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Abstra t
We present a level set based numeri al algorithm for simulating a
model of epitaxial growth. The island dynami s model is a ontinuum
model for the growth of thin lms (see also [4, 12, 21, 22, 31℄). In
this paper, we emphasize the details of the numeri al method used to
simulate the island dynami s model.

1

Introdu tion

Modeling epitaxial growth presents an enormous hallenge to theoreti al
physi ists and materials s ientists. The range of length and time s ales represented by problems of pra ti al interest (e.g., the growth of devi e layers)
spans many orders of magnitude [13℄. Atomisti pro esses an signi antly
a e t quantities su h as surfa e morphology at the largest length and time
s ales [3℄. A model for epitaxial growth with great potential for use in engineering appli ations would des ribe lateral s ales of several mi rons or more,
be appropriate for a variety of homoepitaxial and heteroepitaxial systems,
and be apable of des ribing di erent growth te hniques.
Continuum equations of motion that take the form of partial di erential
equations [41℄ for the surfa e height pro le do yield information on morphology at large length s ales. As they are typi ally formulated [41, 42℄, however,
ontinuum equations are appropriate only in a regime where the surfa e is
already assumed to be ma ros opi ally rough. These ontinuum methods
are therefore unsuitable for des ribing atomi s ale roughness whi h is a onern in many devi e appli ations. Kineti Monte Carlo (KMC) simulations
[9, 19, 23, 44℄ o er an alternative to ontinuum equations. They allow easy
implementation of a wide range of atomisti kineti pro esses, whi h an,
in prin iple, be identi ed and their rates determined from rst prin iples
al ulations [32℄. However, simulations are usually based on the length and
time s ales of single atoms and adatom hopping rates, so modeling systems
of pra ti al interest is not always feasible.
Despite the pra ti al limitations of the methods des ribed above, they
have been used with great e e t to provide a omprehensive on eptual and
omputational framework for des ribing homoepitaxial growth [39℄, espeially by mole ular-beam epitaxy. More fundamental problems arise, however, when attempts are made to extend these te hniques to heteroepitaxial
systems, where the e e ts of latti e mismat h must be in orporated, or to
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other growth methods, su h as vapor-phase epitaxy (VPE), whi h requires
oupling the atomisti kineti s on the substrate to the hydrodynami delivery of new material. Some aspe ts of these issues have been addressed for
parti ular systems, but no general methodology has emerged to provide a
unifying framework in the spirit of the work des ribed above.
In this paper, a new model and losely related numeri al te hnique are
presented that address these issues. In this model, growth is des ribed by the
reation and subsequent motion of island boundaries; hen e, this model is
referred to as \island dynami s" [4, 12℄. The model is dis rete in the growth
dire tion, but ontinuous in the lateral dire tions and therefore, in prin iple, an des ribe growth on arbitrarily large lateral length s ales. Moreover,
sin e the lateral dire tions are treated ontinuously, ontinuum equations
representing any eld variable an be oupled to the growth by solving the
appropriate boundary value problem for the eld and using lo al values of
this eld to determine the lo al velo ity of the island boundaries. For example, the strain elds that o ur in the presen e of latti e mismat h or the
hydrodynami elds in a VPE rea tor an be readily a ommodated by this
method.
Although island dynami s is a natural way of des ribing many aspe ts
of epitaxial growth, its implementation requires tra king a large number of
individual interfa es that oales e or are reated by nu leation. The development of the level set method for simulating the motion of free boundaries
[7, 25℄, now makes numeri al implementation of su h a model pra ti al. The
island dynami s model and some preliminary results from it have been introdu ed in previous work [4, 12, 21, 31℄; the emphasis in this work is on the
numeri al issues asso iated with using the level set method in the ontext of
a model for irreversible growth.
This paper proposes a new numeri al te hnique leading to an improved
treatment of the internal  = 0 boundary ondition over the smeared out
delta fun tion method proposed in [21℄ whi h uses a \slushy" interfa e formulation that does not a hieve the  = 0 internal boundary ondition unless
the penalty term K is in nite whi h is, of ourse, not numeri ally possible.
This \slushy" interfa e formulation was proposed (in [21℄) as an alternative
to the higher order a urate method in [7℄, sin e the method in [7℄ is mu h
too slow (numeri ally) for the types of problems onsidered in this paper
(and e.g. [4, 12, 21, 31℄). Our new numeri al te hnique gives an a urate
representation of the  = 0 internal boundary ondition (unlike [21℄). Furthermore when this te hnique is implemented in onjun tion with impli it
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time stepping, one obtains a symmetri matrix whi h is faster to invert than
the nonsymmetri matrix produ ed in [7℄ making this new te hnique fast
enough for the problems onsidered herein. We remark that our new formulation has been 0 implemented in previous work, see e.g. [22℄.
2

Island Dynami s and the Level Set Formalism

In this se tion, a brief introdu tion to the level set method is given, followed
by a des ription of the island dynami s model for irreversible growth. In
the island dynami s methodology, the physi s is almost entirely ontained in
the spe i ation of the normal velo ity of island boundaries. The evolution
of the boundaries an, in prin iple, be done by any numeri al method. In
pra ti e, however, the level set method is the preferred approa h sin e this
method handles topologi al hanges su h as mergers in a ompletely natural
way. Sin e simulating epitaxial growth in the so- alled layer-by-layer growth
regime may require handling the nu leation and subsequent merger of hundreds or even thousands of islands, this advantage has onsiderable pra ti al
signi an e.
Sin e the level set method was rst introdu ed by Osher and Sethian
[25℄, level set algorithms have been su essfully applied to a wide variety of
problems [6, 7, 10, 14, 20, 38, 45℄. One an nd an extensive review of level
set terminology and a omplishments in [21℄. In brief, the basis behind the
level set method is that any given urve or interfa e in Rn , bounding an
open region , an be represented as the zero level set of a fun tion  (~x; t),
i.e.
= f~x :  (~x; t) = 0g
(1)
Given a velo ity eld ~v , one an analyze the motion of the urve by relating
it to the motion of the zero level set of . The partial di erential equation
that will move the level sets of  by ~v is:

t

+ ~v  r = 0

The normal ve tor ~n an be written in terms of
~
v = vn ~
n, equation (2) is equivalent to

t

+ vn jrj = 0
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(2)


as

~
n

= jrrj , and sin e
(3)

