing
an optimizationbasedmethodto adjustthe predictedpositionsof
the bodiesto avoid overlap. Onedrawback is that the procedure
tendsto align bodiesnonphysically. Quadraticprogrammingis
usedfor contact,collision andthepositionupdates.They consider
up to 1000frictionlessspheres,but nonconvex objectscanonly be
consideredasunionsof convex objectsand they indicatethat the
computationalcostscaleswith thenumberof convex pieces.Their
only nonconvex exampleconsidered50 jacks that were eachthe
unionof 3 boxes.More recently, [Schmidl2002]describedafreez-

ing techniquethat identi�es whenobjectscanberemovedfrom the
simulation,aswell asidentifying whento addthemback. This al-
lowsthestackingof 1000cubeswith friction in 1.5daysasopposed
to anestimated45 daysfor simulatingall thecubes.

3 Geometric Representation
Sincerigid bodiesdo not deform, they are typically represented
with triangulatedsurfaces,seeFigure 2. Startingwith either the
density(or mass),algorithmssuchas [Mirtich 1996] can thenbe
usedto computethe volume, massand momentsof inertia. For
ef�ciency, we storetheobjectspacerepresentationwith thecenter
of massat the origin andtheaxesalignedwith the principal axes
of inertia resultingin a diagonalinertia tensorsimplifying many
calculations,e.g.�nding its inverse.

Figure2: Somenonconvexgeometryfr om our simulations: the
cranium, pelvis and femur have 3520,8680and 8160triangles
respectively.

In addition to a triangulatedsurface,we also storean object
spacesigneddistancefunction for eachrigid body. This is stored
oneithera uniformgrid [OsherandFedkiw2002]or anoctreegrid
[Friskenet al. 2000] dependingon whetherspeedor memory, re-
spectively, is deemedto bethebottleneckin thesubsequentcalcu-
lations.Discontinuitiesacrossoctreelevelsaretreatedby constrain-
ing the�ne grid nodesatgradationboundariesto takeonthevalues
dictatedby interpolatingfrom the coarselevel, seee.g. [Wester-
mannet al. 1999]. We usenegative valuesof f inside the rigid
bodyandpositive valuesof f outsidesothatthenormalis de�ned
asN = Ñf . This embeddingprovidesapproximationsto the nor-
malthroughoutspaceasopposedto justonthesurfaceof theobject
allowing usto acceleratemany contactandcollisionalgorithms.A
signeddistancefunctioncanbe calculatedquickly usinga march-
ing method[Tsitsiklis 1995; Sethian1996] after initializing grid
pointsnearthesurfacewith appropriatesmallnegativeandpositive
values.This is a onetime costin constructinga rigid bodymodel
andis currentlyusedin severalsystems,seee.g.[Cutleretal. 2002;
Musethet al. 2002].

Usingbotha triangulatedsurfaceanda signeddistancefunction
representationhasmany advantages.For example,onecanusethe
signeddistancefunctionto quickly checkif a point is insidearigid
body, and if so intersecta ray in the N = Ñf direction with the
triangulatedsurfaceto �nd thesurfacenormalat theclosestpoint.
This allows thetreatmentof very sharpobjectswith their truesur-
facenormals,althoughsigneddistancefunctionnormalsprovide a
smootherandlesscostlyrepresentationif desired.For moredetails
on collisionsinvolving sharpobjects,see[Pandol� etal. 2002].

4 Interference Detection
[Gascuel1993;DesbrunandGascuel1995]foundintersectionsbe-
tweentwo implicitly de�ned surfacesby testingthesamplepoints
of onewith theinside/outsidefunctionof theother. We follow the
samestrategy usingthe verticesof the triangulatedsurfaceasour



samplepoints. This testis not suf�cient to detectall collisions,as
edge-facecollisionsare missedwhen both edgeverticesareout-
side the implicit surface. Sincethe errorsareproportionalto the
edgelength,they canbeignoredin awell resolvedmeshwith small
triangles. However, whensubstantial,e.g.whensimulatingcubes
with only 12 triangles,we intersectthetriangleedgeswith thezero
isocontourand �ag the deepestpoint on the edgeasan interpen-
etratingsamplepoint. Sincewe do not considertime dependent
collisions,fastmoving objectsmight passthrougheachother. We
alleviate this problemby limiting thesizeof a time stepbasedon
thetranslationalandrotationalvelocitiesof theobjectsandthesize
of theirboundingboxes,althoughmethodsexist for treatingtheen-
tire time sweptpathas a single implicit surface[Schroederet al.
1994].

