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tInterfa
es have a variety of boundary 
onditions (or jump 
onditions)that need to be enfor
ed. In [3℄, the Ghost Fluid Method (GFM) wasdeveloped to 
apture the boundary 
onditions at a 
onta
t dis
onti-nuity in the invis
id Euler equations. This method was extended totreat more general dis
ontinuities su
h as sho
ks, detonations, and de-
agrations in [2℄ and 
ompressible vis
ous 
ows in [4℄. In this paper,a similar boundary 
ondition 
apturing approa
h is used to developa new numeri
al method for the variable 
oeÆ
ient Poisson equationin the presen
e of interfa
es where both the variable 
oeÆ
ients andthe solution itself may be dis
ontinuous. This new method is robustand easy to implement even in three spatial dimensions. Furthermore,the 
oeÆ
ient matrix of the asso
iated linear system is the standardsymmetri
 matrix for the variable 
oeÆ
ient Poisson equation in theabsen
e of interfa
es allowing for straightforward appli
ation of stan-dard \bla
k box" solvers.
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1 Introdu
tionThe \immersed boundary" method [20℄ uses a Æ-fun
tion formulation tosmear out the solution of the variable 
oeÆ
ient Poisson equation on a thin�nite band about the interfa
e. See [21℄ for details. In [23℄, the \immersedboundary" method was 
ombined with the level set method resulting in a�rst order numeri
al algorithm that is simple to implement even in multiplespatial dimensions. However, the numeri
al smearing at the interfa
e has anadverse e�e
t on the solution for
ing 
ontinuity at the interfa
e regardlessof the appropriate interfa
e boundary 
onditions. That is, the numeri
alsolution is 
ontinuous at the interfa
e even if the a
tual boundary 
onditionsimply that the solution should be dis
ontinuous.The \immersed interfa
e" method [10℄ is a se
ond order numeri
al methoddesigned to preserve the jump 
onditions at the interfa
e in 
ontrast to thenumeri
al smearing introdu
ed by the Æ-fun
tion formulation of the \im-mersed boundary" method. The \immersed interfa
e" method in
orporatesthe interfa
e boundary 
onditions into the �nite di�eren
e sten
il in a non-trivial way that preserves jumps in both the fun
tion and its derivatives.However, this algorithm is fairly 
omplex and has only been extended tothree spatial dimensions for the simple 
ase of a stationary interfa
e [12℄,i.e. the method has not yet been extended to treat three dimensional mov-ing interfa
es. Furthermore, the 
orresponding linear system that needs tobe solved is not symmetri
, dramati
ally redu
ing the number of standardfast linear solvers that 
an be utilized with this method, although it shouldbe noted that one fast solution te
hnique was used in 
onjun
tion with thismethod in [11℄. In 
ontrast, the Æ-fun
tion formulation of the \immersedboundary" method has a 
orresponding linear system whose matrix is sym-metri
 allowing a wide range of standard fast linear solvers to be utilized.Another notable te
hnique, presented in [7℄, is a se
ond order a

uratenumeri
al method that preserves jumps at the interfa
e with a resolution
omparable to that of the \immersed interfa
e" method. A 
lever premiseunderlying this method is the ability to smoothly extend the solution outsidethe physi
al domain into a �
titious domain and to use these extended valuesin the numeri
al method. While this method su�ers from a non-symmetri
linear system and the usual diÆ
ulties that this introdu
es, the authorsdid show that the method was 
ompatible with both multigrid and adaptivemesh te
hniques. However, [7℄ addressed only Diri
hlet boundary 
onditionsand did not extend the method to treat interfa
e jump 
onditions.It should be noted that the idea of using extended values and �
titious2



domains is not new, e.g. [15℄, [14℄ and [17℄ used similar ideas to solve theLapla
e equation on irregular domains with the help of integral equations.That is, a system of integral equations is solved, and then the results areused in the dis
retization of the Lapla
ian. In [18℄, a fast version of thisalgorithm was presented whi
h depends in part on the on fast algorithmsfor 
omputing the integrals [16℄. The interested reader is also referred to [5℄for more details on fast methods for the integral equations.In [3℄, the Ghost Fluid Method (GFM) was developed to properly treatthe boundary 
onditions in [19℄, removing the spurious os
illations shown in[9℄. The GFM was originally designed to treat 
onta
t dis
ontinuities in theinvis
id Euler equations, but it was generalized to treat sho
ks, detonations,and de
agrations in [2℄ and 
ompressible vis
ous 
ows in [4℄. The generalizedGFM 
aptures the appropriate Rankine-Hugoniot jump 
onditions at aninterfa
e without expli
itly enfor
ing these jump 
onditions. Instead, theGFM 
reates an arti�
ial 
uid whi
h impli
itly indu
es the proper 
onditionsat the interfa
e. In the 
avor of the level set fun
tion whi
h gives an impli
itrepresentation of the interfa
e, the GFM gives an impli
it representation ofthe Rankine-Hugoniot jump 
onditions at the interfa
e. Sin
e the jump
onditions are handled impli
itly by the 
onstru
tion of a ghost 
uid, theoverall s
heme be
omes easy to implement in multidimensions.In this paper, a similar boundary 
ondition 
apturing approa
h is used todevelop a new numeri
al method for the variable 
oeÆ
ient Poisson equa-tion in the presen
e of interfa
es where both the variable 
oeÆ
ients andthe solution itself may be dis
ontinuous. This new method is implementedusing a standard �nite di�eren
e dis
retization on a Cartesian grid makingit simple to apply in as many as three spatial dimensions. Furthermore,the 
oeÆ
ient matrix of the asso
iated linear system is the standard sym-metri
 matrix for the variable 
oeÆ
ient Poisson equation in the absen
e ofinterfa
es allowing for straightforward appli
ation of standard \bla
k box"solvers. Most importantly, this new numeri
al method does not su�er fromthe numeri
al smearing prevalent in the Æ-fun
tion formulation of the \im-mersed boundary" method. In fa
t, the new method preserves jumps at theinterfa
e with a resolution 
omparable to that of the \immersed interfa
e"method. See [13℄ for a theoreti
al justi�
ation of this new method.Before pro
eeding, a few 
omments on the need for yet another newmethod may be in order, espe
ially sin
e this new method is only �rst ordera