whi h an be referred to as the level set equation.
One of the many advantages of using a level set approa h is that the resulting numeri al s heme is Eulerian, i.e. only a xed number of gridpoints
are needed. In ontrast, when using a front-tra king method [16℄, one has
to a ount for a potentially large number of gridpoints, depending upon the
number of islands. Su h methods are omputationally expensive and topologi al hanges su h as merging may be diÆ ult to handle. Phase eld methods
[5, 17, 18, 43℄ are urrently popular in modeling solidi ation problems beause boundaries are not expli itly tra ked. But phase eld methods depend
upon a small parameter for interfa e thi kness. Without proper numeri al
resolution of this parameter, there is no guarantee that the omputational results from phase eld methods will be a urate or fully onverged. A further
dis ussion of this is ontained in [20℄.
The earliest level set approa h for solidi ation type problems oupled
level set ideas to boundary integral methods [33℄. Later, the boundary integral dependen ies were removed, produ ing a simpler algorithm [7℄. For the
island dynami s model, the level set method is the best approa h due in part
to its exibility and relatively low omputational ost. In addition to being
able to resolve sharp interfa es (island boundaries in this ase), the level set
method an handle su h topologi al hanges as mergers and breakups, as
already mentioned above. When there are several monolayers, the level set
fun tion is useful for determining whi h monolayer a given gridpoint is on.
A more detailed dis ussion of how  is used to ompute su h statisti s as
the number of islands, island sizes and island boundary lengths is in luded
in Se tion 3.7. These statisti s are important when omparing the island
dynami s model to KMC methods, as well as to experimental data. Good
agreement with these statisti s provides signi ant validation of the island
dynami s model and the level set based numeri al algorithm.
For a ontinuous adatom density (x; y; t), the di usion equation is

t

= r  (D r) +

F

2 D1 2

(4)

where D stands for the di usion oeÆ ient and F for the ux of atoms to
the surfa e. Realisti parameter values for D are of the order O(105)
O (108 ) and F is O (1), making D=F O (105 ) O (108 ). Note that the ux F
an be spatially varying but is usually onstant on the spatial s ale under
onsideration here. The length s ale is of the order of the latti e spa ing and
the time s ale is of the order of overage of the substrate. The last term in
5

(4), 2 D1 2 , a ounts for the loss of adatoms due to nu leation. The fa tor
2 omes from the assumption that an island of size 2 is stable, i.e. the riti al
island size is 1. The numeri al boundary ondition for  on a square grid is
periodi . For ea h of the islands, the hoi e of boundary ondition for  will
depend upon the physi s of the model. Irreversible aggregation or growth
is a term for the pro ess wherein any adatom hitting an island boundary
will atta h irreversibly to that island. The results presented in Se tion 4 are
based upon an irreversible aggregation model, so the orresponding hoi e
for the boundary ondition imposed on the island boundaries is:
=0
(5)
The term 2 D1 2 in (4) is an approximation to the loss of adatoms due
to nu leation, in that it spreads the loss over the surfa e. Sin e N (t) is the
total number of islands nu leated up to a time t, this term omes from the
assumption that nu leation o urs at a ontinuous rate given by
dN
dt

=

D1 < 2 >

(6)

where <  > denotes the spatial integral. The oeÆ ient 1 is the so- alled
apture number [2℄ for nu leation. Note that the spatially varying 2 term
in (4) is the same term used to determine < 2 > in (6).
Island boundaries move with a normal velo ity vn . This velo ity is determined by the physi s of adatoms atta hing to the island boundaries and
is proportional to the net parti le ux to the boundary. In the ase of irreversible aggregation, this ux is simply the surfa e di usive ux of adatoms,
given by D r. Let a denote the latti e onstant, and a2 the area per atom.
The outward normal velo ity is given by
vn

=

a2 [ D

r  ~n℄

"

=


a2 D
~
n

#

(7)

where [  ℄ denotes the jump a ross island boundaries in the normal dire tion
(i.e., [f ℄ = f+ f in whi h the subs ripts  denote the two sides of the
interfa e with the normal ~n pointing from \-" to \+") and it is assumed
that [D℄ = 0. This is a valid assumption sin e the interfa e is not a phase
boundary, only a terra e boundary, and energeti ally the di erent heights are
the same. In other ases, there might be a hange in D, e.g. if the boundary
was a phase transition in the re onstru tion. Note that the method in [7℄,
(upon whi h this work is based), allows for jumps in the di usion oeÆ ient
for Stefan type problems.
6

3

Numeri al Method

In this work, the model equations (4, 5, 7) are similar to the model equations
for the Stefan problem. In [7℄, a level set method was presented for solving
the Stefan problem and for simulating dendriti solidi ation. The numeri al
algorithm presented here is based upon the work done in [7℄; however, there
are important di eren es between the two problems whi h have ne essitated
the development of a numeri al method that is exible and fast enough to be
of pra ti al interest. In the following subse tions, the numeri al algorithm
is rst outlined. Details are then presented of how this algorithm has been
improved and modi ed (over the method in [7℄) in order to solve the island
dynami s problem.
3.1

Outline of the Method

After initialization of ,  and N , the general outline of the numeri al method
is as follows:
1. Compute an approximation to the normal velo ity eld.
2. Update  by solving equation (3).
3. Solve the di usion equation for , with the internal boundary ondition
of  equal to a onstant (e.g. 0) in orporated into the numeri al s heme.
4. Update N (t) from equation (6). If N (t) has in reased to the next
integer value, then a new island is seeded. This event is re e ted by
the appropriate modi ation of  at gridpoints near the nu leation site.
Return to step 1.
3.2

Normal Velo ity

The rst step of the numeri al algorithm is to ompute an approximation
to the velo ity eld vn . Equation (7) is valid only at the island boundaries,
but numeri ally, it is best to extend vn o the interfa e to every gridpoint in
order to obtain a smooth velo ity eld. This minimizes the development of
kinks in .
At the start of the velo ity omputation, a rst order approximation of
vn is omputed only at gridpoints bordering or on the fronts that represent
7

the island boundaries on ea h level. This approximation is obtained by rst
 and  at every gridpoint (x ; y ). The rst
omputing approximations to x
i j
y
order s heme used is either ba kward or forward di eren ing. Spe ial are is
 and  are not di eren ed a ross island boundaries.
taken so that x
y
 and  , it is also ne essary to ompute values of the
In addition to x
y
outward normal ve tor ~n at every gridpoint. The formulas for this are
~
n