A numberof accelerationscanbe usedin the interferencede-
tectionprocess.For example,theinside/outsidetestscanbeaccel-
eratedby labelingthe voxels that arecompletelyinsideandcom-
pletely outside(this is donefor voxels at eachlevel in the octree
representationaswell) so that interpolationcanbeavoidedexcept
in cells which containpart of the interface. Labeling the mini-
mum andmaximumvaluesof f in eachvoxel canalsobe useful.
Boundingboxesandspheresareusedaroundeachobjectin orderto
prunepointsbeforedoingafull inside/outsidetest.Moreover, if the
boundingvolumesaredisjoint, no inside/outsidetestsareneeded.
For rigid bodieswith a large numberof triangles,we foundan in-
ternalbox hierarchywith trianglesin leaf boxesto beusefulespe-
cially whendoingedgeintersectiontests.Also, we usea uniform
spatialpartitioningdatastructurewith localmemorystorageimple-
mentedusinga hashtablein orderto quickly narrow down which
rigid bodiesmight be intersecting.Similar spatialpartitioningwas
usedin, for example,[Mirtich andCanny 1995b].Again,we stress
our interestin nonconvex objectsandrefer thereaderto [Ponamgi
etal. 1995;Kim etal. 2002]for otheralgorithmsthattreatarbitrary
nonconvex polyhedralmodels.For moredetailson collisiondetec-
tion methods,seee.g.[WebbandGigante1992;Lin andGottschalk
1998;Redonet al. 2002].

5 Time Integration
Theequationsfor rigid bodyevolutionare

xt = v; qt = 1
2wq (1)

vt = F=m; Lt = t (2)

wherex andq arethepositionandorientation(a unit quaternion),
v andw arethevelocity andangularvelocity, F is thenet force,m
is the mass,L = Iw is the angularmomentumwith inertia tensor
I = RDRT (R is theorientationmatrix andD is thediagonalinertia
tensorin objectspace),andt is thenet torque. For simplicity we
will considerF = mgandthusvt = g throughoutthe text, but our
algorithmis not restrictedto thiscase.While therearea numberof
highly accuratetime integration methodsfor noninteractingrigid
bodiesin free �ight, seee.g.[Buss2000], thesealgorithmsdo not
retainthis accuracy in thepresenceof contactandcollision. Thus,
we takea differentapproachto time integrationinsteadoptimizing
the treatmentof contactandcollision. Moreover, we usea simple
forwardEulertime integrationfor equations1 and2.

Thestandardapproachis to integrateequations1 and2 forward
in time,andsubsequently treatcollisionandthencontact.Generally
speaking,collisionsrequireimpulsesthat discontinuouslymodify
thevelocity, andcontactsareassociatedwith forcesandaccelera-
tions. However, friction canrequiretheuseof impulsive forcesin
thecontacttreatment,althoughtheprincipleof constraintsrequires
that the useof impulsive forcesbe kept to a minimum. [Baraff
1991] suggestedthat this avoidanceof impulsive behavior is nei-
ther necessarynor justi�ed andstressedthat therearealgorithmic
advantagesto using impulsesexclusively. This naturally leadsto
someblurringbetweencollisionandcontacthandling,andprovides

a senseof justi�cation to thework of [Hahn1988]wherethesame
algebraicequationswere usedfor both and the work of [Mirtich
andCanny 1995b]who integratedthe samenonlineardifferential
equationsfor both. However, other authorssuchas [Moore and
Wilhelms1988;Sims1994;Kokkevis et al. 1996]have noteddif-
�culties associatedwith this blurring andproposedthatanimpulse
basedtreatmentof collisionsbe separatedfrom a penaltysprings
approachto contact. They usedthe magnitudeof the relative ve-
locity to differentiatebetweencontactandcollision. [Mirtich and
Canny 1995b] usedthe velocity an object at rest will obtain by
falling throughthe collision envelope(or somethresholdin [Mir-
tich andCanny 1995a])to identify the contactcaseandapplieda
microcollisionmodelwheretheimpulseneededto reversetherel-
ative velocity is appliedaslong asit lies in thefriction cone.They
showedthat this solvestheproblemof blockserroneouslysliding
down inclinedplanesdueto impulsetrainsthatcausethemto spend
time in a ballistic phase.

A novel aspectof our approachis the cleanseparationof col-
lision from contactwithout the needfor thresholdvelocities. We
proposethefollowing time sequencing:

� Collisiondetectionandmodeling.
� Advancethevelocitiesusingequation2.
� Contactresolution.
� Advancethepositionsusingequation1.