urate. First and foremost, note that the se
ond order a

urate methodshave not yet a
hieved widespread su

ess. For example, the \immersedinterfa
e" method is more of a strained attempt to satisfy trun
ation error3



for stati
 two dimensional interfa
es, than a robust se
ond order method.That is, the \immersed interfa
e" method has not yet been applied to threedimensional problems with moving interfa
es or to the multiphase NavierStokes equations in any dimension. Furthermore, when it was applied tothe Hele-Shaw problem in [6℄, the solutions qui
kly degenerated to �rstorder a

ura
y even though new ad ho
 �xes were used in the dis
retization.Be
ause of these 
ompli
ations, the �rst order \immersed boundary" methodis the only s
heme that is 
urrently used for 
omplex numeri
al simulationssu
h as the three dimensional multiphase Navier Stokes equations. However,the \immersed boundary" method has problems of its own. For example,the \immersed boundary" method 
annot produ
e dis
ontinuous solutionsand thus is unable to properly model the jump in pressure due to surfa
etension for
es in the Navier Stokes equations. Various authors have avoidedthis problem by treating the pressure as a 
ontinuous fun
tion and addingnew sour
e terms to the momentum equations, see for example see [1℄, [24℄,and [23℄. Unlike the \immersed boundary" method, our method 
an beused to obtain dis
ontinuous solution pro�les as will be shown in this paper.Furthermore, we note that our new method 
an be used to model the NavierStokes equations dire
tly, i.e. without the addition of sour
e terms to modelthe e�e
ts of surfa
e tension [8℄.
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2 EquationsConsider a Cartesian 
omputational domain, 
, with exterior boundary, �
,and a lower dimensional interfa
e, �, that divides the 
omputational domaininto disjoint pie
es, 
� and 
+. The variable 
oeÆ
ient Poisson equationis given by r � (�(~x)ru(~x)) = f(~x); ~x 2 
u(~x) = g(~x); ~x 2 �
 (1)where ~x = (x; y; z) are the spatial dimensions, r = ( ��x ; ��y ; ��z ) is the di-vergen
e operator, and �(~x) is presumed to be 
ontinuous on ea
h disjointsubdomain, 
� and 
+, but may be dis
ontinuous a
ross the interfa
e �.Furthermore, �(~x) is assumed to be positive and bounded below by some� > 0.The jump 
onditions or internal boundary 
onditions are spe
i�ed alongthe interfa
e � as [u℄� = a(~x); ~x 2 �[�un℄� = b(~x); ~x 2 � (2)where [u℄� = u+(~x)� u�(~x)[�un℄� = �+(~x)u+n (~x)� ��(~x)u�n (~x) (3)spe
i�es the dire
tion of the jump with the \�" subs
ripts referring to 
�.Note that un = ru � ~N is the normal derivative of u where ~N is the lo
alunit normal to the interfa
e.Equation 1 uses Diri
hlet boundary 
onditions for illustration purposesonly as the boundary 
onditions on �
 are not 
ru
ial to our numeri
almethod. In fa
t, it takes little e�ort to repla
e the Diri
hlet boundary
onditions with Neumann boundary 
onditions reformulating the Poissonequation as r � (�(~x)ru(~x)) = f(~x); ~x 2 
un(~x) = g(~x); ~x 2 �
 (4)throughout the text.
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3 Numeri
al MethodSin
e the interfa
e 
an have a fairly 
omplex shape, the interfa
e lo
ationis represented by the zero level of a signed distan
e fun
tion, i.e. a level setrepresentation of the interfa
e is used [22℄.3.1 One DimensionConsider the unit domain 
 = [0; 1℄ where the interfa
e is a single point � =:5 with a level set representation of � = x� :5 so that the interfa
e lo
ationis re
overed when � = 0. Sin
e � is the signed distan
e fun
tion, the set ofall points where � < 0 and the set of all points where � > 0 represent twodisjoint subdomains, 
� and 
+, respe
tively. For the numeri
al algorithm,one needs to identify whether a given point is lo
ated in 
� or 
+ whi
his determined by 
onsidering the lo
al sign of �, unless � = 0 implying thatthe point is lo
ated dire
tly on the interfa
e itself. Sin
e the interfa
e is alower dimensional set, this situation 
an be re
ti�ed by de�ning 
� as theset of all points where � � 0 and 
+ as the set of all points where � > 0 sothat no points lie dire
tly on the interfa
e.The 
omputational domain is dis
retized into 
ells of size 4x wherethe 
ell 
enters are referred to as grid points or grid nodes with the i-thgrid node lo
ated at xi. The 
ell edges are referred to as 
uxes so thatthe two 
uxes bounding the i-th 
omputational 
ell are lo
ated at xi� 12 .The solution to the Poisson equation is 
omputed at the grid nodes andis written as ui = u(xi). An analogous de�nition holds for fi, gi, and thelevel set fun
tion �i. In general, interfa
es move throughout the grid as �is evolved in time, and a reinitialization pro
edure is needed to maintain �as an approximate distan
e fun
tion [23℄. Sin
e � is known only at the gridnodes xi, the value of � at 
uxes is de�ned by the linear average of the nodalvalues, e.g. �i+ 12 = �i + �i+12 (5)is a se
ond order a

urate approximation to � at the 
ux lo
ated betweenthe i-th and (i+ 1)-st 
ells.The level set fun
tion is used to de�ne the unit normal as,~N = r�jr�j (6)6



