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1 Introdu
tionProblems with large density ratios, e.g. the 
ombustion of fuel dropletsor the sho
k indu
ed mixing of liquids, are still rather diÆ
ult problems formodern 
omputational 
uid dynami
s. These problems all 
on
ern the inter-a
tion of liquid droplets with a 
ompressible gas medium. In general, thereare three 
lassi
al approa
hes to su
h problems; one 
an treat both phasesas 
ompressible, the gas as 
ompressible and the liquid as in
ompressible,or both phases as in
ompressible.When gas and liquid phases are treated as 
ompressible, it is 
ustomaryto model both with the fully 
ompressible Navier-Stokes equations and adi�erent equation of state for ea
h phase. The 
hange in equation of stateis known to 
ause os
illations in numeri
al solutions near phase interfa
es.These os
illations 
an be suppressed e.g. see [19℄ and [18℄ where the os
il-lations 
aused by the numeri
al method in [22℄ are removed. However, thesuppression s
hemes have a side-e�e
t that 
uid properties 
an be smearednear interfa
es. More details on the su

essful appli
ation of these typesof numeri
al methods 
an be found in [1℄, [25℄, [32℄ and [31℄. Numeri
alsmearing a
ross interfa
es 
an be avoided using the Ghost Fluid Method(GFM) �rst proposed in [11℄ for two phase 
ompressible 
ow and later ex-tended to sho
ks, de
agrations, and detonations in [12℄. While the GhostFluid Method 
an yield solutions with sharp 
uid interfa
es, a 
ompletely
ompressible treatment 
an be limiting be
ause of the di�eren
e in soundspeed between the liquid phase and gas phases. The more restri
tive CFL
ondition in the liquid phase di
tates a small time step for both phases, andthis leads to ineÆ
ient numeri
al methods. In addition, a 
ompletely 
om-pressible approa
h is limited to liquids (or other materials) for whi
h thereare a

eptable models for their 
ompressible evolution.To address su
h diÆ
ulties, we propose using the approa
h where thegas is modeled as a 
ompressible 
uid and the liquid is modeled as an in-
ompressible 
uid. The method 
an be viewed as a phase de
ompositionapproa
h in whi
h a high-resolution sho
k 
apturing s
heme for the 
om-pressible 
ow is 
oupled with a standard in
ompressible 
ow solver for theliquid. The sharp liquid-gas interfa
e is 
aptured with the level set method[21℄. Near the interfa
e the Ghost Fluid Method is used to treat the bound-ary 
onditions in a manner that admits sharp dis
ontinuities while still allow-ing for smooth dis
retizations a
ross the interfa
e. One important featureof our method is that we do not evolve the solution using operator split-ting; in ea
h time step both phases are updated simultaneously. Thus, the2



method avoids the time dis
retization errors that are asso
iated with time-split s
hemes. The equations are solved with third order TVD Runge Kuttas
hemes in time and third order ENO s
hemes in spa
e see [30, 13, 11, 17℄. Amethod where the 
ompressible and in
ompressible phases are also treatedseparately is presented in [14℄. However, the method in [14℄ is restri
ted toone spatial dimension and it was not 
lear how to extend that te
hnique tomultiple spatial dimensions without ill-advised dimensional splitting.In our pro
edure we are treating the liquid phase as in
ompressible. Analternate possibility that still retains the 
ompressible nature of the liquidphase and avoids the time-step restri
tion of the di�eren
e in sound speedswould be to employ numeri
al methods designed spe
i�
ally for low Ma
hnumber 
ow, e.g. [20℄ proposed a one dimensional numeri
al method basedon asymptoti
s whi
h was more re
ently extended to apply to a large 
lassof standard 
ompressible 
ow solvers in multiple dimensions [26℄. In [5℄, thisproblem was treated with a semi-impli
it method that was only impli
it onthose terms related to the speed of sound. See also [23℄ whi
h generalizedthe work in [5℄. A related method appears in [36℄ whi
h splits the equationsinto an expli
it adve
tion phase and an impli
it nonadve
tion phase. Thisparti
ular method has been used to produ
e phenomenal images of 
uidmotion, see e.g. [35℄. There are many other notable methods and the readeris referred in parti
ular to [10℄ whi
h uses a Hodge de
omposition and [27℄whi
h addresses 
an
elation diÆ
ulties with low Ma
h number 
ows. Thegeneral te
hnique that we outline for evolving the gas and liquid phasesusing separate models would apply to a method where the in
ompressiblealgorithm is repla
ed with one of the low Ma
h number solvers mentionedabove; we leave this to future work.Lastly, there are several methods that model both phases as in
ompress-ible, [34℄ , [4℄, [33℄ , [6℄ and [17℄, however, this approa
h is ruled out be
auseour interest is in 
ows where 
ompressible e�e
ts in the gas phase are im-portant.In the se
ond se
tion we des
ribe the equations that are used to evolvethe 
ompressible 
uid, the in
ompressible 
uid, and the level set fun
tion. Inaddition, this se
tion addresses the boundary 
onditions and 
oupling at the
ompressible/in
ompressible interfa
e. The third se
tion dis
usses the gen-eral time stepping strategy in
luding the details required to advan
e ea
hphase for one Euler time step. Se
tion four addresses higher order TVDRunge Kutta methods and adaptive time stepping. Se
tion �ve presents
omputational results that demonstrate the eÆ
a
y of our pro
edure. Thenumeri
al method is presented in two spatial dimensions with 
omputa-3