The advantagesof this time steppingschemearebestrealized
throughan example. Considera block sitting still on an inclined
planewith a largecoef�cient of restitution,saye = 1, andsuppose
thatfriction is largeenoughthattheblockshouldsit still. In astan-
dardtime steppingscheme,bothpositionandvelocity areupdated
�rst, followed by collision andcontactresolution.During thepo-
sition andvelocity update,theblock startsto fall undertheeffects
of gravity. Thenin thecollision processingstagewe detecta low
velocitycollisionbetweentheblockandtheplane,andsincee = 1
the block will changedirection and bounceupwardsat an angle
down the incline. Then in the contactresolutionstage,the block
and the planeareseparatingso nothinghappens.The block will
eventually fall backto the inclined plane,andcontinuebouncing
up anddown incorrectlysliding down the inclined planebecause
of the time it spendsin the ballistic phase.This is the samephe-
nomenonthatcausesobjectssittingonthegroundto vibrateasthey
are incorrectlysubjectedto a numberof elasticcollisions. Thus,
many authorsuseadhocthresholdvelocitiesin anattemptto prune
thesecasesoutof thecollisionmodelingalgorithmandinsteadtreat
themwith a contactmodel.

Our new time stepping algorithm automatically treats these
cases.All objectsatresthavezerovelocities(upto round-off error),
soin thecollisionprocessingstagewe do notgetanelasticbounce
(up to round-off error).Next, gravity is integratedinto thevelocity,
andthenthecontactresolutionalgorithmcorrectlystopstheobjects
sothatthey remainstill. Thus,nothinghappensin thelast(position
update)step,andwe repeattheprocess.Thekey to thealgorithmis
that contactmodelingoccursdirectly after thevelocity is updated
with gravity. If insteadeitherthecollisionstepor a positionupdate
wereto follow thevelocity update,objectsat restwill eitherincor-
rectlyelasticallybounceormovethroughthe�oor , respectively. On
theotherhand,contactprocessingis thecorrectalgorithmto apply
after the velocity updatesinceit resolvesforces,and the velocity
updateis wheretheforcesareincludedin thedynamics.

One mustusecarewhen updatingthe velocity in betweenthe
collisionandcontactalgorithmsto ensurethatthesameexacttech-
niqueis usedto detectcontactaswasusedto detectcollision. Oth-
erwise,an objectin free �ight might not registera collision, have
its velocity updated,andthenregistera contactcausingit to incor-
rectly receiveaninelastic(insteadof elastic)bounce.We avoid this
situationby guaranteeingthat thecontactdetectionstepregistersa
negative resultwhenever thecollision detectionstepdoes.This is



Figure3: The block and inclined plane test with standard time
integration (the block erroneouslytumbling) and our new time
integration sequencing(the block correctlyat rest).

easilyaccomplishedby ensuringthatthevelocityupdatehasno ef-
fect on thecontactandcollision detectionalgorithms(discussedin
Section6).

We repeatedtheexperimentof a block slidingdown aninclined
planefrom [Mirtich andCanny 1995b]usingthemethodsfor col-
lision andcontactproposedthroughoutthis paperandour newly
proposedtime stepsequencing.We useda coef�cient of restitu-
tion e = 1 in orderto accentuatedif�culties with erroneouselastic
bouncing. Using our new time steppingschemethe decelerating
block slidesdown the inclined planecoming to a stop matching
theory, while thestandardtimesteppingschemeperformssopoorly
thattheblock bouncesdown theinclinedplaneasshown in Figure
3. Of course,thesepoor resultsareaccentuatedbecausewe both
sete = 1 anddo notbackup thesimulationto thetime of collision
(which would be impracticalandimpossiblefor our large stacking
examples).Figure4 shows a comparisonbetweentheoryandour
numericalresults.For boththeaccelerationanddecelerationcases,
ournumericalsolutionandthetheoreticalsolutionlie socloselyon
top of eachotherthattwo distinct linescannotbeseen.Moreover,
our resultsarenoticeablybetterthanthosedepictedin [Mirtich and
Canny 1995b]even thoughwe do not usea thresholdvelocity or
their microcollisionmodel.

6 Collisions
Whentherearemany interactingbodies,it canbedif�cult to treat
all thecollisionsespeciallyif they mustberesolvedin chronologi-
cal order. Thusinsteadof rewinding thesimulationto processcol-
lisionsoneat a time,we proposea methodthatsimultaneouslyre-
solvescollisionsasdid [StewartandTrinkle 2000;Milenkovic and
Schmidl2001].While thisdoesnotgivethesameresultasprocess-
ing thecollisionsin chronologicalorder, thereisenoughuncertainty
in thecollision modelingthatwe arealreadyguaranteedto not get
theexactphysicallycorrectanswer. Insteadwewill obtaina physi-
cally plausiblesolution,i.e.oneof many possiblephysicallycorrect
outcomeswhichmayvarysigni�cantly with slight perturbationsin
initial conditionsor theinclusionof unmodeledphenomenasuchas
materialmicrostructure.