=

r~  ;
jr~ j

or (nx ; ny ) =


( 
x ; y )

r

 2
x

+ 
y

2


In the formulas above, the expressions 
x and y are omputed by rst order
approximations, that are either forward or ba kward di eren es in spa e.
The hoi e of whi h formula to use depends upon the interfa e. The formula
that involves nodes that are losest to the interfa e is the one that is hosen.
 ;  ; n and n have been omputed at all gridpoints, v an be
On e x
y
n
y x
approximated. At every gridpoint, (xi ; yj ), a he k is done of its 9 neighbors
to determine whether an interfa e is separating them. If there is at least
one neighboring gridpoint, e.g. (x ; y ), that is separated from (xi ; yj ) by
an island boundary, then vn is omputed from the jump ondition given in
equation (7). In other words,
vn

=



"


a2 D
nx
x

+


y

xi ;yj )

#(

ny

(x ;y )

(8)

The sign value above is adjusted to the appropriate value, depending on
whether (xi ; yj ) is within or outside an island.
Right before islands have merged, their boundaries are lose, but not
onne ted to one another. The velo ity omputation is robust enough to
handle the ase of gridpoints that are aught in between these islands. This
is illustrated in Figure 1, where 3 gridpoints (A,B,C) are separated by 2
 is omputed by ba kward and
island boundaries. At gridpoints A and C, x
 is set to 0, sin e there
forward di eren e s hemes, respe tively. At B, x
are no other neighboring points on its same level. Sin e vn is omputed
 , the value of v at B will be omputed either as a jump
from jumps in x
n
between A and B or a jump between B and C. Either way, vn at B will be
nonzero. Furthermore, numeri al omputations have shown that vn behaves
in a relatively smooth manner as islands merge.
8

Figure 1: Merger between 2 islands
Grid bias e e ts may o ur sin e the jump ondition in (8) is omputed
using the rst gridpoint found, (x ; y ), that is not on the same monolayer
as (xi ; yj ). To uniformize the values of vn in the normal dire tion, the initial
approximation to vn is re ned by solving the equation
vn


+ sgn()(~n  rvn ) = 0

(9)

for a few iterations in a titious time  , again only at gridpoints bordering
the front. When omputing rvn , the spatial di eren es are omputed using
only values of vn that have been previously de ned (i.e. adja ent to the
interfa e). In the ase where the spatial derivative depends on a grid node
where vn is not de ned, the derivative is set identi ally to 0.
On e vn has been de ned adja ent to the interfa e, those values must
be extended to a narrow band (of about 5 grid ells) in order to update
equation (3). One ould use (9) to extend vn o the interfa e to all the
gridpoints, as was rst suggested in [45℄ and arefully implemented in [28℄.
This extension pro ess an be omputationally expensive, so instead a simple
extension routine for vn is applied. First, all gridpoints are ategorized as
being either marked ( lose to or on the interfa e) or unmarked (away from
the interfa e). At every marked node, a sear h is done of its neighbors
for unmarked nodes. When an unmarked node is found, the value of vn
at this gridpoint is set equal to an average of vn values from its marked
neighbors, and this unmarked node is hanged to a marked node. This
pro ess ontinues until all the nodes have been marked. There are better
methods than des ribed above but that they do not hange the results here.
See also [1℄ for a related fast method for extending quantities o an interfa e
whi h depends more dire tly on the hara teristi nature of equation (9) than
the method des ribed above.
9

In Se tion 4.1, it is shown that for the ase of irreversible aggregation, the
problem is unstable. Under grid re nement, this physi al instability an be
seen numeri ally through a ngering e e t on the boundary. Sin e pra ti al
interest lies in simulating the growth and development of many islands, the
e e t of this instability is minimal; for the oarser grid sizes used in our
numeri al experiments, islands tend to merge ( oales e) before any sort of
ngering takes pla e. However, when the number of islands is restri ted, this
e e t an be seen as shown in Figure 2(a). One way of preventing dendriti
growth from o urring is to ompute an average normal velo ity for ea h
island, using the formula:
H

vn

=

i vn ds ; i = 1; :::N
i ds

H

(10)

where i denote the island boundaries. The original expression for vn in
equation (7) orresponds physi ally to the ase of di usion limited aggregation, whereas equation (10) does not. By using (10), islands are for ed
to grow isotropi ally before merging. This is omparable to (but not the
same as) adding edge di usion in KMC methods; both approa hes have the
e e t of produ ing ompa t island shapes. The main bene t of using vn is
that unstable growth modes are damped out and the ngering e e t seen
in Figure 2(a) vanishes, as seen in Figure 2(b). vn is omputed from vn by
solving (10) before vn has been extended. For ea h island, an approximation
to the line integral of vn is omputed and divided by the island boundary
length. A dis ussion of how island boundary lengths are omputed follows
in Se tion 3.7. After vn is omputed at gridpoints on or near the interfa e,
it is extended in a manner similar to vn .
Another feature that is desirable at times is to restri t the shape of the
islands before merger to the same anisotropi shape, e.g. squares. This an
be done by making the velo ity dependent upon the angle,  , made between
the x axis and the normal ve tor ~n. For example, square shaped islands an
be obtained using the velo ity v~n given by
v~n

= vn (j os( )j + jsin( )j)

The idea of using the velo ity to obtain kineti rystal shapes is dis ussed
in more detail in [29℄ and is based on a result obtained in [24℄ and [36℄.
Results using either vn , vn or v~n are shown in Figure 3. In Figure 3(a),
the island shapes orrespond to the ase of di usion limited aggregation.
10

Figure 2: E e t of velo ity on instability: (a) vn from eq. 7 (top) (b) vn from
eq. 10 (bottom).
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Though the equations for this ase are weakly ill-posed, there is no noti eable
dendriti ngering in Figure 3(a) due to numeri al dissipation on the oarse
grid. Figure 3(b) is generated using vn ; here the growth an be des ribed
as isotropi with non- urvature dependent in orporation of adatoms. In the
last panel, Figure 3( ), using v~n , the island shapes are anisotropi and the
absorption of adatoms is dependent upon ~n. Note that equations (3) and (9)
are formulated using the expression vn . If, however, a de ision is made to
use either v~n or vn , then (3) and (9) are solved with vn repla ed by either v~n
or vn .
3.3