tional results in both one and two spatial dimensions. Three dimensionalextensions are straightforward.
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2 Equations and Their Dis
retization2.1 Compressible FlowThe basi
 equations for two dimensional 
ompressible 
ow are the Eulerequations whi
h 
an be written as:0BBB� ��u�vE 1CCCAt + 0BBB� �u�u2 + p�uv(E + p)u 1CCCAx + 0BBB� �v�uv�v2 + p(E + p)v 1CCCAy = 0 (1)where t is the time, x and y are the spatial dimensions, � is the density, uand v are the velo
ities, E is the total energy per unit volume, and p is thepressure. The total energy is the sum of the internal energy and the kineti
energy, E = �e+ �(u2 + v2)2 (2)where e is the internal energy per unit mass. The pressure 
an be written asa fun
tion of density and internal energy, p = p(�; e). For the sake simpli
ityonly a gamma law gas, p = (
� 1)�e, is 
onsidered in this paper. Note thatthe e�e
ts of vis
osity, thermal 
ondu
tivity, and mass di�usion are ignoredin the 
ompressible gas. The 
ompressible 
ow equations are dis
retizedusing 3rd order a

urate ENO methods. See [30, 13℄ for more details.2.2 In
ompressible FlowThe equations for in
ompressible 
ow 
an be dedu
ed from the 
ompressible
ow equations by setting the divergen
e of the velo
ity �eld, ~V =< u; v >,to zero obtaining, ~Vt + ~V � r~V + rp� = �4~V� (3)r � ~V = 0 (4)where both � and � are assumed to be 
onstant in the in
ompressible region.The equations are dis
retized on a MAC grid using the proje
tion method[9℄ whi
h allows equation (3) to be rewritten as~V ? � ~V n4t + ~V � r~V = �4~V� (5)5



and ~V n+1 � ~V ?4t + rp� = 0 (6)where the 
onve
tion terms are dis
retized with standard 3rd order HamiltonJa
obi ENO methods [11, 16℄, and the vis
ous terms are dis
retized withstandard se
ond order 
entral di�eren
ing. On
e ~V ? has been 
omputed,the Poisson equation �p? = r � ~V ? (7)is dis
retized with Diri
hlet boundary 
onditions on the pressure. This equa-tion is derived by taking the divergen
e of equation (6) noting that the di-vergen
e of ~V n+1 is identi
ally zero. Also note that the pressure has beenres
aled using p? = �4t� � p (8)to de�ne a s
aled pressure, p?. After solving equation (7) for the s
aledpressure, the appropriate form of equation (6) given by~V n+1 � ~V ? +rp? = 0 (9)is used to obtain ~V n+1.2.3 The Level Set MethodThe level set equation �t + ~V � r� = 0 (10)is used to tra
k the interfa
e between the 
ompressible and the in
ompress-ible regions. � � 0 designates the in
ompressible 
uid and � > 0 designatesthe 
ompressible 
uid. Hamilton Ja
obi WENO methods [11, 16℄ are usedto adve
t the level set fun
tion a

ording to equation (10) and to reinitializethe level set fun
tion a

ording to�t + S(�0)(j~r�j � 1) = 0 (11)whi
h was �rst proposed in [33℄. The level set fun
tion is used to de�ne theunit normal at every grid point as~N = ~r�j~r�j =< n1; n2 > (12)6



using 
entral di�eren
ing where ~N points from the in
ompressible 
uid intothe 
ompressible 
uid. In the rare 
ase that the denominator is identi
allyzero, one sided di�eren
ing is used to 
al
ulate �x and �y in order to allowat least one nonzero value to be 
al
ulated. The 
urvature at ea
h grid pointis de�ned as � = r � ~N = (�2y�xx � 2�x�y�xy + �2x�yy)(�2x + �2y)1:5 (13)and dis
retized using standard 
entral di�eren
ing. In order to ensure thatunder-resolved regions do not erroneously 
ontribute large surfa
e tensionfor
es, thresholding is applied to the 
urvature so that it satis�esj�j � 1min(4x;4y) (14)2.4 Interfa
e Boundary ConditionsIn order to obtain a numeri
al method that 
an treat the interfa
e between
ompressible and in
ompressible 
ow one must �rst address the boundary
onditions and 
oupling me
hanisms at the interfa
e. Sin
e the interfa
e isa 
onta
t dis
ontinuity moving with the lo
al 
uid velo
ity, ~V , the RankineHugoniot jump 
onditions imply that [p℄ = 0 and [VN ℄ = 0, i.e. both thepressure and the normal velo
ity, VN = ~V � ~N , are 
ontinuous a
ross theinterfa
e, see e.g. [11℄.In the presen
e of thermal 
ondu
tion, the temperature is 
ontinuousa
ross the interfa
e. In this paper, thermal 
ondu
tivity e�e
ts are ignoredintrodu
ing an un
oupled variable a
ross the interfa
e. When 
onsidering
ompressible 
ow, this 
an be thought of as an equation of state variable,e.g. � or e. We 
hoose the entropy, S, as the equation of state variable sin
ethe entropy obeys a simple adve
tion equation of the formSt + ~V � rS = 0 (15)away from sho
ks implying that the entropy is not 
onve
ted a
ross theinterfa
e (whi
h moves at speed VN in the normal dire
tion) [11℄. In thein
ompressible 
ow, both density and internal energy obey equation (15)as well with S repla
ed by either � or e respe
tively [24℄. Thus, similar tothe entropy, information in these variables does not 
ross the interfa
e. Inthe presen
e of vis
osity, the tangential velo
ities are 
ontinuous, and the[p℄ = 0 boundary 
ondition needs to be modi�ed to a