Collisionsaredetectedby predictingwheretheobjectswill move
to in thenext timestep,temporarilymoving themthere,andcheck-
ing for interference.Thesametechniquewill beusedfor detecting
contacts,and we want the objectsto be moved to the samepo-
sition for both detectionalgorithmsif thereare no collisions (as
mentionedabove). In orderto guaranteethis, we usethe new ve-
locities to predict the positionsof the rigid bodiesin both steps.
Of course,we still usethe old velocitiesto processthe collisions
and the new velocitiesto processthe contacts. For example,for
the collision phase,if an object's current position and velocity
are x and v, we test for interferenceusing the predictedposition
x0= x+ Dt(v+ Dtg),andapplycollisionimpulsesto (andusing)the
currentvelocity v. During contactprocessing,we usethepredicted
positionx0= x+ Dtv0 andapply impulsesto this new velocity v0.
Sincev0= v+ Dtgwassetin thevelocityupdatestep,thecandidate
positionsmatchandtheinterferencechecksareconsistent.

The overall structureof the algorithm consistsof �rst moving
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Figure4: Theoretical and our numerical resultsfor two testsof
a block sliding down an inclined planewith friction. The curves
lie on top of eachother in the �gur esdue to the accuracyof our
newtime sequencingalgorithm.

all rigid bodiesto their predictedlocations,and then identifying
andprocessingall intersectingpairs. Sincecollisionschangethe
rigid body's velocity, v, new collisions may occur betweenpairs
of bodiesthat werenot originally identi�ed. Thereforewe repeat
the entireprocessa numberof times(e.g. � ve iterations)moving
objectsto their newly predictedlocationsandidentifying andpro-
cessingall intersectingpairs. Sincepairsareconsideredoneat a
time, theorderin which this is doneneedsto bedetermined.This
canbeaccomplishedby initially puttingall the rigid bodiesinto a
list, andthenconsideringrigid bodiesin theorderin whichthey ap-
pear. To reducetheinherentbiasin thisordering,we regularly mix
up this list by randomlyswappingbodiestwo ata time. This list is
usedthroughoutour simulationwheneveranalgorithmrequiresan
ordering.

For eachintersectingpair, we identify all the verticesof each
body that are inside the other (and optionally the deepestpoints
on interpenetratingedgesas well). Sincewe do not backup the
rigid bodiesto thetimeof collision,weneedamethodthatcandeal
with nonconvex objectswith multiple collision regionsandmulti-
pleinterferingpointsin eachregion. Westartwith thedeepestpoint
of interpenetrationthathasa nonseparatingrelative velocity asdid
[Moore andWilhelms1988],andusethestandardalgebraiccolli-
sionlaws(below) to processthecollision. Dependingonthemagni-
tudeof thecollision,thismaycausetheseparationof theentirecon-
tactregion. If were-evolvethepositionusingthenew post-collision
velocity, thiscollisiongroupcouldberesolved.Whetheror not it is
resolved,we canonceagain�nd thedeepestnon-separatingpoint
andrepeattheprocessuntil all pointsareeithernon-interpenetrating
or separating.While this point samplingmethodis not asaccurate
asintegratingover thecollision region asin [Hirota et al. 2001],it
is muchfasterandscaleswell to largenumbersof objects.

We developedanaggressiveoptimizationfor thepointsampling
thatgivessimilarly plausibleresults,(seee.g.Figure5). As before,
one �rst labelsall the non-separatingintersectingpoints and ap-
pliesa collisionto thedeepestpoint. But insteadof re-evolving the
objectsandrepeatingthe expensive collision detectionalgorithm,
we simply keeptheobjectsstationaryandusethesamelist of (ini-
tially) interferingpointsfor theentireprocedure.After processing
thecollision, all separatingpointsareremovedfrom thelist. Then
theremainingdeepestnonseparatingpoint is identi�ed andthepro-
cessis repeateduntil the list is empty. In this manner, all pointsin
theoriginal list areprocesseduntil they areseparatingat leastonce



Figure5: A billiard ball hits oneend of a line of billiard balls,
and the collision responsepropagatesto the ball on the far right
which then starts to roll.

during theprocedure.The ideaof laggingcollision geometrywas
alsoconsideredby [Baraff 1995]in a slightly differentcontext.