where the normal is 
omputed at ea
h grid node using 
entral di�eren
ing.For example, ~Ni = ��i+1��i�14x �j�i+1��i�14x j = �i+1 � �i�1j�i+1 � �i�1j (7)in one spatial dimension. Note that the denominator in equation 7 
ould beidenti
ally zero in 
ertain rare situations, but the numeri
al method doesnot make use of the normal in these situations. When � = x� :5, equation6 implies that ~N = 1 everywhere so that un = ux.3.1.1 The Lapla
e EquationConsider the one dimensional Lapla
e equation with � = 1 and f(x) = 0given by uxx = 0 (8)with �xed Diri
hlet boundary 
onditions on �
. Ignoring the interfa
e, orequivalently setting [u℄� = [ux℄� = 0, the exa
t solution is merely a straightline 
onne
ting the two �xed points on �
. For example, if the boundary
onditions are u(0) = 0 and u(1) = 1 then the solution is u = x on [0; 1℄.The standard se
ond order dis
retization�ui+1�ui4x �� �ui�ui�14x �4x = 0 (9)
an be used to solve this problem. For ea
h unknown, ui, equation 9 is usedto �ll in one row of a matrix 
reating a linear system of equations. Sin
e theresulting matrix is symmetri
, a wide number of fast linear solvers 
an beused. For linear solvers that require an initial guess, setting all ui identi
allyzero is usually suÆ
ient.Next 
onsider [u℄� = 1 and [ux℄� = 0 with Diri
hlet boundary 
onditionsu(0) = 0 and u(1) = 2 yielding an exa
t solution of u = x in [0; :5℄ andu = x + 1 in (:5; 1℄ where x = :5 is in
luded in 
� as previously dis
ussed.Consider the exa
t solution. If xk and xk+1 are the nodes adja
ent to theinterfa
e, one 
an see that uk+1�uk4x is O( 14x), while all the other terms ofthe form ui+1�ui4x are O(1) and approximate the lo
al derivative. Sin
e thederivative is not de�ned a
ross the interfa
e, the uk+1�uk4x term is not well7



de�ned. Obviously, this term needs to be modi�ed to give a reasonableapproximation of the derivative near the interfa
e.The jump 
ondition, [u℄� = 1, implies that u+(x) � u�(x) = 1 at theinterfa
e �. Sin
e the underlying idea of the Ghost Fluid Method is to applyboundary 
onditions near the interfa
e as opposed to applying them at theexa
t interfa
e lo
ation, the jump 
onditions are rewritten as u+i �u�i = 1 atevery 
omputational grid node. Then for every value of u�i in 
�, one 
ande�ne u+i = u�i + 1 in
luding the boundary where u+(0) = u�(0) + 1 = 1.Likewise, for every value of u+i in 
�, one 
an de�ne u�i = u+i � 1 in
ludingthe boundary where u�(1) = u+(1) � 1 = 1. At this point, every gridnode has two values for the solution, u�i and u+i , and one 
an see fromthe boundary 
onditions that the exa
t solutions are u� = x on [0; 1℄ andu+ = x + 1 on [0; 1℄. Furthermore, the jump 
ondition, u+i � u�i = 1, issatis�ed at every grid point and the boundary.Two equations from the linear system 
ontain the uk+1�uk4x term. It isthe �rst term in �u+k+1�u�k4x �� �u�k �u�k�14x �4x = 0 (10)and the se
ond term in�u+k+2�u+k+14x �� �u+k+1�u�k4x �4x = 0 (11)where the \�" supers
ripts have been added to emphasize the domain as 
�for ea
h ui. Both these equations su�er from the mixing of terms from di�er-ent domains and are poor 
andidates for obtaining the exa
t solution. Theprevious paragraph illustrates that equations 10 and 11 should be repla
edby �u�k+1�u�k4x �� �u�k �u�k�14x �4x = 0 (12)and �u+k+2�u+k+14x �� �u+k+1�u+k4x �4x = 0 (13)8



to remove the mixing of the \�" values. The nodal jump 
onditions implythat u�k+1 = u+k+1 � 1 and u+k = u�k + 1 giving rise to�(u+k+1�1)�u�k4x �� �u�k �u�k�14x �4x = 0 (14)and �u+k+2�u+k+14x �� �u+k+1�(u�k +1)4x �4x = 0 (15)from equations 12 and 13 as repla
ements for equations 10 and 11 in thelinear system. In equations 14 and 15 the uk+1�uk4x terms have been modi�edin a way that makes them O(1) instead of O( 14x).In general, [u℄� = a(x�) where x� is the interfa
e lo
ation. The jumpsat the grid nodes, ak = a(xk) and ak+1 = a(xk+1), and the lo
al values of �
an be used to interpolate the jump at the interfa
e asa� = akj�k+1j+ ak+1j�kjj�kj+ j�k+1j (16)writing � (uk+1�a�)�uk4x �� �uk�uk�14x �4x = 0 (17)and �uk+2�uk+14x �� �uk+1�(uk+a�)4x �4x = 0 (18)for use in the linear solver. It is interesting to note that one must use thesame value of a� in both equation 17 and equation 18. For example, if onewere to use ak in equation 17 and ak+1 in equation 18, then the linear systemdoes not have a solution sin
e the jump at the interfa
e is not well de�ned.Next, 
onsider the derivative jump 
ondition and rewrite the standardse
ond order dis
retization (equation 9) as(ux)i+ 12 � (ux)i� 124x = 0 (19)9



assuming that the derivatives, ux, are known at 
uxes and thus subs
riptedwith i� 12 . On
e again assume that the interfa
e is lo
ated between xk andxk+1 and use the sign of �k+ 12 to determine whether (ux)k+ 12 lies in 
� or
+. For the sake of exposition, assume that (ux)k+ 12 lies in 
+. The 
asewhere (ux)k+ 12 lies in 
� is similar and will be 
onsidered shortly.Consider [u℄� = 0 and [ux℄� = 1 with Diri
hlet boundary 
onditionsu(0) = 0 and u(1) = 1:5 yielding an exa
t solution of u = x in [0; :5℄and u = 2x in (:5; 1℄. The exa
t solution di
tates that (ux)k� 12 = 1 and(ux)k+ 12 = 2 at the 
uxes adja
ent to the interfa
e produ
ing an O( 14x)value of (ux)k+12�(ux)k� 124x in equation 19, while all the other terms of theform (ux)i+12�(ux)i� 124x are identi
ally zero and approximate the lo
al se
ondderivative. In a more general situation, the terms of the form (ux)i+12�(ux)i� 124xwill be O(1) and approximate the nonzero se
ond derivative, while the(ux)k+12�(ux)k� 124x term is still O( 14x). Sin
e the se
ond derivative is not de-�ned a
ross the interfa
e, the (ux)k+12�(ux)k� 124x term is not well de�ned.This time only one term of the form of equation 19 involves di�eren
inga
ross the interfa
e. It 
an be written as(ux)+k+ 12 � (ux)�k� 124x = 0 (20)with the \�" supers
ripts emphasizing the domain. This equation su�ersfrom the mixing of terms from di�erent domains and should be repla
ed by(ux)�k+ 12 � (ux)�k� 124x = 0 (21)where the \-" signs are used for 
� instead of the \+" signs for 
+, sin
ethis is the equation for uk whi
h has previously been assumed to be in
�. Writing the derivative jump 
ondition at 
uxes implies that (ux)�k+ 12 =(ux)+k+ 12 � 1 leading to�(ux)+k+ 12 � 1�� (ux)�k� 124x = 0 (22)10