Level Set Computational Issues

The level set equation, (3), is solved using a method of lines approa h, that
employs a 3rd order Runge-Kutta method along with a 3rd order HamiltonJa obi ENO s heme. This approa h is fairly standard, and the interested
reader is referred to [26, 35℄ for more details. There are some unique aspe ts
of this level set approa h that are worth dis ussing in more detail be ause
they show how useful the level set approa h is for problems su h as the island
dynami s equations. The issues addressed in this se tion are how  is used to
tra k islands on di erent monolayers and the issue of reinitialization. Se tion
3.5 will show how nu leation events are represented using  and Se tion 3.7
will over how  an be used to ompute various island statisti s.
A unique aspe t of this numeri al method is that only one level set fun tion is needed to keep tra k of islands on di erent layers. By using just one
level set fun tion rather than one fun tion per layer, the algorithm is kept
simple and memory osts are kept down. From one fun tion, one an determine where the island boundaries are, as well as what layer an island is on.
This is a useful feature sin e there is observable roughening and oarsening
of thin lm surfa es in experimental and KMC data.
The manner in whi h  is used is in the identi ation of ontour levels  =
m, m being a non-negative integer, with island boundaries on the (m + 1)st
layer. Thus at gridpoints near nu leation sites,  must be raised to at least
the next highest integer value in order to properly represent islands on a new
layer. Figure 4 represents a typi al pro le of  illustrating how  an be used
to represent island growth on 3 di erent layers.
In ontrast to other level set appli ations [28, 38℄,  is not reinitialized as
a distan e fun tion after equation (3) has been solved. The reason for this is
that other level set appli ations are only on erned with the  = 0 ontour
12

A

B

C

Figure 3: E e t of velo ity on island shapes: (A) vn , (B) vn , (C) v~n
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2.5

Third layer: phi = 2
2

1.5

Second layer: phi = 1
1

0.5

First layer: phi = 0
0

−0.5

Figure 4: 2 dimensional pro le of phi for y held xed
level; hen e, onstant reinitialization to a distan e fun tion is desirable in
order to obtain a very well-behaved fun tion . However, in the island dynami s model, one has to keep tra k of many ontour levels. Reinitialization
of  to an exa t distan e fun tion from any one spe i ontour level ould
introdu e spurious peaks in , thereby reating erroneous islands.
Although reinitialization to a distan e fun tion is not possible, due to
nu leation, there is still a need to he k that  stays well-behaved. Nu leation
introdu es lo al regions where  is nonsmooth and may ause os illations. In
order to minimize the impa t from new extrema of  formed from nu leation,
a sear h is done for any spurious os illations in . At a nu leation site, 
is raised to the next highest integer value plus a onstant peak height (see
equation (21)). Sin e equation (3) should not introdu e any new extrema,
any extrema in  should be equal to an integer plus this onstant peak height.
Thus a riteria is set for determining whether lo al extrema in  are spurious.
First, a sear h is done for any lo al maximum values of . If the fra tional
parts of these values do not fall within a ertain range of the peak height,
these values of  are onsidered spurious os illations and are reset so that
their fra tional parts are equal to the peak height.
3.4

Computation of the Adatom Density

The di usion equation for , (4), is solved using a nite di eren e s heme.
In general, the stability ondition for expli it nite di eren e s hemes for
paraboli equations leads to a timestep restri tion. In parti ular, for large
values of the di usion oeÆ ient D, this timestep restri tion is severe and of
14

the form

t 

C x2
D

(C = onstant)

Sin e realisti values of D are of the order O(105 ) O(108), this timestep
restri tion makes expli it nite di eren e s hemes impra ti al. In ontrast,
an impli it nite di eren e s heme is un onditionally stable. By swit hing to
an impli it method, there is the added bene t of being able to ompute on
a mu h longer times ale than is possible for KMC methods. (Of ourse, the
fa t that this method is stable using relatively large timesteps is no guarantee
that the results are more a urate than KMC methods, whi h use smaller
timesteps.)
The impli it s heme that is applied to (4) assumes that


k+1



t

t

k

and that the spatial derivatives of  are approximated using values of k+1 ,
where k is the index for time. One may want to use the Strang splitting
method be ause of the nonlinear term 2 in the last term of (4). In fa t,
sin e the nonlinear ordinary di erential equation an be solved analyti ally,
the stability on erns introdu ed by this fa tor are non-existent. Moreover,
the Strang splitting method is not as a urate with large timesteps; i.e.,
when we use large timesteps to generate a qualitative solution, the results
from Strang splitting are worse than the method we now use. The expression
2 in (4) is linearized, so that
(2 )k+1




(2 )k + 2k (k+1
2k k+1 (2 )k :

k )

Therefore, the impli it s heme produ es a time dependent linear system of
the form
Ak+1 = b
(11)
A and b are dependent upon surfa e morphology (e.g. k+1 whi h is updated
rst), and their stru ture is determined by the spatial dis retizations of the
 2  and  2  in (4). These dis retizations are des ribed in some
derivatives x
2
y2
detail below.
It is suÆ ient to explain how the spatial derivatives are derived with
respe t to one variable, sin e there are no mixed partial derivative terms in
15

(4). The extension of the following dis retization formulas to two dimensions
is straightforward and simple. In one dimension, let the spatial gridpoints be
denoted by xi , and let i  (xi ; ) and i  (xi ; ). The standard entral
 2  (at some xed time) is
nite di eren e s heme for xx = x
2


(xx )i 





i i 1
i+1 i
x
x
1 (x + x)
2



=

i+1

2i + i
x2

1

(12)

where x is the spatial grid spa ing.
For gridpoints near the island boundaries, (12) annot be used be ause the
rst derivatives of  are dis ontinuous a ross the interfa e. Furthermore, the
internal boundary ondition needs to be in orporated into the nite di eren e
sten il. One way of doing this is to use one-sided sub ell dis retizations.
Suppose the boundary point, xf , falls in between two gridpoints xi and xi+1 .
From , the distan es between xi ; xi+1 and xf an be estimated by
xf

xi



xi+1

xf



(i int(i )) x
= 1 x
(i+1 i)
(i+1 int(i+1 )) x
= 2 x
(i+1 i )

(13)
(14)