Eachbodyis assigneda coef�cient of restitution,andwhentwo
bodiescollideweusetheminimumbetweenthetwo coef�cients as
did [Moore andWilhelms1988] to processthecollision. Suppose
the relative velocity at the collision point wasoriginally urel with
(scalar)normaland(vector)tangentialcomponents,urel;n = urel � N
andurel;t = urel � urel;nN respectively. Thenwe apply equaland
oppositeimpulses j to each body to obtain v0 = v � j=m and
w0= w � I � 1(r � j) wherer points from their respective centers
of massto thecollision location.Thenew velocitiesat thepointof
collisionwill beu0= u� K j whereK = d=m+ r � T I � 1r � with d the
identity matrixandthe“ � ” superscriptindicatingthecross-product
matrix. Finally, u0

rel;n = urel;n + NT KTN jn whereKT is thesumof
theindividualK's and j = jnN is ourfrictionlessimpulse.Sogiven
a �nal relative normal velocity u0

rel;n = � eurel;n, we can �nd the
impulse j. Immovablestaticobjectslike thegroundplanecanbe
treatedby settingK = 0 andnotupdatingtheir velocities.

7 Static and Kinetic Friction
Thecollision algorithmabove needsto bemodi�ed to accountfor
kinetic andstaticfriction. Eachbody is assigneda coef�cient of
friction, andwe usethemaximumof the two possiblecoef�cients
when processinga collision as did [Moore and Wilhelms 1988].
Like [Hahn1988;MooreandWilhelms1988],we �rst assumethat
the bodiesare stuck at the point of impact due to static friction
andsolve for the impulse. That is, we setu0

rel;t = 0 sothat u0
rel =

� eurel;nN allows usto solve u0
rel = urel + KT j for theimpulse j by

invertingthesymmetricpositive de�nite matrix KT . Thenif j is in
thefriction cone,i.e. if j j � ( j � N)Nj � mj � N, thepoint is sticking
dueto staticfriction and j is anacceptableimpulse.Otherwise,we
applysliding friction.

De�ne T = urel;t=jurel;t j sothat thekinetic friction canbecom-
putedwith theimpulse j = jnN� mjnT. Thentakethedotproduct
of u0

rel = urel + KT j with N to obtainu0
rel;n = urel;n + NTKT j or

� eurel;n = urel;n + NTKT j. Pluggingin thede�nition of j we can

solveto �nd jn = � (e+ 1)urel;n=(NTKT (N� mT)) from which the
kinetic friction impulse j is determined.

8 Contact
After a few iterationsof the collision processingalgorithm, the
rigid bodieshave beenelasticallybouncedaroundenoughto ob-
tain a plausiblebehavior. So even if collisionsarestill occurring,
we updatethevelocitiesof all therigid bodiesandmove on to con-
tact resolution.Sincethecontactmodelingalgorithmis similar to
the collision modelingalgorithmexceptwith a zerocoef�cient of
restitution,objectsstill undergoingcollisionwill beprocessedwith
inelasticcollisions.This behavior is plausiblesinceobjectsunder-
goingmany collisionsin asingletimestepwill tendto rattlearound
andquickly loseenergy.

The goal of the contactprocessingalgorithm is to resolve the
forcesbetweenobjects.As in collisiondetection,wedetectcontacts
by predictingwheretheobjectswill move to in thenext time step
disregarding the contactforces, temporarilymoving them there,

andcheckingfor interference.For example,objectssitting on the
groundwill fall into thegroundunderthein�uence of gravity lead-
ing to the�agging of theseobjectsfor contactresolution.All inter-
actingpairsare�agged andprocessedin the orderdeterminedby
our list. Onceagain,multiple iterationsareneededespeciallyfor
rigid bodiesthat sit on top of other rigid bodies. For example,a
stackof cubeswill all fall at thesamespeedundergravity andonly
the cubeon the bottomof the stackwill intersectthe groundand
be �agged for contactresolution. The othercubesexperienceno
interferencein this �rst step.However, after processingthe forces
on thecubeat thebottomof thestack,it will remainstationaryand
be �agged as interpenetratingwith the cubethat sits on top of it
in thenext sweepof thealgorithm.This is a propagationmodelfor
contactasopposedto thesimultaneoussolutionproposedin [Baraff
1989].

Thedif�culty with a propagationmodelis that it cantakemany
iterationsto converge. For example,in thenext iterationthecube
on the groundis stationaryandthe cubeabove it is falling dueto
gravity. If we processaninelasticcollisionbetweenthetwo cubes,
theresulthasbothcubesfalling at half thespeedthat thetop cube
wasfalling. That is, thecubeon top doesnot stop,but only slows
down. Evenworse,thecubeonthegroundisnow moving againand
we have to reprocessthecontactwith thegroundto stopit. In this
sense,many iterationsareneededsincethealgorithmdoesnothave
a globalview of thesituation.That is, all thenon-interpenetration
constraintsat contactscanbeviewedasonelarge systemof equa-
tions,andprocessingthemoneatatime is similar to a slow Gauss-
Seidelapproachto solving this system. Instead,if we simultane-
ously consideredthe entire systemof equations,one could hope
for a moreef�cient solution, for exampleby usinga betteritera-
tive solver. This is the themein [Milenkovic andSchmidl2001]
whereanoptimizationbasedapproachis taken.Weproposeamore
light-weightmethodin Section8.2.