where the modi�ed (ux)k+12�(ux)k� 124x term is O(1) instead of O( 14x).In general, [ux℄� = b(x�) where x� is the interfa
e lo
ation and bk =b(xk) and bk+1 = b(xk+1) 
an be used to de�neb� = bkj�k+1j+ bk+1j�kjj�kj+ j�k+1j (23)as the jump at the interfa
e with�(ux)+k+ 12 � b��� (ux)�k� 124x = 0 (24)repla
ing equation 22.Finally 
onsider both jump 
onditions, [u℄� = a(x�) and [ux℄� = b(x�).Combining equations 17, 18, and 24 gives� (uk+1�a�)�uk4x � b��� �uk�uk�14x �4x = fk (25)and �uk+2�uk+14x �� �uk+1�(uk+a�)4x �4x = fk+1 (26)where f(x) is no longer set to zero. Note that this parti
ular dis
retization isbased on the fa
t that the interfa
e lies between xk and xk+1 and that �k+ 12implies that the 
ux lo
ated at xk+ 12 lies in 
�. If instead �k+ 12 implies thatthe 
ux lo
ated at xk+ 12 lies in 
+ then equations 25 and 26 are repla
edwith � (uk+1�a�)�uk4x �� �uk�uk�14x �4x = fk (27)and �uk+2�uk+14x �� �uk+1�(uk+a�)4x + b��4x = fk+1 (28)for use in the linear system. 11



Note that equations 25 and 26 
an be rewritten as�uk+1�uk4x �� �uk�uk�14x �4x = fk + a�(4x)2 + b�4x (29)and �uk+2�uk+14x �� �uk+1�uk4x �4x = fk+1 � a�(4x)2 (30)while equations 27 and 28 
an be rewritten as�uk+1�uk4x �� �uk�uk�14x �4x = fk + a�(4x)2 (31)and �uk+2�uk+14x �� �uk+1�uk4x �4x = fk+1 � a�(4x)2 + b�4x (32)to emphasize that this numeri
al method yields a linear system with nomodi�
ations to the 
oeÆ
ient matrix. That is, all modi�
ations o

ur onthe right hand side of the linear system and the 
oeÆ
ients of the unknownsremain equal to those of the standard Lapla
e equation on a uniform domain.This allows standard \bla
k box" solvers to be used on the asso
iated linearsystem.3.1.2 Sub
ell ResolutionTaking the sub
ell lo
ation of the interfa
e into a

ount allows us to dis-
retize the derivative jump 
ondition more a

urately. Assume that theinterfa
e lies in between xk and xk+1, and that [u℄� = 0 and [ux℄� = b�.Then � = j�kjj�kj+ j�k+1j (33)
an be used to estimate the sub
ell interfa
e lo
ation. That is, the interfa
esplits this 
ell into two pie
es of size �4x on the left and size (1� �)4x onthe right. Denoting the value of u at this sub
ell interfa
e lo
ation by uI ,and dis
retizing the jump 
ondition, [ux℄� = b�, as� uk+1 � uI(1� �)4x�� �uI � uk�4x � = b� (34)12



allows one to solve for uI asuI = uk+1� + uk(1� �)� b��(1� �)4x (35)so that approximations to the derivatives on the left and right sides of theinterfa
e 
an be written asuI � uk�4x = uk+1 � uk4x � b�(1� �) (36)and uk+1 � uI(1� �)4x = uk+1 � uk4x + b�� (37)respe
tively.These new approximations allow one to write� (uk+1�a�)�uk4x � b�(1� �)�� �uk�uk�14x �4x = fk (38)and �uk+2�uk+14x �� �uk+1�(uk+a�)4x + b���4x = fk+1 (39)in pla
e of equations 25, 26, 27, and 28 where the position of the interfa
ewith regard to the sub
ell 
ux is no longer a 
onsideration. Likewise,�uk+1�uk4x �� �uk�uk�14x �4x = fk + a�(4x)2 + b�(1� �)4x (40)and �uk+2�uk+14x �� �uk+1�uk4x �4x = fk+1 � a�(4x)2 + b��4x (41)repla
e equations 29, 30, 31, and 32.
13



3.1.3 The Poisson EquationConsider the one dimensional variable 
oeÆ
ient Poisson equation(�ux)x = f(x) (42)with �xed Diri
hlet boundary 
onditions on �
 and a standard se
ond orderdis
retization of �i+ 12 �ui+1�ui4x �� �i� 12 �ui�ui�14x �4x = fi (43)for ea
h unknown ui. At the 
uxes, �i� 12 = �(xi� 12 ) are de�ned in a

or-dan
e with the side of the interfa
e the 
ux is lo
ated on as determined by�i� 12 . Note that this produ
es a � with no numeri
al smearing or averaging,i.e. � may be dis
ontinuous a
ross the interfa
e. Next 
onsider the jump
onditions [u℄� = a(x�) and [�ux℄� = b(x�). If �k and �k+1 indi
ate thatthe interfa
e is lo
ated between xk and xk+1, then equations 16, 23, and 33
an be used to de�ne a�, b�, and �.On
e again, taking the sub
ell lo
ation of the interfa
e into a

ountand assuming that [u℄� = 0 allows one to dis
retize the jump 
ondition,[�ux℄� = b�, as �+ � uk+1 � uI(1� �)4x�� �� �uI � uk�4x � = b� (44)and solve for uI asuI = �+uk+1� + ��uk(1� �)� b��(1� �)4x�+� + ��(1� �) (45)so that approximations to the derivatives on the left and right sides of theinterfa
e 
an be written as�� �uI � uk�4x � = �̂ �uk+1 � uk4x �� �̂b�(1� �)�+ (46)and �+ � uk+1 � uI(1� �)4x� = �̂ �uk+1 � uk4x �+ �̂b���� (47)14