Note that 1 ; 2 2 [0; 1℄ , 1 + 2 = 1 and int(i) is an integer part of i . To
avoid numeri al errors aused by division by 0, 1 or 2 are not used if either
is less than x2 . If 1 < x2 , then xf is assumed equal to xi . If 2 < x2 ,
then xf is assumed equal to xi+1 . Either assumption is e e tively a se ond
order perturbation of the interfa e lo ation. As will be shown later in the
dis ussion of the Ghost Fluid Method, a se ond order perturbation of the
interfa e lo ation will not a e t the overall rst order a ura y of the spatial
dis retization.
Using the formulas above, one an onstru t numeri al sten ils for xx
that avoid di eren ing a ross the front. By formal trun ation analysis, these
formulas are only rst order a urate (O(x)) and are given by:


(xx )i



(xx )i+1



f i   i i 1 
1 x
x
1 ( x + x)
2 1  


i+1 f
i+2 i+1
x
2 x
1 (x +  x)
2
2
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(15)
(16)

where f denotes the value of  at xf and is determined from the boundary
ondition. Thus, the boundary ondition is in orporated into the sten il
through the spe i ation of f . In the ase of irreversible aggregation, f = 0.
When equations (12), (15) and (16) are generalized to two dimensions and
oupled to a standard impli it s heme for (4), they form a nonsymmetri
linear system. In [7℄, a similar system was solved using the Gauss-Seidel
method. The s ope of the island dynami s problem is di erent from the one
in [7℄ in that typi al simulations involve mu h larger system sizes and longer
omputational times. Also, given that values of D are mu h larger than
in [7℄, the Gauss-Seidel method would be too slow for all pra ti al purposes.
In terms of speed, it is preferable to solve a symmetri linear system be ause
a fast iterative method su h as the pre onditioned onjugate gradient (PCG)
method an be applied. Consequently, what is needed is a dis retization of
the spatial derivatives that will lead to a symmetri system of equations, yet
still in lude information about the internal boundary ondition.
In [21℄, an alternative strategy for dis retizing the internal boundary ondition was proposed. This strategy was based on the delta fun tion formulation of [30℄ whi h was adapted for level set methods by [38℄ and [6℄. The
method proposed in [21℄ used a penalty method to keep  near zero in the
hope of approximating the  = 0 internal boundary ondition in equation
(5). This is done with a strong spatial sink term that is added to the right
hand side of equation (4) in the form KÆ where Æ is a smoothed out delta
fun tion that a ts in a band near the interfa e, ausing the sink term to have
an e e t on  in a nite band of ells. Usually, this delta fun tion formulation works be ause the thi kness of the band exposed to the delta fun tion
shrinks to zero as x goes to zero produ ing a vanishing ontribution to
the true physi s of the problem. Unfortunately, sin e equation (7) is always
dis retized using the grid points immediately adja ent to the interfa e, the
ontribution of the delta fun tion sour e term is not diminished as x goes
to zero. On the ontrary, this band of ells where the delta fun tion is applied
always makes a large ontribution to the velo ity of the front. Furthermore,
the  = 0 boundary ondition is only obtained as K goes to in nity and
K approa hes a nite limit (notably K approa hes vn ). Neither of these
onditions an be obtained numeri ally and results using this method were
unsatisfa tory.
In order to alleviate the diÆ ulties asso iated with the implementation
of the internal boundary ondition in [7℄ and [21℄, equations (15) and (16)
are repla ed with the following dis retizations for xx at gridpoints near the
17

boundary.


(xx )i
(xx )i+1







f i 
1 x



x

i i 1
x


i+2 i+1
x



(17)

i+1 f
2 x



(18)
x
These equations were derived using ideas generated by the Ghost Fluid
Method [10℄. That is, equation (17) is derived using linear extrapolation
of  from one side of the interfa e to the other, obtaining
G

= f + (1

1 )



f

i



1

(19)

as a2 ghost ell value for  at xi+1 . The standard se ond order dis retization
  at x using  at x
of x
2
i
G
i+1 is


(xx )i 

G i
x





i i 1
x



(20)
x
and the substitution of equation (19) into equation (20) leads dire tly to (17).
Equation (18) is derived similarly. Note that similar ideas were used in [15℄,
but their nal matrix was nonsymmetri , making their method more similar
to [7℄ and to related work in [40℄. It is interesting to note that a formula
similar to (17) appears in [27℄ for a di erent problem where the formula was
used to alleviate CFL restri tions by assuming that the interfa e undergoes
an O(x) perturbation in lo ation.
As formulas for the se ond derivatives, (17) and (18) have O(1) errors. As
0 for the boundary values f , however, these formulas have O(x2 ) errors.
By the maximum prin iple for paraboli systems, the resulting onsisten y
error is then O(x2 ) everywhere. Computational experiments on rm this
fa t and show that the resulting s heme is stable.
Assuming that jrj 6= 0 and that r is not parallel to the boundary
(whi h is true for the f = 0 problem onsidered here), a hange in boundary value with xed domain is equivalent to a hange in domain boundary
with xed boundary value. This shows that an alternative explanation for
the boundary ondition is that it orresponds to an O(x2 ) hange in the
interfa e lo ation with no hange in the boundary value f . This hange in
the domain also results in an O(x2 ) onsisten y error. An advantage of this
formulation is that it preserves the property that  > 0 inside the domain.
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While the above argument holds for the one-dimensional ase, it is not
obvious that it applies or an be extended to multiple spatial dimensions.
However, extensive numeri al testing of this method was arried out in [8℄ in
one, two and three spatial dimensions for the Poisson equation r (kr) = f
with Diri hlet boundary onditions on irregular domains onsidering both
spatially varying and spatially onstant k. In [8℄, the algorithm showed
numeri al eviden e of se ond order a ura y in both the L1 and L1 norms
as ompared to exa t solutions for a wide variety of problems. Furthermore,
[8℄ tested this method on an impli it time stepping dis retization of the heat
equation t =  with Diri hlet boundary onditions on an irregular domain.
For the heat equation, similar se ond order a ura y in both the L1 and L1
norms was observed in the numeri al al ulations for one, two and three
dimensional numeri al examples.
The largest advantage of using (17) and (18) is that they lead to a symmetri linear system. This is best illustrated by onsidering the lo al matrix
stru ture orresponding to the two dis retizations of xx . Suppose xf falls
between gridpoints xi and xi+1 . Also, assume that f = 0 and 1 and 2 are
de ned as in formulas (13) and (14). If one uses the standard dis retization
(12) for xx at gridpoints xi 1 and xi+2 , and formulas (15), (16) for xx at
xi and xi+1 , then the orresponding lo al matrix stru ture for the numeri al
dis retization of xx would look like:
0