Similar to the collision detectionalgorithm, for eachintersect-
ing pair, we identify all the verticesof eachbody that are inside
theother(andoptionally thedeepestpointson edgesaswell). Al-
though[Baraff 1989] pointedout that the verticesof the contact
region (which lie on theverticesandedgesof theoriginal model)
needto beconsidered,wehavefoundourpointsamplingmethodto
besatisfactory. However, sincewe have a triangulatedsurfacefor
eachobject,we coulddo this if necessary. As in [Hahn1988;Mir-
tich andCanny 1995b]we usethesameequationsto processeach
contactimpulsethat wereusedin the collision algorithm,except
thatwesete = 0. Westartwith thedeepestpointof interpenetration
thathasa non-separatingrelative velocity, andagainusethestan-
dardalgebraiccollision laws. Thena new predictedpositioncan
be determinedandthe processrepeateduntil all pointsareeither
non-overlappingor separating.Althoughtheaggressive optimiza-
tion algorithmthatprocessesall pointsuntil they areseparatingat
leastoncecould be appliedhereaswell, it is not asattractive for
contactasit is for collisionsincegreateraccuracy is usuallydesired
for contacts.

For improved accuracy, we proposethe following procedure.
Ratherthanapplyingafully inelasticimpulseof e = 0 ateachpoint
of contact,we graduallystoptheobjectfrom approaching.For ex-
ample,onthe�rst iterationof contactprocessingweapplyimpulses
usinge = � :9, on thenext iterationwe usee = � :8, andsoon un-
til we �nally usee = 0 on thelast iteration.A negative coef�cient
of restitutionsimply indicatesthat ratherthan stop or reversean
approachingobject,we only slow it down.

In thecollisionprocessingalgorithm,we usedthepredictedpo-
sitionsto determinethegeometry(e.g.normal)of thecollision. Al-
thoughit wouldhavebeenbetterto usetherealgeometryatthetime
of collision, thecollision time is not readilyavailableandfurther-
moretheaccuracy is notrequiredsinceobjectsaresimplybouncing
around.Ontheotherhand,objectsshouldbesittingstill in thecon-



Figure6: Although the propagation tr eatment of contact and
collision allows the stacking and �ipping of boxesas shown in
the �gur e, our shock propagation algorithm makes this both
ef�cient and visually accurate.

tact case,and thusmoreaccuracy is requiredto prevent incorrect
rattling aroundof objects.Moreover, thecorrectcontactgeometry
is exactly the currentposition (asopposedto the predictedposi-
tion), sincethecontactforcesshouldbe appliedbeforethe object
moved.Thus,we usethecurrentpositionto processcontacts.

8.1 Contact graph

At thebeginningof thecontactresolutionstageweconstructacon-
tactgraphsimilar to [Hahn1988;BaciuandWong2000]with the
intentionof identifyingwhichbodiesor groupsof bodiesareresting
ontopof others.We individually allow eachobjectto fall underthe
in�uence of gravity (keepingtheothersstationary)for a character-
istic time 4 t (on theorderof a time step),andrecordall resulting
interferencesaddinga directededgepointing towardsthe falling
objectfrom theotherobject. Thenwe apply a simpletopological
sortalgorithmthatusestwo depth�rst searchesto collapsestrongly
connectedcomponentsresultingin a directedacyclic graph.For a
stackof cubes,we geta contactgraphthatpointsfrom theground
up onecubeat a time to thetop of thestack.For dif�cult problems
suchasa setof dominoesarrangedin a circle on thegroundwith
eachonerestingon top of theonein front of it, we simply get the
groundin onelevel of thecontactgraphandall thedominoesin a
secondlevel. Roughlyspeaking,objectsaregroupedinto thesame
level if they havea cyclic dependenceon eachother.

Thepurposeof thecontactgraphis to suggestanorderin which
contactsshouldbe processed,and we wish to sweepup and out
from the groundandotherstatic (non-simulated)objectsin order
to increasetheef�ciency of thecontactpropagationmodel. When
consideringobjectsin level i, we gatherall contactsbetweenob-
jectswithin level i aswell ascontactsbetweenobjectsin this level
andonesat lower-numberedlevels. With thelatter typeof contact
pairs,theobjectin level i is, asa resultof theway we constructed
the contactgraph,necessarily“resting on” the lower level object
andnot theotherway around.The contactpairsfound for level i
areput into a list andtreatedin any orderiteratingthroughthis list
a numberof timesbeforemoving on to the next level. Addition-
ally, wesweepalongthegraphthroughall levelsmultiple timesfor
improvedaccuracy.