where �̂ = �+���+� + ��(1� �) (48)de�nes an e�e
tive �.The dis
ussion above leads naturally to�̂ � (uk+1�a�)�uk4x � b�(1��)�+ �� �k� 12 �uk�uk�14x �4x = fk (49)and �k+ 32 �uk+2�uk+14x �� �̂ �uk+1�(uk+a�)4x + b���� �4x = fk+1 (50)as the equations for the unknowns uk and uk+1 respe
tively. Of 
ourse, these
an be rewritten as�̂ �uk+1�uk4x �� �k� 12 �uk�uk�14x �4x = fk + �̂a�(4x)2 + �̂b�(1� �)�+4x (51)and �k+ 32 �uk+2�uk+14x �� �̂ �uk+1�uk4x �4x = fk+1 � �̂a�(4x)2 + �̂b����4x (52)to emphasize that this numeri
al method yields a symmetri
 linear systemwith �k+ 12 = �̂.3.1.4 SummaryConsider the variable 
oeÆ
ient Poisson equation(�ux)x = f(x) (53)with interfa
e jump 
onditions, [u℄� = a(x�) and [�un℄� = b(x�). In addi-tion, assume that � � 0 in 
� and � > 0 in 
+ so that the unit normalpoints from 
� into 
+. Sin
e ~N = n1 = �1, one 
an write un = uxn1 and[�un℄� = [�ux℄�n1 = b(x�). Moreover, [�ux℄� = b(x�)n1.15



For ea
h grid point i, one 
an write a linear equation of the form�i+ 12 �ui+1�ui4x �� �i� 12 �ui�ui�14x �4x = fi + FL + FR (54)and assemble the system of linear equations into matrix form. Ea
h �k+ 12is evaluated based on the side of the interfa
e that xk and xk+1 lie on. If xkand xk+1 lie on opposite sides of the interfa
e, then �k+ 12 is de�ned alongthe lines of equation 48 and equation 33. First de�ne �� and �+ equal tothe values of �k and �k+1 in the obvious fashion, then �k+ 12 is de�ned as�+�� (j��j+ j�+j)�+j��j+ ��j�+j (55)Consider the left arm of the sten
il, i.e. the line segment 
onne
ting xiand xi�1. If both �i � 0 and �i�1 � 0 or if both �i > 0 and �i�1 > 0, thenFL = 0. Otherwise, de�ne � = j�i�1jj�ij+ j�i�1j (56)a� = aij�i�1j+ ai�1j�ijj�ij+ j�i�1j (57)and b� = bin1i j�i�1j+ bi�1n1i�1j�ijj�ij+ j�i�1j (58)where the normal is 
al
ulated at ea
h grid node using 
entral di�eren
ing.If �i � 0 and �i�1 > 0, thenFL = �i� 12 a�(4x)2 � �i� 12 b���+4x (59)otherwise if �i > 0 and �i�1 � 0, thenFL = ��i� 12a�(4x)2 + �i� 12 b����4x (60)16



Next 
onsider the right arm of the sten
il, i.e. the line segment 
onne
t-ing xi and xi+1. If both �i � 0 and �i+1 � 0 or if both �i > 0 and �i+1 > 0,then FR = 0. Otherwise, de�ne� = j�i+1jj�ij+ j�i+1j (61)a� = aij�i+1j+ ai+1j�ijj�ij+ j�i+1j (62)and b� = bin1i j�i+1j+ bi+1n1i+1j�ijj�ij+ j�i+1j (63)where the normal is 
al
ulated at ea
h grid node using 
entral di�eren
ing.If �i � 0 and �i+1 > 0, thenFR = �i+ 12 a�(4x)2 + �i+ 12 b���+4x (64)otherwise if �i > 0 and �i+1 � 0,thenFR = ��i+ 12a�(4x)2 � �i+ 12 b����4x (65)3.2 Two DimensionsConsider the two dimensional Poisson equation(�ux)x + (�uy)y = f(~x) (66)with interfa
e jump 
onditions, [u℄� = a(~x�) and [�un℄� = b(~x�). The unitnormal is ~N = (n1; n2) with � � 0 in 
� and � > 0 in 
+ implying thatthe unit normal points from 
� into 
+.The normal and tangential derivatives 
an be de�ned in terms of ux, uyand ~N as un = uxn1 + uyn2 (67)and ut = uxn2 � uyn1 (68)17



respe
tively. Then ux = unn1 + utn2 (69)and uy = unn2 � utn1 (70)follow dire
tly from equations 67 and 68. Multiplying equations 67 and 68by � and taking the jump a
ross the interfa
e leads to[�un℄� = [�ux℄�n1 + [�uy℄�n2 (71)and [�ut℄� = [�ux℄�n2 � [�uy℄�n1 (72)noting that ~N is 
ontinuous a
ross the interfa
e. In the same fashion,[�ux℄� = [�un℄�n1 + [�ut℄�n2 (73)and [�uy℄� = [�un℄�n2 � [�ut℄�n1 (74)
an be obtained from equations 69 and 70.Suppose that [�ux℄� = [�un℄�n1 (75)and [�uy℄� = [�un℄�n2 (76)are used in pla
e of equations 73 and 74. While equations 75 and 76 arefalse in general, they still lead to an identity when plugged into equation71. However, they lead to [�ut℄� = 0 when plugged into equation 72. Thatis, equations 75 and 76 allow one to 
orre
tly 
apture the jump in the nor-mal derivative while smearing out the jump in the tangential derivative.More importantly, equations 75 and 76 allow the derivative jump 
ondi-tion, [�un℄� = b(~x�), to be rewritten as two separate jump 
onditions,[�ux℄� = b(~x�)n1 and [�uy℄� = b(~x�)n2, allowing a dimension by dimen-sion appli
ation of the numeri
al method.18