ount for the vis
ous7



stress, see e.g. [17℄. In this paper, the 
ompressible 
uid is invis
id implyingthat there is no vis
ous 
oupling a
ross the interfa
e so that [p℄ = 0 remainsvalid while the tangential velo
ities are un
oupled a
ross the interfa
e. Thenonzero in
ompressible vis
osity only a
ts internal to the in
ompressible
uid. In addition, note that the tangential velo
ities obey equation (15) aswell implying that information in these variables does not 
ross the interfa
e.In order to design a numeri
al method, the interfa
e needs well de�nedvalues of all the independent variables. This 
an be a
hieved by spe
ifying�, ~V , and e on the in
ompressible side of the interfa
e and S, ~V , and p onthe 
ompressible side of the interfa
e. All the un
oupled variables 
an bedetermined using one sided extrapolation to the interfa
e. These variablesare the tangential velo
ities on both sides of the interfa
e, the in
ompress-ible density and internal energy, and the 
ompressible entropy. In the GhostFluid Method, these interfa
e values are not dire
tly used, but instead theseinterfa
e values are 
aptured using one sided extrapolation of these quanti-ties into ghost 
ells on the opposite side of the interfa
e. Note that both thein
ompressible density and internal energy are treated as spatially 
onstantso that no numeri
al treatment of these variables is needed. In fa
t, the in-
ompressible internal energy 
an be 
ompletely omitted from the problem.The [VN ℄ = 0 jump 
ondition implies that the normal velo
ity is 
ontinu-ous a
ross the interfa
e and that both the 
ompressible and in
ompressiblenormal velo
ity must be 
onsidered when determining the unique value ofthe interfa
e normal velo
ity whi
h is used on both sides of the interfa
e.On
e the interfa
e normal velo
ity has been determined, all that remainsis the 
ompressible pressure, and sin
e all other interfa
e values are deter-mined, this variable is a
tually un
oupled! Therefore the interfa
e value ofthe 
ompressible pressure is determined with one sided extrapolation andits interfa
e value 
an be 
aptured with ghost 
ells similarly to the variablesthat obey equation (15). This is quite surprising sin
e the interfa
e separat-ing two phase 
ompressible 
ow requires the same 
oupling for the pressurethat is required for the normal velo
ity [11℄.The interfa
e normal velo
ity 
an be determined using any number ofinterpolation te
hniques. However, one should be 
areful to realize thatthe interfa
e normal velo
ity should be de�ned in a way that is 
onsistentwith in
ompressible 
ow. That is, sin
e the in
ompressible region and itsboundary should behave in a way that 
onserves area (or volume in threedimensions), the interfa
e normal velo
ity needs to be 
onsistent with theinterior in
ompressible 
ow providing an extra global 
onstraint on the in-terfa
e normal velo
ity whi
h is related to the 
ompatibility 
ondition, see8



[24℄. For this reason, the interfa
e normal velo
ity is determined solely fromthe in
ompressible 
uid values. This gives the interfa
e velo
ity an in
om-pressible 
hara
ter that helps to alleviate area (or volume) loss. On
e again,the exa
t interfa
e velo
ity is not a
tually 
omputed, but 
aptured usingone sided extrapolation from the in
ompressible region. At this point, onemight have legitimate 
on
erns over the 
oupling me
hanisms, that is, whilethe 
ompressible 
uid sees an in
ompressible interfa
e velo
ity, the in
om-pressible 
uid is oblivious to the 
ompressible velo
ity �eld. However, thein
ompressible 
uid is 
oupled to the 
ompressible 
uid in the proje
tionstep. The 
ompressible interfa
e pressure is used as a Diri
hlet boundary
ondition when solving a Poisson equation in the in
ompressible region, andthe results are used to update the in
ompressible velo
ity �eld providing theproper 
oupling. Note that using the 
ompressible pressure in this way alsoenfor
es the [p℄ = 0 boundary 
ondition. In the presen
e of surfa
e tension,the 
ompressible pressure is not used dire
tly, but is �rst modi�ed a

ordingto the appropriate [p℄ = �� jump 
ondition.
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3 Solution Advan
ementIn this se
tion we des
ribe how our pro
edure advan
es the solution oneEuler time step. Higher order TVD Runge Kutta methods 
an be obtainedas a 
ombination of Euler time steps and simple averaging as explained inthe next se
tion.At the beginning of a time step the level set fun
tion, �, is de�nedat all grid nodes. The zero 
ontour of the level set, f(x; y) j�(x; y) = 0g,delineates the interfa
e between 
ompressible and in
ompressible 
uids. Thevalues of the 
ompressible 
uid are indi
ated by � > 0 and those of thein
ompressible 
uid are indi
ated by � � 0. The 
ompressible 
uid valuesof mass, momentum and energy, designated by ~U , are known at the nodes ofa non-staggered grid while the in
ompressible 
uid velo
ities are known atstaggered MAC grid lo
ations. The MAC grid values of � are de�ned usingaveraging of the nodal values, e.g. �i+ 12 ;j = �i;j+�i+1;j2 .To advan
e the solution 
onsists of 
arrying out three 
al
ulations:1. Extending the in
ompressible and 
ompressible 
uids a
ross the inter-fa
e using the ghost 
uid te
hnique.2. Computing ~Un+1, �n+1; and ~V ?, i.e. advan
e the 
ompressible 
uidand the level set fun
tion one time step, and 
ompute the intermediatevalue of the in
ompressible velo
ity �eld ~V ?.3. Proje
ting ~V ? onto its divergen
e free 
omponent in the region de�nedby �n+1 � 0 to obtain ~V n+1 for the in
ompressible 
uid. Note that thisstep also a

ounts for the interfa
e for
es imposed by the 
ompressiblepressure.The extension of the 
ow variables a
ross the interfa
e allows the 
al
ula-tions in step 2 to be implemented using standard di�eren
e formulas withoutregard to the position of the interfa
e. The su

ess of the pro
edure depends
riti
ally upon the manner in whi
h the 
uids are extended a
ross the in-terfa
e; the pro
edure used here is an extension of the Ghost Fluid Method[11℄. Sin
e our spatial dis
retization uses a 
ombination of staggered andnon-staggered grids some additional 
omplexity is introdu
ed into the te
h-nique. However, this 
omplexity is tolerated be
ause the use of a staggeredMAC grid for the in
ompressible 
uid greatly simpli�es the implementationof the proje
tion 
al
ulation in step 3.We begin more detailed des
riptions of the steps 1-3 with a dis
ussionof the methods for extending the in
ompressible and 
ompressible 
uids.10