8.2 Shock propagation

Even with the aid of a contactgraph,the propagationmodel for
contactmayrequiremany iterationsto producevisually appealing
resultsespeciallyin simulationswith stacksof rigid bodies. For
example,in the cubestackshown in Figure6 (center),the cubes
will startsinking into eachotherif not enoughiterationsareused.
To alleviate this effect, we proposea shock propagationmethod
that can be appliedon the last sweepthroughthe contactgraph.
After eachlevel is processedin this last sweep,all the objectsin
that level areassignedin�nite mass(their K matrix is setto zero).
Here, the bene�t of sorting the objectsinto levels becomesmost
evident. If anobjectof in�nite massis laterfoundto be in contact
with ahigher-level object,its motionis notaffectedby theimpulses
appliedto resolve contact,andthe higherlevel objectwill simply
have to move out of theway! Onceassignedin�nite mass,objects
retainthis massuntil theshockpropagationphasehascompleted.

Figure7: A heavier block on the right tips the see-sawin that di-
rection,and subsequentlyslidesoff. Then the smaller block tips
the see-sawback in the other dir ection. The propagationtr eat-
ment of contact allows the weight of eachblock to be felt, and
our shockpropagationmethodkeepsthe blocks fr om interpen-
etrating without requiring a largenumber of contactprocessing
iterations.

As in contact,we iteratea numberof timesoverall contactpairsin
eachlevel, but unlikecontactwe only completeonesweepthrough
all of the levels. Note thatwhentwo objectsat thesamelevel are
in contact,neitherhasbeensetto in�nite massyet,soshockprop-
agationin this caseis no differentthanour usualcontactprocess-
ing. However, thepotentiallyslow convergenceof theusualcontact
processinghasnow beenlocalizedto thesmallergroupsof strongly
connectedcomponentsin thescene.

To seehow this algorithmworks,considerthe stackof objects
in Figure6 (center). Startingat the bottomof thestack,eachob-
ject hasits velocity setto zeroandits masssubsequentlysetto be
in�nite. As we work our way up thestack,thefalling objectscan-
notpushthein�nite massobjectsoutof thewaysothey simplyget
their velocity setto zeroaswell. In this fashion,thecontactgraph
allows usto shockthestackto a zerovelocity in onesweep.

In orderto demonstratewhy thepropagationmodelfor contact
is usedfor a few iterationsbeforeapplyingshockpropagationwe
drop a larger box onto the plank as shown in Figure 6 (center).
Herethe contactgraphpointsup from the groundthroughall the
objects,and when the larger box �rst comesin contactwith the
plank,anedgewill beaddedpointingfrom theplankto thebox. If
shockpropagationwasappliedimmediatelythebox on theground
andthentheplankwouldhave in�nite mass.Thusthelargefalling
box would simply seean in�nite massplankandbe unableto �ip
over the stackof boxesasshown in Figure6 (center). However,
contactpropagationallows boththeplankto pushup on thefalling
box and the falling box to pushbackdown. That is, even though
“pushingdown” increasesthe numberof iterationsneededfor the
contactalgorithmto converge,without this objectswould not feel
theweightof otherobjectssitting on top of them.Thus,we sweep
thoughour contactgrapha numberof timesin orderto geta sense
of weight,andthenef�ciently forcethealgorithmto convergewith
a �nal shockpropagationsweep.This allows thestackof boxesto
�ip over asshown in Figure6 (right).

Figure7 shows anothertestwherea heavy anda light block are
bothinitially at reston topof asee-saw. Whenthesimulationstarts
theweightof theheavier block pushesdown tilting thesee-saw in
thatdirection.Eventuallyit tilts enoughfor theheavy blockto slide
off, andthenthesee-saw tilts backin theotherdirectionunderthe
weightof thelighterblock. Ourcombinationof contactpropagation
followedby shockpropagationcorrectlyandef�ciently handlesthis
scenario.On theotherhand,if we run shockpropagationonly (i.e.
omittingthecontactpropagationphase),thesee-saw eithersitsstill
or tips very slowly sinceit doesnot feel the weight of the heavy
block.

9 Rolling and Spinning Friction
Even whena rigid body hasa contactpoint frozenunderthe ef-
fects of static friction, it still has freedomto both roll and spin.
[Lewis andMurray 1995;SauerandScḧomer1998]dampedthese
degreesof freedomby addingforcesto emulaterolling friction and
air drag. Instead,we proposean approachthat treatstheseeffects
in thesamemanneraskineticandstaticfriction. Let mr andms des-



Figure8: 500nonconvex bonesfalling into a pile after passing
thr ougha funnel. Exact triangle countsaregiven in �gur e2.

ignatethecoef�cients of rolling andspinningfriction, andnotethat
thesecoef�cients shoulddependonthelocaldeformationof theob-
ject. This meansthat they shouldby scaledby the local curvature
with highervaluesin areasof lower curvature. Thusfor a sphere,
thesevaluesareconstantthroughouttheobject.