In two dimensions, ea
h grid point (i; j) is dis
retized as�i+12 ;j�ui+1;j�ui;j4x ���i� 12 ;j�ui;j�ui�1;j4x �4x +�i;j+12�ui;j+1�ui;j4y ���i;j� 12�ui;j�ui;j�14y �4x = fi;j + F x + F y (77)and in
luded in the linear system of equations. Ea
h �k+ 12 ;j is evaluatedbased on the side of the interfa
e that xk;j and xk+1;j lie on. If xk;j andxk+1;j lie on opposite sides of the interfa
e, then �� and �+ are set equal tothe values of �k;j and �k+1;j in the obvious fashion, then �k+ 12 ;j is de�neda

ording to equation 55. Similarly, �i;k+ 12 is de�ned a

ording to xi;k andxi;k+1. In addition, note that F x = FL + FR and F y = FB + F T .Consider the left arm of the sten
il, i.e. the line segment 
onne
ting xi;jand xi�1;j. If both �i;j � 0 and �i�1;j � 0 or if both �i;j > 0 and �i�1;j > 0,then FL = 0. Otherwise, de�ne� = j�i�1;j jj�i;j j+ j�i�1;j j (78)a� = ai;jj�i�1;j j+ ai�1;jj�i;j jj�i;j j+ j�i�1;j j (79)and b� = bi;jn1i;jj�i�1;j j+ bi�1;jn1i�1;jj�i;jjj�i;j j+ j�i�1;j j (80)where the 
omponents of the normal are 
al
ulated at ea
h grid point with
entral di�eren
ing. If �i;j � 0 and �i�1;j > 0, thenFL = �i� 12 ;ja�(4x)2 � �i� 12 ;jb���+4x (81)otherwise if �i;j > 0 and �i�1;j � 0, thenFL = ��i� 12 ;ja�(4x)2 + �i� 12 ;jb����4x (82)Consider the right arm of the sten
il, i.e. the line segment 
onne
tingxi;j and xi+1;j . If both �i;j � 0 and �i+1;j � 0 or if both �i;j > 0 and�i+1;j > 0, then FR = 0. Otherwise, de�ne� = j�i+1;j jj�i;j j+ j�i+1;j j (83)19



a� = ai;jj�i+1;j j+ ai+1;jj�i;j jj�i;j j+ j�i+1;j j (84)and b� = bi;jn1i;jj�i+1;j j+ bi+1;jn1i+1;jj�i;jjj�i;j j+ j�i+1;j j (85)where the 
omponents of the normal are 
al
ulated at ea
h grid point with
entral di�eren
ing. If �i;j � 0 and �i+1;j > 0, thenFR = �i+ 12 ;ja�(4x)2 + �i+ 12 ;jb���+4x (86)otherwise if �i;j > 0 and �i+1;j � 0, thenFL = ��i+ 12 ;ja�(4x)2 � �i+ 12 ;jb����4x (87)Consider the bottom arm of the sten
il, i.e. the line segment 
onne
tingxi;j and xi;j�1. If both �i;j � 0 and �i;j�1 � 0 or if both �i;j > 0 and�i;j�1 > 0, then FB = 0. Otherwise, de�ne� = j�i;j�1jj�i;j j+ j�i;j�1j (88)a� = ai;jj�i;j�1j+ ai;j�1j�i;j jj�i;j j+ j�i;j�1j (89)and b� = bi;jn2i;jj�i;j�1j+ bi;j�1n2i;j�1j�i;jjj�i;j j+ j�i;j�1j (90)where the 
omponents of the normal are 
al
ulated at ea
h grid point with
entral di�eren
ing. If �i;j � 0 and �i;j�1 > 0, thenFB = �i;j� 12a�(4y)2 � �i;j� 12 b���+4y (91)otherwise if �i;j > 0 and �i;j�1 � 0, thenFB = ��i;j� 12 a�(4y)2 + �i;j� 12 b����4y (92)20



Consider the top arm of the sten
il, i.e. the line segment 
onne
ting xi;jand xi;j+1. If both �i;j � 0 and �i;j+1 � 0 or if both �i;j > 0 and �i;j+1 > 0,then F T = 0. Otherwise, de�ne� = j�i;j+1jj�i;j j+ j�i;j+1j (93)a� = ai;jj�i;j+1j+ ai;j+1j�i;j jj�i;j j+ j�i;j+1j (94)and b� = bi;jn2i;jj�i;j+1j+ bi;j+1n2i;j+1j�i;jjj�i;j j+ j�i;j+1j (95)where the 
omponents of the normal are 
al
ulated at ea
h grid point with
entral di�eren
ing. If �i;j � 0 and �i;j+1 > 0, thenF T = �i;j+ 12a�(4y)2 + �i;j+ 12 b���+4y (96)otherwise if �i;j > 0 and �i;j+1 � 0, thenF T = ��i;j+ 12 a�(4y)2 � �i;j+ 12 b����4y (97)3.3 Three DimensionsConsider the three dimensional Poisson equation(�ux)x + (�uy)y + (�uz)z = f(~x) (98)with interfa
e jump 
onditions, [u℄� = a(~x�) and [�un℄� = b(~x�). The unitnormal is ~N = (n1; n2; n3) with � � 0 in 
� and � > 0 in 
+ implying thatthe unit normal points from 
� into 
+.The normal derivative is de�ned by,un = uxn1 + uyn2 + uzn3 (99)leading to [�un℄� = [�ux℄�n1 + [�uy℄�n2 + [�uz℄�n3 (100)21