3.1 In
ompressible Fluid ExtensionIn
ompressible velo
ities need to be de�ned at ghost nodes in the 
ompress-ible region in order to advan
e the in
ompressible velo
ity �eld. In se
tion2.4 it is 
on
luded that these values should be obtained by extrapolationfrom their values in the in
ompressible region. Constant extrapolation inthe normal dire
tion to the interfa
e 
an implemented by solvingI� + ~N � ~rI = 0 (16)in �
titious time � for I = u on the subset of the MAC grid where theu 
omponent of the in
ompressible velo
ity �eld is de�ned, and separatelyfor I = v on the subset of the MAC grid where the v 
omponent of thein
ompressible velo
ity �eld is de�ned. Instead of time mar
hing, a �rstorder a

urate solution to the steady state of equation (16) 
an be obtainedusing the fast (velo
ity) extension method in [2℄ (whi
h is based on the FastMar
hing Method, see e.g. [28℄). We prefer this method as it substantiallyredu
es the 
omputational exe
ution time.3.2 Compressible Fluid ExtensionThe 
ompressible 
uid extension at nodes within the in
ompressible region(i.e. 
ompressible ghost 
uid nodes), is de�ned by the values of its velo
-ity, its entropy and its pressure. As dis
ussed in se
tion 2.4, the interfa
eboundary 
onditions di
tate that the entropy, the pressure, and the tangen-tial velo
ity at the ghost 
uid points be extrapolated from their values inthe 
ompressible region. The values of the entropy and pressure are extrap-olated using the fast extension method in [2℄. In order to 
onstru
t a ghost
ell velo
ity, we follow the pro
edure in [11℄. The idea is to extrapolate theentire 
ompressible velo
ity �eld to the ghost points using [2℄ and then ob-tain the tangential velo
ity at the ghost points by 
omputing the di�eren
ebetween the extrapolated velo
ity and its normal 
omponent. The totalvelo
ity is then 
omputed as~V = �~VI � ~N� ~N + �~Vext � �~Vext � ~N� ~N� (17)where the �rst term is the normal 
omponent of the in
ompressible velo
ityand the se
ond term is the tangential 
omponent of the extrapolated 
om-pressible velo
ity. The in
ompressible velo
ity, ~VI , needs to be de�ned atthe ghost nodes. If the extrapolated values of the in
ompressible velo
ity11



are de�ned �rst (as outlined above), then simple averaging 
an be used toobtain the in
ompressible velo
ity at ea
h ghost node. Note that equation(17) does not require expli
it knowledge of the tangent plane making it easyto implement in three dimensions. On
e the ghost node values for the ve-lo
ity, pressure and entropy have been de�ned, the 
onserved variables atthe ghost nodes 
an be reassembled.3.3 Computing Un+1, �n+1, and ~V ?With the 
ompressible ghost 
uid values de�ned, 
ompressible 
uid valuesare advan
ed one time step by applying the ENO dis
retization pro
edureat points in the 
ompressible region. Note that a band of ghost nodes areupdated in time as well so that they are appropriately de�ned in 
ase thelevel set 
hanges sign making them real 
uid grid nodes. Sin
e the normalvelo
ity of the interfa
e is de�ned by the in
ompressible velo
ity �eld, thisvelo
ity �eld is used in equation (10) for the evolution of the level set fun
-tion. Thus, to advan
e � in time, the velo
ity in equation (10) is 
omputedat the grid nodes using simple averaging of the extended in
ompressible ve-lo
ity �eld. Finally, ~V ? is 
omputed by applying the ENO dis
retizationpro
edure to all points within the in
ompressible region in
luding a bandabout the interfa
e.3.4 Proje
ting the in
ompressible 
uid in
rement ~V ?On
e ~V ? and �n+1 have been 
omputed the dis
rete Poisson equation withDiri
hlet boundary 
onditions �p? = r � ~V ? (18)is used to obtain the s
aled pressure in the region where �n+1 � 0. Theboundary 
onditions for p? are obtained from pn+1 at all 
ompressible pointsadja
ent to the in
ompressible region using the formulap? = �4t�I ��pn+1 + ���where the 4t�I multiplier a

ounts for the s
aling, �I is the in
ompressibledensity, and the �� term a

ounts for the jump in pressure due to surfa
etension for
es, i.e. [p℄ = ��. Note that the 
urvature is 
omputed at ea
hgrid point using the level set fun
tion, �n+1. To solve (18) we use a pre-
onditioned 
onjugate gradient (PCG) method with an In
omplete Choleski12



pre
onditioner [15℄. On
e p? has been 
omputed ~V n+1is obtained with therelation ~V n+1 = ~V ? �rp?:

13



4 Runge Kutta and Adaptive Time SteppingSin
e both se
ond and third order TVD Runge Kutta s
hemes [29℄ 
an bewritten as a 
onvex 
ombination of simple Euler steps, see [29, 17℄, it isstraightforward to generalize the �rst order time dis
retization dis
ussed inse
tion 3 to third order TVD Runge Kutta. One diÆ
ulty in implementingRunge Kutta methods in problems with interfa
es arises when nodal values
hange 
hara
ter as the interfa
e moves (e.g. one may inadvertently averagein
ompressible and 
ompressible 
ow values). However, the use of the ghost
uid te
hnique 
ir
umvents this diÆ
ulty. First, the values of the level set
an be averaged dire
tly. Se
ond, the values of the 
ompressible 
uid 
anbe averaged using the appropriate ghost 
ell values where ne
essary. Third,the in
ompressible velo
ity 
an be averaged using the extended values ofthe ~VMAC velo
ity �eld where needed. Note that the values of ~VMAC in theghost 
ells are determined by one sided extrapolation of the in
ompressiblevelo
ity, and thus do not exa
tly satisfy the divergen
e free 
ondition al-though they do have in
ompressible 
hara
ter. This 
an 
ause slight jumpsin the pressure at the interfa
e as a larger than normal pressure gradient isneeded to enfor
e exa
t in
ompressibility. Also, when using these extendedvelo
ities in a Runge Kutta averaging pro
edure the resulting velo
ity �eldis not exa
tly divergen
e free. However, the numeri
al results show thatthe area loss is small espe
ially when 
ompared to any standard level set
al
ulation. Thus, these slightly 
ompressible edge velo
ities do not seemto be a signi�
ant sour
e of error. Note that one 
ould remove these errorsentirely by de�ning the extended velo
ity �eld using a divergen
e free 
on-straint similar to the pro
ess outlined for free surfa
e 
ows, see e.g. [7℄ and[8℄. Adaptive time stepping is used where the overall time step is the mini-mum of the 
ompressible and in
ompressible time steps, i.e.4t = :5min(4tC ;4tI) (19)where we have 
hosen a CFL restri
tion of :5. For 
ompressible 
ow, the
onve
tive time step restri
tion4tC � juj+ 
4x + jvj+ 
4y � � 1 (20)needs to be satis�ed at every grid point where 
 = q
p� is the speed of14