1
x2

B
B
B
B


2

2
1 +1

0
0

1

2
1

0
0

0
0

2
2

1

0
0

2
2 +1

2

10
CB
CB
CB
C
A

i 1
i
i+1
i+2

1
C
C
C
A

whi h is learly nonsymmetri .
Now if (15) and (16) are repla ed by formulas (17) and (18), the analogous
lo al matrix stru ture is
0
B
1 B
B
x2 B


2
1
0
0

1
(1 + 11 )
0
0

0
0
0
0
1
(1 + 2 ) 1
1
2

10
C
C
C
C
A

B
B
B


i 1
i
i+1
i+2

1
C
C
C
A

Thus, (17) and (18) produ e the desired symmetri matrix stru ture. By
using these formulas, a tradeo is made in the a ura y of the interfa e
lo ation in order to produ e a symmetri linear system.
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Figure 5: Iteration ounts for di erent pre onditioners
The resulting symmetri matrix system, (11), is solved using PCG. Even
though PCG is a standard fast iterative solver (see [11℄ for a survey of iterative solvers), 70 80% of CPU time for typi al runs is still spent solving the
di usion equation. Presently, the Cholesky pre onditioner is used at every
timestep. This pre onditioner performs well in omparison to other pre onditioners (see Figure 5), but the hope in future work is to improve ode speed
by applying di erent optimal pre onditioners at di erent overages.
3.5

Nu leation

An important feature of this numeri al algorithm is the ability to model
nu leation events, i.e. the seeding of new islands. The time to nu leate a new
island is determined by N (t), whi h in reases by the nu leation rate given by
equation (6). Whenever N (t) has in reased to the next integer value, that
signals the time for a nu leation event. Numeri ally, every nu leation event
will a e t values of  and  near nu leation sites, whi h are simply gridpoints
at whi h a new island is entered. These sites are hosen probabilisti ally,
whi h means that the lo ation of a new island is hosen with a probability
that is weighted by the lo al value of 2 . A justi ation for this hoi e is
dis ussed in [31℄.
New islands are represented on the grid as square-shaped. Their ideal
area, 2a2 , is predetermined by the number of atoms in a new island, 2, and
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the atomi length a. In order to ensure that new islands will not disappear
due to inadequate numeri al representation, the smallest numeri al island
size is 4x2 , i.e. the area of the square formed by 4 grid ells. If x  pa2 ,
then the grid size is ne enough to represent the ideal area for a new island.
On oarser grids (x > pa2 ), new island areas are set equal to a value, 4x2 ,
larger than the ideal value, sin e x is the smallest length representable on
the grid.
The algorithm for representing a new island is as follows:
1. Choose the nu leation site (xi ; yj ).
2. Set I = lowest integer value > (xi ; yj ).
3. Reset  values at gridpoints near (xi ; yj ) so that lo ally  is pyramid
shaped.
In step 3, lo al values of  are reset to new values new . At the nu leation
site (xi ; yj ), new is a maximum value, based on a predetermined peak height.
This peak height is between 0 and 1 and is typi ally set to 0.5, so that
new (xi ; yj ) = I + 0:5
(21)
The area of the base of the pyramid formed by new is either 2a2 or 4x2 ,
based upon the grid size. Values of  are reset to new at gridpoints within
and neighboring this base area, entered at (xi ; yj ). These lo al values are
determined su h that (21) is satis ed and new = I at the base of the pyramid. Within the base area, values of new range between I and I + 0:5. At
neighboring gridpoints outside of the base area, new is extended smoothly
to values below I . See Figure 6 for a pro le of new near a nu leation site.
Numeri ally, nu leation auses lo al values of  to hange. No orresponding hanges are made expli itly in . Instead, after a nu leation event
has taken pla e, the normal velo ity is omputed at all gridpoints. Care is
taken so that the velo ity is kept equal to 0 at gridpoints where  has been
reset to new . This is ne essary so that new islands will not move until  has
been updated. Impli itly stored in , the new island will be \felt" by  on e
equation (4) has been solved.
3.6

Timestep Restri tions

In essen e, three di erential equations are solved at ea h timestep: (3),
(4) and (6). Though the equations are updated by di erent timestepping
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Figure 6: Lo al pro le of
w = pa2

new
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y

xi + w

held xed near a nu leation site

xi .

s hemes, e.g. Runge-Kutta for (3) and impli it Euler for (4), the a tual
value of t must be the same for all 3 updates in order to avoid syn hronization errors. Instead of a onstant timestep, t is determined adaptively
by a number of fa tors. From the ux term F in equation (4), a restri tion
is pla ed on t su h that
F t < 0:01:
This is to guarantee that there is suÆ ient a ura y in integrating the F
term, and that there is no more than 1% overage per timestep. In order to
ensure the stability of the expli it timestepping s heme for (3), the required
CFL ondition is given by
x
t <
:
max(vn )
Furthermore, sin e  represents a density, it should have nonnegative values
at all gridpoints. If, after solving (4) using a timestep t, a negative value of
 is dete ted, the al ulation of the three equations is redone using a redu ed
timestep (e.g. in our ode, we use t=4).
In addition to the timestep restri tions generated by equations (3) and
(4), another fa tor ontributing to the adaptive timestep is nu leation. New
islands are seeded one at ea h timestep in order to avoid islands being seeded
too losely to one another. Whenever N (t) has in reased by more than 1
within a single timestep, t is redu ed (on e again using t=4). This has the
e e t of slowing down the ode during stages of heavy nu leation. In terms
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of speed, nu leation adds a time s ale fa tor of O(L2 ) where L2 represents
the physi al system size. The O(L2 ) term is due to the fa t that the larger
L is, the more nu leation events an o ur. Future work will involve the
implementation of a multiple seeding algorithm that will redu e the O(L2 )
fa tor in the ode s aling.
There are ontinued redu tions in t until either all the timestep restri tions are met or a minimum value of t = 10 16 is rea hed. (So far, we
have never hit the minimum in any of our large number of omputations.
Con eivably, this ould o ur and the ode would have to be terminated. In
that ase, we would need to propose an alternate strategy for hoosing t.)
3.7