Both rolling andspinningfriction arebasedon the relative an-
gularvelocitywrel with normalandtangentialcomponentswrel;n =
wrel � N andwrel;t = wrel � wrel;nN. The normalcomponentgov-
ernsspinningandthe tangentialcomponentgovernsrolling about
T = wrel;t=jwrel;t j. We modify theseby reducingthe magnitude
of thenormalandtangentialcomponentsby ms jn andmr jn respec-
tively. To keeptheobjectfrom reversingeitherits spinor roll direc-
tion, bothof thesereductionsarelimited to zerootherwisepreserv-
ing thesign. At this point we have a new relative angularvelocity
w0

rel, andsincethe objectsaresticking the relative velocity at the
contactpoint is u0

rel = 0. Next, we constructanimpulseto achieve
bothproposedvelocities.

If we apply the impulseat a point, specifyingthe relative ve-
locity determinesthe impulse j andwe areunableto alsospecify
the relative angularvelocity. Thus,we assumethat the impulseis
appliedover an areainstead. We still have v0 = v � j=m for the
centerof massvelocity, but the angularvelocity is treateddiffer-
ently. First we explicitly write out the changein angularmomen-
tum (aboutour �x edworld origin) dueto anangularimpulse j t as
x � mv0+ Iw0= x� mv+ Iw � jt which canberearrangedto give
w0= w � I � 1( jt � x� j). When jt is equalto thecrossproductof
thepoint of contactand j, this reducesto w0= w � I � 1(r � j) as
above, but herewe considerthe moregeneralcasein orderto get
controlover theangularvelocity. Thenew velocitiesat thepointof
collisionwill beu0= u� (K1 j + K2 jt ) whereK1 = d=m+ r � I � 1x�

and K2 = � r � I � 1. Then u0
rel = urel + K1;T j + K2;T jt wherethe

Ki;T 'sarethesumof theindividualKi 's. Similarmanipulationgives

w0
rel = wrel + K3;T j + K4;T jt , whereK3 = � I � 1x� andK4 = I � 1.

This is two equationsin two unknowns, j and j t , so we cansolve
oneequationfor j, plug it into the other, and solve for j t . This
requiresinvertingtwo 3� 3 matrices.

10 Results
Besidesthe basicteststhat we discussedthroughoutthe text, we
also explored the scalability of our algorithm addressingsimu-
lations of large numbersof nonconvex objectswith high resolu-
tion triangulatedsurfacesfalling into stackswith multiple contact
points. While theCPUtimesfor thesimpleexampleswerenegli-
gible, thesimulationsdepictedin Figures1, 8 and9 hada signi�-

Figure9: The complexity of our nonconvex objects is empha-
sizedby exposingtheir underlying tessellation.

cantcomputationalcost.Dropping500and1000ringsinto a stack
averagedabout3 minutesand7 minutesper frame, respectively.
Dropping 500 bonesthrougha funnel into a pile averagedabout
7 minutesper frame,and we note that this simulationhad about
2.8million trianglestotal. All exampleswererun using5 collision
iterations,10 contactiterations,anda singleshockpropagationit-
eration,andall usedfriction.

11 Conclusions and Future Work
Weproposedamixedrepresentationof thegeometrycombiningtri-
angulatedsurfaceswith signeddistancefunctionsde�ned on grids
andillustratedthat this approachhasa numberof advantages.We
also proposeda novel time integration schemethat removes the
needfor ad hoc thresholdvelocitiesand matchestheoreticalso-
lutionsfor blockssliding andstoppingon inclinedplanes.Finally,
weproposeda new shockpropagationmethodthatdramaticallyin-
creasestheef�ciency andvisual accuracy of stackingobjects. So
far, our rolling andspinningfriction modelhasonly producedgood
resultsfor spheresandwearecurrentlyinvestigatingmorecomplex
objects.

After thepositionshavebeenupdated,interpenetrationmaystill
occurdueto round-off errorsandin-level contactbetweenobjects.
We experimentedwith the use of �rst order physics(similar to
[Baraff 1995])to computea“�rst orderimpulse”to applyto theob-
jects' positionsandorientationsto effect separation(without mod-
ifying their velocities). As in shockpropagation,we proceeded
level by level throughthe contactgraphdoing multiple iterations
of separationadjustmentswithin eachlevel beforeassigningin�-
nite massesto eachlevel in preparationfor the next. To reduce
bias,we gradually separatedobjectswithin a level, eachiteration
increasingthefractionof interpenetrationthatiscorrected.Weplan
to investigatethis furtherin futurework.
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