sound. For in
ompressible 
ow, every grid point needs to satisfy4tI 0�(C
fl + V
fl) +q(C
fl + V
fl)2 + 4(S
fl)22 1A � 1 (21)where C
fl = juj4x + jvj4y (22)is for the 
onve
tion terms,V
fl = �� � 2(4x)2 + 2(4y)2� (23)is for the vis
ous terms, andS
fl = s ��� (minf4x;4yg)2 (24)is for the surfa
e tension for
es [17℄.
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5 Numeri
al ExamplesIn this se
tion, we report on numeri
al examples whi
h demonstrate thea

ura
y and 
onvergen
e behavior of the method. In parti
ular, these ex-amples show that the 
uid quantities are not smeared out near the interfa
enor do the numeri
al solutions exhibit nonphysi
al os
illations. Also, allthe two dimensional numeri
al examples had less than 12% area loss on the�nest grids. The 
al
ulations performed here used 3rd order a

urate TVDRunge Kutta methods and adaptive time stepping as dis
ussed in se
tion 4.Unless otherwise spe
i�ed, the two dimensional examples in
lude the e�e
tsof vis
osity and surfa
e tension with � = :001137 kgms and � = :0728kgs2 . Thesee�e
ts are not present in one spatial dimension.5.1 One Dimensional CaseIn one spatial dimension, the in
ompressible 
ow equations are greatly sim-pli�ed. Equation (4) be
omes ux = 0 implying that the in
ompressiblevelo
ity is 
onstant. Equation (3) then be
omesut + px� = 0 (25)implying that equation (5) is just u? = un. Equation (7) be
omes p?xx = 0implying that the in
ompressible pressure is merely a straight line 
onne
tingthe values of p? on the left and right boundaries. In fa
t, equation (9)be
omes un+1 � un + p?right � p?leftL = 0 (26)where L is the length of the in
ompressible region.5.1.1 Example 1Consider a 1m domain with 200 grid 
ells. The domain is �lled with a
ompressible gas with 
 = 1:4, � = 1:226 kgm3 , u = 0 mse
 and p = 1 � 105Pa,ex
ept for a :2m in
ompressible droplet in the 
enter of the domain with� = 1000 kgm3 , u = 100 mse
 and p = 1�105Pa. Sin
e the in
ompressible dropletis moving to the right in a gas whi
h is originally at rest, a 
ompressionwave will form in the gas ahead of it and an expansion wave will form inthe gas behind it as shown in �gure 1 at t = 7:5 � 10�4 se
onds where thered region represents the 
ompressible 
uid and the blue region representsthe in
ompressible 
uid. The density, velo
ity and pressure all drop a
ross16



the few grid 
ell thi
k 
ompression wave, although the density jump is toosmall to be seen in the �gure. The density and pressure drop while thevelo
ity rises a
ross the smooth expansion wave whi
h is resolved by the grid,although on
e again, the density 
hange is too small to be seen in the �gure.Figure 2 shows similar behavior with an in
ompressible density of � = 10 kgm3 .Note that the lighter droplet is slowed down faster by the 
ompressible gas,and as a result se
ondary expansion waves with signi�
ant amplitude stret
hbetween the droplet and the lead 
ompression and expansion waves. A gridre�nement study was preformed on both 
al
ulations using grids of 200, 400,and 800 
ells. The in
ompressible velo
ity was used for the 
omparison withAitken extrapolation [3℄. The 
omputed velo
ities of 99:7216 mse
 , 99:7189 mse
and 99:7175 mse
 from the 
oarsest to the �nest mesh yield a 
onvergen
e rateof .9475 for the � = 1000 kgm3 
ase, and the 
omputed velo
ities of 75:6466 mse
 ,75:4843 mse
 and 75:4043 mse
 yield a 
onvergen
e rate of 1.0206 for the � =10 kgm3 
ase. Figure 3 shows the results obtained with 800 grid 
ells forthe � = 10 kgm3 
ase to illustrate the behavior of the variables under meshre�nement.5.1.2 Example 2In this example, the ambient 
ompressible medium has � = 1:58317 kgm3 ,u = 0 mse
 and p = 98066:5Pa. A sho
k wave is initially lo
ated at x = :1mwith a post sho
k state of � = 2:124 kgm3 , u = 89:981ms , and p = 148407:3Pato the left of x = :1m. The sho
k wave travels to the right impingingon the in
ompressible droplet with initial state of � = 1000 kgm3 , u = 0 mse
and p = 98066:5Pa 
ausing both re
e
ted and transmitted waves as shownin �gure 4 at t = 1:75 � 10�3 se
onds. Note that the transmitted waveis too weak to be seen in this �gure, although it 
an 
learly be seen in�gure 5 whi
h shows the same 
al
ulation with an in
ompressible density of� = 10 kgm3 . Figure 6 shows the 
al
ulation at an earlier time of t = 9� 10�4se
onds with a density of 10 kgm3 , shortly after the sho
k has initially impingedon the droplet. Note that the transmitted wave has traversed the droplet atin�nite speed and is now entering the gas on the far side. A grid re�nementstudy was preformed on both 
al
ulations using grids of 200, 400, and 800
ells using the in
ompressible velo
ity for the 
omparison. The 
omputedvelo
ities of :544424 mse
 , :5444639 mse
 and :5444742 mse
 from the 
oarsest tothe �nest mesh yield a 
onvergen
e rate of 1.0617 for the � = 1000 kgm3 
ase,and the 
omputed velo
ities of 40:9873 mse
 , 40:8685 mse
 and 40:8074 mse
 yield a17