Computation of Island Dynami s Statisti s

Lastly,  is used for omputing a variety of island statisti s. These statisti s
are useful as a barometer of how well the level set method is working and of
how a urate the island dynami s model is at des ribing features of thin lm
growth. In Se tion 4, results garnered from these statisti s will be presented.
How these statisti s are obtained using the level set fun tion is des ribed
below.
The numeri al quantities that are most needed for obtaining quantitative
results are the number, areas and perimeters of islands. As dis ussed in
[21℄, these statisti s an be omputed by treating islands as the onne ted
omponents of the ontour levels of . An algorithm has been developed for
labeling every onne ted omponent, hen e every island, and for asso iating
every gridpoint as being within or outside an island. In this algorithm,
nodes are ategorized as labeled or unlabeled. From an arbitrary starting
node, neighbors of labeled nodes are he ked to see if they are unlabeled and
if there is no boundary ( ontour level) separating them from their labeled
neighbor. If both riteria are met, unlabeled nodes re eive the same label as
their labeled neighbor. This pro ess ontinues until either all the nodes or
islands have been labeled. Afterwards, the number of islands is omputed as
the number of labels used.
It is relatively easy to ompute island areas and boundary lengths. The
approa h used here is to triangulate the grid and use  to interpolate the
pla es where the interfa e uts through the triangles. From these interpolated values, one an easily ompute sub ell areas and perimeters. This is
illustrated in Figure 7. Within the triangle formed by the gridpoints (xi ; yj ),
(xi+1 ; yj ) and (xi ; yj +1), the front interse ts at two interpolated points, IA =
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Figure 7: Interpolated values within triangle formed from gridpoints
(xA ; yA) and IB = (xB ; yB ). Assuming that (xi+1 ; yj ) is within an island and
(xi ; yj ) and (xi ; yj +1) are outside an island, the ontribution to the island
boundary length from within the island is
q

(xA

x B )2

+ (yA

yB )2

and the ontribution to the island area is approximated by
1
(y y )(x
x )
2 A B i+1 B
using a linear interpolant between IA and IB .
4

Computational Results

In this se tion, some of the results obtained from this numeri al method are
presented. All of these results pertain to the model of irreversible aggregation.
4.1

Step Trains

Growth might either o ur by nu leation and growth on a singular, or perfe tly at surfa e, or via step- ow on a vi inal, or stepped surfa e. These
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steps originate be ause a rystal is typi ally ut at a (small) angle with respe t to one of the low-index rystal planes. During step ow, all atoms
di use toward the next step edge before they meet another atom, and nu leate a dimer. Thus, before onsidering the full island dynami s model with
nu leation, it is instru tive to onsider the ase of step trains in the model of
irreversible aggregation. Although the terms steps and islands both des ribe
features of rystal growth, there are di eren es between the two. Islands
are isolated regions that are one layer higher than their surrounding regions.
Steps are boundaries on a surfa e substrate, along whi h the surfa e hanges
height by one or more layers. A step train is a series of steps. It is possible to
obtain theoreti al solutions for the island dynami s equations in the spe ial
ase of step trains without nu leation. One an then ompare these solutions
with omputational results from the level set method.
In the ase of a periodi step train, let the step boundary be 0 by the
fun tion X (y; t). The evolution of the step an be modeled by the island
dynami s equations: (4), (5), and (7). In the absen e of nu leation, these
equations redu e to:

t
vn

=

a2 D

= r  (D r) + F;
 = 0;
!





~
n X +S

~
n X S

where

Xt

and

X
x

S<x<X

=X

S; X

+S

+S

(22)
(23)
(24)

= vn

(25)

(1; Xy )
1 + Xy2
denotes the normal to the step. The period of the step in the x dire tion is
2S . Note that the term jX +S denotes to the limit from right and the term
jX S denotes to the limit from the left.
After performing a shift, x = v0 t + x0 , to enter the step, the evolution
equations be ome
~
n


t

= r  (D r) +

=

F

q

+

v0




x0

;

= 0;
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X0
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+S

(26)
(27)
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=
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~
n X 0 +S

(28)

~
n X0 S
Xt0 = vn v0

(29)

By perturbation analysis of equations (26), (27), (28) and (29), one an
obtain leading order approximations to the analyti solutions of the form
(x0 ; y; t)

=
0
X (y; t) =

0 (x0 ) + 1 (x0 ; y; t) + :::

X10 (y; t) + :::

where 0 ; 1 and X10 are of the form
0

= b0 + b1 x0 + b2 e x
1 = eiky+!t (^
+ e + x + ^
^ 1 eiky+!t
X10 = X
0

e

x)

in whi h
v0

b0
b1
b2

= 2a2 F L
= 2a2 D 1 F L
= (2a2 ) 1 oth(L)
= (2a2 L) 1
= (2a2 sinh(L))

1

and for the se ond order approximation, one will nd that in leading order,
!

= a2 D(00 (S ) + 00 (

jj

S )) k :

Further analysis show that (00 (S ) + 00 ( S )) > 0, hen e ! > 0. Thus there
exists a lass of unstable solutions.
Computational results an be obtained by applying the level set method
to the steptrain model, with no nu leation. Consider the ase of initial
steps X (x; t = 0) =  os(kx) with initial density (x; y; t = 0) = 0 (x) +
1 (x; y; t = 0). These two equations are ompatible for  small. (If  is too
large, then the step velo ities derived from X and  will not mat h up and the
two solutions will not agree.) In the simple ase of a straight step, (i.e. where
 = 0), the theoreti al solution mat hes up with the omputed solution from
the level set method. The step travels at the orre t velo ity v0 and one an
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Grid Size
50 X 50
100 X 100
200 X 200
400 X 400

Max Error
1:366  10 2
6:506  10 3
3:206  10 3
1:591  10 3

Order
1.070
1.021
1.011

Table 1: Step trains: error measured between the analyti solution with
= 1 and level set results for the ase of a straight step, i.e.  = 0.