sin
e ~N is 
ontinuous a
ross the interfa
e. Note that [�ux℄� = [�un℄�n1,[�uy℄� = [�un℄�n2, and [�uz℄� = [�un℄�n3 are not identities, but they dolead to the 
orre
t jump 
ondition on the normal derivative when pluggedinto equation 100, although the tangential derivatives are smeared out.Rewriting [�un℄� = b(~x�) as three separate jump 
onditions, [�ux℄� =b(~x�)n1, [�uy℄� = b(~x�)n2, and [�uz ℄� = b(~x�)n3 allows the three dimen-sional numeri
al method to be applied in a dimension by dimension fashionwith a dis
retization of�i+12 ;j�ui+1;j�ui;j4x ���i� 12 ;j�ui;j�ui�1;j4x �4x +�i;j+12�ui;j+1�ui;j4y ���i;j� 12�ui;j�ui;j�14y �4x +�i;j+12�ui;j+1�ui;j4y ���i;j� 12�ui;j�ui;j�14y �4x = fi;j + F x + F y + F z (101)for the grid point (i; j; k).The remaining details are left to the reader, noting that they are astraightforward extension of the two dimensional dis
retization.
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4 Examples4.1 Example 1Here we 
onsider two examples that were dis
ussed earlier in the text. Con-sider uxx = 0 on [0; 1℄ with u(0) = 0 and u(1) = 2. The interfa
e is lo
atedat x = :5 with [u℄ = 1 and [ux℄ = 0. Figure 1 shows the solution 
omputedwith 100 grid points plotted on top of the exa
t solution of u = x to the leftof x = :5 and u = x + 1 to the right of x = :5. In �gure 2, the boundary
onditions and jump 
onditions are 
hanged to u(0) = 0, u(1) = 1:5, [u℄ = 0,and [ux℄ = 1. On
e again the solution was 
omputed with 100 grid pointsand plotted on top of the exa
t solution of u = x to the left of x = :5 andu = 2x � :5 to the right of x = :5. Note the 
risp representation of theinterfa
e 
hara
teristi
 of the GFM with no numeri
al smearing.4.2 Example 2Consider (�ux)x = f(x) on [0; 1℄ with u(0) = 0 and u(1) = 0. The interiorregion is de�ned by jx � :45j � :15 with the unit normal pointing from theinterior region to the exterior region. On the interior region � = 2 andf(x) = (8x2 � 4)e�x2 while on the exterior region � = 1 and f(x) = 0. Atx = :3, [u℄ = �e�:09 and [�un℄ = �1:2e�:09 while at x = :6, [u℄ = �e�:36and [�un℄ = 2:4e�:36. Figure 3 shows the solution 
omputed with 100 gridpoints plotted on top of the exa
t solution of u(x) = e�x2 on the interiorregion and u(x) = 0 on the exterior region.4.3 Example 3Consider r� (�ru) = f(x; y) in two spatial dimensions on [0; 1℄� [0; 1℄ withthe interfa
e de�ned by the 
ir
le (x � 0:5)2 + (y � 0:5)2 = :252 with anoutward pointing normal ve
tor, ~N = (4x�2; 4y�2). As an exa
t solution,u(x; y) = e�x2�y2 on the interior of the 
ir
le and u(x; y) = 0 on the exteriorof the 
ir
le with the appropriate Diri
hlet boundary 
onditions. � = 2with f(x; y) = 8(x2 + y2 � 1)e�x2�y2 on the interior of the 
ir
le and � = 1with f(x; y) = 0 on the exterior of the 
ir
le. The jump 
onditions are[u℄ = �e�x2�y2 and [�un℄ = 8(2x2+2y2�x�y)e�x2�y2 . Figure 4 shows thenumeri
al solution with 61 grid points in ea
h dire
tion and Table 1 showsthe results of numeri
al a

ura
y tests.
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4.4 Example 4Consider r� (�ru) = f(x; y; z) in three spatial dimensions on [0; 1℄� [0; 1℄�[0; 1℄ with the interfa
e de�ned by the sphere (x� 0:5)2 + (y � 0:5)2 + (z �0:5)2 = :252 with an outward pointing normal ve
tor, ~N = (4x � 2; 4y �2; 4z�2). As an exa
t solution, u(x; y; z) = e�x2�y2�z2 on the interior of thesphere and u(x; y; z) = 0 on the exterior of the sphere with the appropriateDiri
hlet boundary 
onditions. � = 2 with f(x; y; z) = 8(x2 + y2 + z2 �32 )e�x2�y2�z2 on the interior of the sphere and � = 1 with f(x; y; z) = 0on the exterior of the sphere. The jump 
onditions are [u℄ = �e�x2�y2�z2and [�un℄ = 8(2x2 + 2y2 + 2z2 � x� y � z)e�x2�y2�z2 . Figure 5 shows theu(x; y; z = :4) 
ross-se
tion of the the numeri
al solution with 61 grid pointsin ea
h dire
tion and Table 2 shows the results of numeri
al a

ura
y testsfor the two dimensional sli
e of data.4.5 Example 5This example was taken from [10℄. Consider 4u = 0 in two spatial dimen-sions on [�1; 1℄� [�1; 1℄ with the interfa
e de�ned by the 
ir
le x2+y2 = :52with an outward pointing normal ve
tor, ~N = (2x; 2y). As an exa
t solu-tion, u(x; y) = 1 on the interior of the 
ir
le and u(x; y) = 1+ln(2px2 + y2)on the exterior of the 
ir
le with the appropriate Diri
hlet boundary 
ondi-tions. The jump 
onditions are [u℄ = 0 and [un℄ = 2. Figure 6 shows thenumeri
al solution with 61 grid points in ea
h dire
tion and Table 3 showsthe results of numeri
al a

ura
y tests.4.6 Example 6This example was taken from [10℄. Consider 4u = 0 in two spatial dimen-sions on [�1; 1℄� [�1; 1℄ with the interfa
e de�ned by the 
ir
le x2+y2 = :52with an outward pointing normal ve
tor, ~N = (2x; 2y). As an exa
t solution,u(x; y) = ex 
os(y) on the interior of the 
ir
le and u(x; y) = 0 on the exte-rior of the 
ir
le with the appropriate Diri
hlet boundary 
onditions. Thejump 
onditions are [u℄ = �ex 
os(y) and [un℄ = 2ex(y sin(y) � x 
os(y)).Figure 7 shows the numeri
al solution with 61 grid points in ea
h dire
tionand Table 4 shows the results of numeri
al a

ura
y tests.
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4.7 Example 7This example was taken from [10℄. Consider 4u = 0 in two spatial dimen-sions on [�1; 1℄� [�1; 1℄ with the interfa
e de�ned by the 
ir
le x2+y2 = :52with an outward pointing normal ve
tor, ~N = (2x; 2y). As an exa
t solution,u(x; y) = x2� y2 on the interior of the 
ir
le and u(x; y) = 0 on the exteriorof the 
ir
le with the appropriate Diri
hlet boundary 
onditions. The jump
onditions are [u℄ = y2 � x2 and [un℄ = 4(y2 � x2). Figure 8 shows thenumeri
al solution with 61 grid points in ea
h dire
tion and Table 5 showsthe results of numeri
al a