onvergen
e rate of .9593 for the � = 10 kgm3 
ase. Figure 7 shows the resultsobtained with 800 grid 
ells for the � = 10 kgm3 
ase to illustrate the behaviorof the variables under mesh re�nement.5.2 Two Dimensional Case5.2.1 Example 3Consider a [0m; 1m℄� [0m; 1m℄ domain with 100 grid 
ells in ea
h dire
tion.Similar to example 1, the domain is �lled with a 
ompressible gas with� = 1:226 kgm3 , u = v = 0 mse
 and p = 1 � 105Pa, ex
ept for a :2m radiusin
ompressible droplet in the 
enter of the domain with � = 1000 kgm3 , u =100 mse
 , v = 0 mse
 and p = 1 � 105Pa. This in
ompressible droplet moves tothe right 
ausing a 
ompression wave in the gas ahead of it and an expansionwave in the gas behind it. Figure 8 shows a one dimensional 
ross se
tionof these waves at t = 5� 10�4 se
onds. Figures 9 and 10 show the pressure
ontours and the velo
ity �eld at the same time. Figure 11 shows the initiallevel set lo
ation as 
ompared to the lo
ation at t = 2:5�10�3 se
onds using50, 100, and 200 grid 
ells in ea
h dire
tion. Careful examination of the righthand side of the level set lo
ation shows �rst order a

urate 
onvergen
e inthe lo
ation of the interfa
e. An area loss study was undertaken using themethod outlined in the appendix. Initially, the area of the droplet is :04�.The area loss was .23%, .16%, and .0125% on grids with 50, 100, and 200
ells in ea
h dire
tion respe
tively. Similar results for � = 10 kgm3 are shownin �gures 12 and 13 where the area loss was .49%, .31%, and .13%. Noti
ethat the lighter droplet has been deformed and slowed at a faster rate thanthe heavier droplet. Also note that the 
al
ulation on the �nest mesh isstarting to show signs of Kelvin-Helmholtz instability as demonstrated bythe small wiggles in the interfa
e lo
ation. This instability o

urs whenthe tangential velo
ity is dis
ontinuous a
ross an interfa
e as is requiredby the imposed no-slip interfa
e boundary 
ondition. On 
oarser grids, thenumeri
al vis
osity 
an nonphysi
ally damp out this e�e
t.In order to illustrate the e�e
ts of vis
osity and surfa
e tension, we shrinkthe domain to [0m; 1 � 10�5m℄ � [0m; 1 � 10�5m℄ for the � = 10 kgm3 
ase.Figure 14 shows a one dimensional 
ross se
tion of these waves at t = 5�10�9se
onds. Note the jump in pressure due to surfa
e tension e�e
ts. Figure 15shows the initial level set lo
ation as 
ompared to the lo
ation at 2:5� 10�8se
onds using 50, 100, and 200 grid 
ells in ea
h dire
tion where the area losswas .225%, .107%, and .006% respe
tively. Note that the smaller droplet18



has a rounder shape as 
ompared to the larger droplet in �gure 13.5.2.2 Example 4Consider a [0m; 1m℄� [0m; 1m℄ domain with 100 grid 
ells in ea
h dire
tion.Similar to example 2, the ambient 
ompressible medium has � = 1:58317 kgm3 ,u = v = 0 mse
 and p = 98066:5Pa. A sho
k wave is initially lo
ated atx = :1m with a post sho
k state of � = 2:124 kgm3 , u = 89:981ms , v = 0 mse
 andp = 148407:3Pa to the left of x = :1m. The sho
k wave travels to the rightimpinging on the in
ompressible droplet with initial state of � = 10 kgm3 ,u = v = 0 mse
 and p = 98066:5Pa, with radius :2m at the 
enter of thedomain, 
ausing both re
e
ted and transmitted waves as shown in the onedimensional 
ross se
tions in �gure 16 at 1:25 � 10�3 se
onds. Figures 17shows the velo
ity �elds at the same time. Figure 18 shows the initial levelset lo
ation as 
ompared to the lo
ation at t = 2:5 � 10�3 se
onds using50, 100, and 200 grid 
ells in ea
h dire
tion where the area loss was 1.6%,.52%, and .43% respe
tively. Note that the 
al
ulation on the �nest meshis starting to show signs of Kelvin-Helmholtz instability.
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Figure 1: In
ompressible � = 1000 kgm3 droplet traveling to the right at t =7:5 � 10�4 se
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Figure 2: In
ompressible � = 10 kgm3 droplet traveling to the right at t =7:5 � 10�4 se
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Figure 3: In
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6 Con
lusions and Future WorkIn this paper we have presented a numeri
al method for two phase 
ow whereone of the phases is treated as an in
ompressible 
ow and one is treated as a
ompressible 
ow. The primary 
omputational diÆ
ulty in 
reating numer-i
al s
hemes that respe
t the fundamentally di�erent nature of the 
uids inthese phases is the 
reation and implementation of appropriate boundary
onditions. We derive boundary 
onditions using "ghost 
uid" ideas; the
omputational results indi
ate that high quality solutions 
an be obtainedwith their use. The test problem we 
onsidered was the behavior of an in-
ompressible liquid when subje
ted to sho
k waves formed in a high speedgas 
ow. This test problem was primarily sele
ted to investigate the abilityof our proposed method to 
ompute 
ompressible/in
ompressible 
ow inter-a
tions when the 
ompressible 
ow 
ontains sho
ks. It is a separate (andinteresting) problem in 
uid me
hani
s to 
onsider the validity of modelingliquid/gas phase intera
tions as an in
ompressible/
ompressible intera
tion.In future work, the validity of the in
ompressible assumption for the liquidwill be tested by 
omparing the results obtained with the method presentedhere with the results obtained with a method where the liquid is modeledas a slightly 
ompressible 
uid.
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A Unbiased Level Set ContouringConsider a two dimensional level set fun
tion, �, de�ned on a Cartesian grid.This appendix addresses the 
onstru
tion of an unbiased linear approxima-tion to the zero 
ontour (where � = 0) of the level set fun
tion (
ommonlyused 
ontour routines introdu
e a dire
tional bias due to the 
hoi
e of anunderlying triangulation).The standard 
ontour plotting algorithms di
tate triangulation of thedomain followed by linear interpolation along ea
h edge of ea
h triangleresulting in the determination of the lo
ation of the zero values of the levelset fun
tion along ea
h edge. These zero values o