F

measure the error between the analyti and omputed solutions. In Table 1,
the error is re orded for in reasingly ner grid sizes. The orresponding order
of a ura y is one, meaning the numeri al method is O(x).
For  small, a more interesting result o urs when the level set method
produ es the instability predi ted from the theoreti al solution. This instability an be seen in the development of dendrites over time, as shown in
Figures 8 and 9. The solutions obtained using the level set method are
a urate up to the time at whi h spurious os illations o ur. In Table 2,
the error is measured between the analyti and omputed solutions for the
ase orresponding to Figure 8 (top), third urve from the left. Similar to
the ase for  = 0, the measured order of a ura y in Table 2 shows that
the level set method is rst order a urate for  > 0 up to small times. For
later times, the dendriti ngering from level set results (as seen in Figures
8 and 9) shows the inherent instability of the problem. Os illations due to
the physi ally orre t unstable growth have the e e t of amplifying roundo
and dis retization errors. These os illations are qui kly magni ed, ausing a
numeri al instability at later times.
4.2

Island Dynami s Computations

For the full island dynami s model, one of the earliest he ks performed was
related to mass onservation. Under a onstant ux term F , the overage
on the surfa e should be  = F t, where t is the omputational time. However, it is known that level set methods have a (small) mass loss. In Figure
10, we plot the a tual overage on the surfa e as a fun tion of time. The
a tual overage is measured by simply adding up the area of all islands on
the surfa e (this negle ts the adatoms, but for typi al values of D=F the
number of single adatoms is several orders of magnitude smaller than the
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Figure 8: Step trains: analyti (smooth) and omputed (dendriti ) solutions. D = 20, F = 1, X^1 = 0:01; k = 4; ! = 6:8789; t =
0:0; 0:0125; 0:025; 0:05; 0:1; 0:2; 0:4 (bottom). First ve urves zoomed in
(top).
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Figure 9: Step trains: analyti (smooth) and omputed (dendriti ) solutions.
= 10; F = 1; X^ 1 = 0:02; k = 4; ! = 11:946; t = 0:0; 0:05; 0:1; 0:2:

D

Grid Size
32 X 32
64 X 64
128 X 128
256 X 256
512 X 512

Max Error
1:749  10 2
1:030  10 2
4:555  10 3
2:302  10 3
1:166  10 3

Order
0.764
1.177
0.984
0.982

Table 2: Step trains: error measured between the analyti solution and level
set results for the ase orresponding to D = 20; F = 1; X^ 1 = 0:01; k =
4; ! = 6:8789; t = 0:025.
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Figure 10: Conservation of mass under grid re nement
number of adatoms that have been in orporated into the islands). The solid
(straight) line represents the ideal ase of perfe t mass onservation. We see
that there is a small mass loss in our method due to numeri al dissipation,
but, in general, mass is onserved very well. In parti ular, the mass loss
an be ontrolled under grid re nement and the order of a ura y for mass
onservation is O(x).
To validate the island dynami s model and its numeri al implementation,
results have been ompared to those obtained from KMC simulations. The
KMC simulations were arried out on a square latti e and in luded a pro ess
for fast edge di usion so that island shapes are ompa t. The fo us here is
on the submonolayer regime for the ase of irreversible aggregation, where
the nu leation rate is given by equation (6).
With the approa h dis ussed here, one an obtain the entire island size
distribution (in luding spatial information). S aling of the size distribution
for di erent values of the overage  and D=F in omparison with the KMC
simulations is shown in Figure 11. The lled symbols in Figure 11 orrespond
to s aled numbers from the level set method (LS), while the open symbols
orrespond to data obtained from KMC methods. The agreement between
the two methods is very good for two values of D=F and two values of
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Figure 11: Comparison of s aled island-size distributions, where ns is the
number of islands of size s, sav is the average island size, and  is the overage.
The experimental data for Fe/Fe(100) omes from [37℄.
. Experimental data is represented on the graph by the large ir ular
symbols. For larger values of s=sav , the agreement between the experimental
and simulated data is also very good. The dis repan y between the two types
of data for smaller values of s=sav may be due to noise. Sin e the orre t
island size distribution is obtained, this model aptures many of the relevant
pro esses in the submonolayer aggregation regime.
The island dynami s model has no inherent limitations that restri t its
validity to submonolayer growth. In fa t, one of the advantages of the level
set method is that it an des ribe the merger ( oales en e) of islands within
its framework, without spe i ation of any extra parameters. For many
te hnologi al appli ations, it is of interest whether a thin lm grows in a
layer-by-layer fashion, or whether it be omes rough (many layers exposed
at the same time). A quantity that experimentally determines this is the
RHEED (re e tive high energy ele tron di ra tion) signal. During layer-bylayer growth, the RHEED signal os illates with a periodi ity that orresponds
to the ompletion time for ea h layer. There is eviden e that the RHEED
signal is due to variations in the step edge density [34℄: at layer ompletion,
there are very few step (island) edges, while at a partially grown layer, there
are many exposed step (island) edges.
In Figure 12 results are shown for the step edge density os illations for
di erent values of D=F . The step edge density os illates with an amplitude
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Figure 12: Step-edge density for di erent values of D=F obtained with the
level-set method. The data represents the average over 5 independent realizations, with L=a = 300 and 400 gridpoints (laterally).
that is damped. The latter is due to progressive roughening of the surfa e.
For higher values of D=F , the magnitude is lower, be ause there are fewer,
bigger islands on the surfa e. Thus, this model qualitatively reprodu es
the orre t physi s in the multilayer regime as well. A more quantitative
study with a omparison to the orresponding KMC data is urrently being
pursued, and will be published elsewhere.
5

Con lusions

In this arti le, we have presented further developments and results from a
level set based method that simulates the island dynami s model for the
growth of epitaxial thin lms. Many parts of this numeri al method were
originally proposed in [21℄, although this paper makes some notable improvements. In parti ular, a new treatment was proposed for the internal boundary
ondition that is mush faster than the method in [7℄ and does not needlessly
smear out the interfa e as originally proposed in [21℄. Results using our numeri al formulation have been previously published in [4, 12℄. In this paper,
we have fo used on explaining the numeri al algorithm, as well as the numeri al hallenges that needed to be over ome in order to a urately solve
and evolve the equations of motion. We have also detailed how the numeri al
method was used to address some of the unique issues arising from the island
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dynami s model, su h as nu leation and multilayer growth.
The omputational results presented here are from the model of irreversible aggregation. In the ase of step trains, the level set method is rst
order a urate when ompared to an analyti solution. For the full island
dynami s model with nu leation, good agreement with orresponding results
obtained from KMC simulations shows that the method is a urate and aptures the orre t physi s. In the future, we plan to extend the model to
in orporate a more general boundary ondition, orresponding to reversible
aggregation. We also plan to improve the overall speed and a ura y of the
ode through further development of the method. In on lusion, we feel
that the level set method applied to the island dynami s model is a useful
and important addition to omputational methods for simulating thin lm
growth.
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