ura
y tests.4.8 Example 8This example was taken from [11℄. Consider r � (�ru) = f(x; y) in twospatial dimensions on [�1; 1℄ � [�1; 1℄. The interfa
e is de�ned by the 
ol-le
tion of points (x(�); y(�)) where x(�) = :02p5 + (:5 + :2 sin(5�)) 
os(�),y(�) = :02p5 + (:5 + :2 sin(5�)) sin(�), � 2 [0; 2�), and the unit normal,~N = (n1; n2), is assumed to point from the interior region to the exteriorregion. As an exa
t solution, u(x; y) = x2 + y2 on the interior region andu(x; y) = :1(x2 + y2)2 � :01 ln(2px2 + y2) on the exterior region with theappropriate Diri
hlet boundary 
onditions. � = 1 with f(x; y) = 4 on theinterior region and � = 10 with f(x; y) = 16(x2+ y2) on the exterior region.The jump 
onditions are [u℄ = :1(x2 + y2)2 � :01 ln(2px2 + y2)� (x2 + y2)and [�un℄ = (4(x2+ y2)� :1(x2+ y2)�1� 2)(xn1+ yn2). Figure 9 shows thenumeri
al solution with 61 grid points in ea
h dire
tion and Table 6 showsthe results of numeri
al a

ura
y tests.4.9 Example 9This example was taken from [11℄. Consider r � (�ru) = f(x; y) in twospatial dimensions on [�1; 1℄ � [0; 3℄. The interfa
e is de�ned by the 
ol-le
tion of points (x(�); y(�)) where x(�) = :6 
os(�) � :3 
os(3�), y(�) =1:5 + :7 sin(�) � :07 sin(3�) + :2 sin(7�), � 2 [0; 2�), and the unit normal,~N = (n1; n2), is assumed to point from the interior region to the exterior re-gion. As an exa
t solution, u(x; y) = ex(x2 sin(y)+y2) on the interior regionand u(x; y) = �(x2+y2) on the exterior region with the appropriate Diri
h-let boundary 
onditions. � = 1 with f(x; y) = ex(2+y2+2 sin(y)+4x sin(y))on the interior region and � = 10 with f(x; y) = �40 on the exterior re-gion. The jump 
onditions are [u℄ = �(x2 + y2) � ex(x2 sin(y) + y2) and[�un℄ = (�20x�ex((x2+2x) sin(y)+y2))n1+(�20y�ex(x2 
os(y)+2y))n2.25



Figure 10 shows the numeri
al solution with 61 grid points in the x-drie
tionand 91 grid points in the y-dire
tion. Table 7 shows the results of the nu-meri
al a

ura
y tests.
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�x L1-error in U order L2-error in U order L2-error in r � U order120 0.0088 0.0027 0.0675140 0.0041 1.07 0.0010 1.43 0.0348 0.95180 0.0020 1.04 0.0003 1.73 0.0186 0.901160 0.0011 0.86 0.0001 1.58 0.0108 0.78Table 1�x L1-error in U order L2-error in U order L2-error in r � U order120 0.0064 7.49e-4 0.0335140 0.0035 0.87 2.37e-4 1.66 0.0142 1.24180 0.0023 0.54 1.01e-4 1.23 0.0074 0.941160 0.0015 0.68 4.66e-5 1.12 0.0049 0.59Table 2�x L1-error in U order L2-error in U order L2-error in r � U order110 0.0326 0.0299 0.1240120 0.0130 1.33 0.0111 1.43 0.0463 1.42140 0.0050 1.38 0.0040 1.47 0.0167 1.47180 0.0019 1.40 0.0014 1.51 0.0060 1.48Table 3�x L1-error in U order L2-error in U order L2-error in r � U order110 0.0153 0.0054 0.1380120 0.0081 0.92 0.0022 1.30 0.0703 0.97140 0.0044 0.88 0.0009 1.29 0.0370 0.93180 0.0023 0.94 0.0003 1.59 0.0209 0.82Table 4�x L1-error in U order L2-error in U order L2-error in r � U order110 0.0068 0.0033 0.0770120 0.0033 1.04 0.0014 1.24 0.0337 1.19140 0.0014 1.24 0.0005 1.49 0.0169 1.00180 0.0008 0.81 0.0002 1.32 0.0108 0.65Table 5
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�x L1-error in U order L2-error in U order L2-error in r � U order110 4.90e-4 3.69e-4 0.0610120 3.20e-4 0.61 1.53e-4 1.27 0.0221 1.46140 1.67e-4 0.94 8.49e-5 0.85 0.0079 1.48180 7.35e-5 1.18 3.64e-5 1.22 0.0028 1.50Table 6�x L1-error in U order L2-error in U order L2-error in r � U order110 0.2437 0.1136 1.3141120 0.1534 0.67 0.0666 0.77 0.7969 0.72140 0.0498 1.62 0.0189 1.82 0.2798 1.51180 0.0358 0.48 0.0082 1.20 0.1992 0.49Table 7
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Figure 1: uxx = 0, [u℄ = 1, [ux℄ = 0
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Figure 2: uxx = 0, [u℄ = 0, [ux℄ = 1
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Figure 3: One Spatial Dimension, r � (�ru) = f(x), [u℄ 6= 0, [�un℄ 6= 0
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Figure 4: Two Spatial Dimensions, r � (�ru) = f(x; y), [u℄ 6= 0, [�un℄ 6= 0
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Figure 5: Three Spatial Dimensions (Cross-Se
tion), r� (�ru) = f(x; y; z),[u℄ 6= 0, [�un℄ 6= 0 33



−1

−0.5

0

0.5

1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1

1.2

1.4

1.6

1.8

2

Figure 6: Two Spatial Dimensions, 4u = 0, [u℄ = 0, [un℄ 6= 0
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Figure 7: Two Spatial Dimensions, 4u = 0, [u℄ 6= 0, [un℄ 6= 0
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Figure 9: Two Spatial Dimensions, r � (�ru) = f(x; y), [u℄ 6= 0, [�un℄ 6= 0
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