ur on two of the edgeswhen the sign of the level set fun
tion on one 
orner is di�erent from thesign on the other two 
orners, or on none of the edges when the sign of thelevel set fun
tion is the same on all three 
orners. In the 
ase where thezero values o

ur on two of the edges, a line segment 
an be used to 
onne
tthese two zero values leading to a pie
ewise linear sub
ell representation ofthe zero 
ontour of the level set fun
tion. From this zero 
ontour one 
aneasily 
al
ulate quantities su
h as the area en
losed by or the length of thezero 
ontour.A straightforward way of 
hoosing a triangulation 
onsists of 
onstru
t-ing a diagonal in every Cartesian grid 
ell. Let ~xi;j, ~xi+1;j , ~xi;j+1, and~xi+1;j+1 represent a single grid 
ell where the subs
ripts pla
e the pointsin the obvious lo
ations. Then one 
ould 
onstru
t the diagonal 
onne
ting~xi;j and ~xi+1;j+1 or the o�-diagonal 
onne
ting ~xi+1;j and ~xi;j+1 as shownin �gure 19a and 19b respe
tively. For ea
h Cartesian grid 
ell, there are 4distin
t 
ases to 
onsider. Case 1: all four nodal values have the same signof � (note that we 
lassify � = 0 as negative, sin
e we partition the domaininto two parts 
onsisting of � � 0 and � > 0). In Case 1, there is nothing toaddress sin
e the 
ell does not 
ontain any part of the zero 
ontour. Case2: one of the nodal values has a di�erent sign than the other three. Case3: there are two nodes of ea
h sign and opposite 
orners are of the samesign. Case 4: there are two nodes of ea
h sign and opposite 
orners are ofopposite sign. Ea
h 
ase is dis
ussed in detail below.Consider Case 2 with �i;j � 0, �i+1;j > 0, �i;j+1 > 0 and �i+1;j+1 > 0.In this 
ase, the diagonal determines two triangles whi
h ea
h 
ontain partof the interfa
e, while only one of the two triangles produ
ed by the o�-diagonal 
ontains part of the interfa
e, i.e. di�erent answers are obtaineddepending on whether the diagonal or the o�-diagonal is used. See �gure 20for an illustration of the diagonal 
ase (�gure 20a) and the o�-diagonal 
ase39



(�gure 20b). In the �gure, the shaded regions denote � � 0. Presumably,using the extra zero value that lies on the diagonal itself results in a morea

urate 
onstru
tion as shown in �gure 20a. Otherwise, there is no need fortriangles in this 
ase at all as one 
an 
onstru
t the representation given bythe o�-diagonal 
onstru
tion in �gure 20b by simply 
onne
ting the linearlyinterpolated zeroes on ea
h side of the grid 
ell. Note that the diagonalgives extra information (an extra point) when either �i;j or �i+1;j+1 is thepoint of di�ering sign, but gives no extra information (no extra point) wheneither �i+1;j or �i;j+1 is the point of di�ering sign. For the 
ase where either�i+1;j or �i;j+1 is the point of di�ering sign, the o�-diagonal must be usedto pi
k up extra information (an extra point). Note that this 
ase pointsout that it is unwise to use diagonals (or o�-diagonals) everywhere sin
ethe re
onstru
tion is biased. It is better to use an \adaptive" triangulationwhi
h always gives extra information, i.e. one should 
hose the diagonal oro�-diagonal in order to obtain a 
onstru
tion similar to �gure 20a and not�gure 20b.Consider Case 3 with �i;j � 0, �i+1;j > 0, �i;j+1 > 0 and �i+1;j+1 � 0.In this 
ase, the diagonal 
onstru
tion implies that the line of sight (theline segment 
onne
ting two points in spa
e) between �i;j and �i+1;j+1 is
ontained in � � 0 while the line of sight between �i+1;j and �i;j+1 is not
ontained in � > 0 as shown in �gure 21a. Similarly, the o�-diagonal 
on-stru
tion implies that the line of sight between �i+1;j and �i;j+1 is 
ontainedin � > 0, while the line of sight between �i;j and �i+1;j+1 is not 
ontained in� � 0 as shown in �gure 21b. In level set notation, the diagonal 
onstru
-tion implies that the negative values of the level set have (or are) \merged",while the o�-diagonal 
onstru
tion implies that the positive values of thelevel set are merged. In fa
t, using a diagonal 
onstru
tion everywhere 
re-ates a grid dependen
e of in
reased merging in the diagonal dire
tion, whileusing the o�-diagonal 
onstru
tion everywhere 
reates a grid dependen
e ofin
reased merging in the o�-diagonal dire
tion. Obviously, this is not desir-able and some average of these two 
onstru
tions is desired, espe
ially sin
ethe information given (at the grid nodes) does not di
tate whether or notmerging has o

urred. The 
hoi
e of triangulation itself for
es the merging.Using the linearly interpolated zero values on ea
h of the four sides of the
ell, one 
an see that the diagonal 
onstru
tion implies that the point onthe bottom of the 
ell between ~xi;j and ~xi+1;j is 
onne
ted to the point onthe right of the 
ell between ~xi+1;j and ~xi+1;j+1, while the point on the leftof the 
ell between ~xi;j and ~xi;j+1 is 
onne
ted to the point on the top ofthe 
ell between ~xi;j+1 and ~xi+1;j+1 implying that the negative values are40



merged. Similarly, the o�-diagonal 
onstru
tion implies that the point onthe bottom of the 
ell is 
onne
ted to the point on the left, while the pointon the right is 
onne
ted to the point on top implying that the positivevalues are merged. Sin
e there are four points to be paired o� into twolinear segments, there is a total of three ways to make the 
onne
tions. Thediagonal and o�-diagonal 
onstru
tions give only two ways, leaving one pos-sibility ina

essible to these straightforward triangulations. The remainingway to 
onne
t the four points 
onsists of 
onne
ting the points on oppositesides of the 
ell giving a 
onstru
tion where neither the positive nor thenegative values are merged as shown in �gure 21
. In fa
t, both the positiveand the negative values are in 
onta
t at a single saddle point formed bythe interse
tion of the two line segments produ
ing an \average" of the twotriangulations. While a
hieving the desired 
ompromise between positiveand negative merging, this method does not use triangulation to determinean extra point as opposed to �gure 20a. In addition, note that the positiveand negative merging 
ases do not use an extra sub
ell point either, as they
an be 
onstru
ted by 
onne
ting the zero values of the Cartesian 
ell in theappropriate fashion. In fa
t, the positive and negative merging 
ases ea
h
ontain two line segments similar to Case 2 without triangulation as wasshown in �gure 20b. Therefore, in order to introdu
e a new point withinthis 
ell to improve the a

ura
y, we 
hoose the standard average of thefour zero values on the Cartesian 
ell boundary. The zero 
ontour is 
on-stru
ted by 
onne
ting this new point to ea
h of the four zero values fromwhi
h it was formed. Note that this 
onstru
tion 
an be obtained with anadaptive triangulation where the 
ell is divided into four triangles de�nedby the line segments 
onne
ting this new zero value inside the 
ell to ea
hof the four 
orners of the 
ell. This adaptive triangulation and the resultingsegmentation are shown in �gure 21d.Consider Case 4 with �i;j � 0, �i+1;j � 0, �i;j+1 > 0 and �i+1;j+1 > 0.In this 
ase, one 
ould simply 
onne
t the two zero values with a straight lineignoring triangulation as shown in �gure 22a. Using triangulation gives adi�erent sub
ell point depending on whether the diagonal (�gure 22b) or theo�-diagonal (�gure 22
) is used (ex
ept for the 
ase where the sub
ell pointhappens to be the interse
tion of the diagonal and the o�-diagonal for both
onstru
tions). To avoid ambiguities one needs to determine whi
h of thesetwo 
andidates for the intermediate point should be used. Designating thesub
ell 
andidates by ~x1 and ~x2 and the zeroes on the Cartesian boundaryby ~xL and ~xR, both points 
an be used in the 
onstru
tion by 
onne
ting~xL to ~x1 to ~x2 to ~xR (�gure 22d) or by 
onne
ting ~xL to ~x2 to ~x1 to ~xR41



(�gure 22e). However, this gives a sub
ell 
ontour with a possibly largevariation. Instead of 
hoosing one or the other, we note that the line segment
onne
ting ~x1 to ~x2 lies on both 
ontours and 
hoose the midpoint of thisline segment (the standard average of ~x1 and ~x2) as the sub
ell zero valueand 
onne
t this midpoint to ea
h of the zeroes on the Cartesian boundaryresulting in a 
onstru
tion with less variation (a shorter length) than oneusing both ~x1 and ~x2. On
e again, this 
onstru
tion 
an be obtained withan adaptive triangulation where the 
ell is divided into four triangles de�nedby the line segments 
onne
ting this new zero value inside the 
ell to ea
hof the four 
orners of the 
ell. This adaptive triangulation and the resultingsegmentation are shown in �gure 22f. It is interesting to note that Case 3and Case 4 have two 
orner values of di�ering sign and require four triangles,while Case 2 has one 
orner value of di�ering sign and requires two trianglesimplying that two triangles are needed for ea
h 
orner that di�ers in sign.Note that one 
ould ignore triangulation altogether simply 
onne
tingthe two edge points in Case 2 (�gure 20b) and in Case 4 (�gure 22a), while
onne
ting the points on the opposite sides of the 
ell in Case 3 (�gure 21
).This gives similar answers in ea
h 
ase, although a little less a

urate sin
eno extra grid point is determined within the 
ell.A.1 Cal
ulating AreaWe use the 
ross produ
t of two ve
tors to 
ompute the area of triangles, asthis is rather robust. For example, 
onsider a triangle with verti
es de�nedby ~xa, ~xb and ~x
 in 
ounter
lo
kwise order. Then de�ning ~vb = ~xb � ~xa and~v
 = ~x
 � ~xa allows us to de�ne the area as ~vb�~v
2 . Using this de�nition itis easy to avoid roundo� errors due to thin triangles as they show up as anegative area that 
an be dis
arded.
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(a)
 (b)
Figure 19: (a) diagonal, (b) o�-diagonal.
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(a)
 (b)
Figure 20: (a) diagonal, (b) o�-diagonal.
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(c)
 (d)


(a)
 (b)


Figure 21: (a) diagonal, (b) o�-diagonal, (
) 
onne
t opposite edges, (d)adaptive triangulation.
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(a)
 (b)


(c)
 (d)


(e)
 (f)
Figure 22: (a) 
onne
t opposite edges, (b) diagonal, (
) o�-diagonal, (d)both, (e) both, (f) adaptive triangulation.46
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