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Abstract: The level set method for compressible flows [13] is simple to imple-
ment, especially in the presence of topological changes. However, this method
was shown to suffer from large spurious oscillations in [11]. In [4], a new Ghost
Fluid Method (GFM) was shown to remove these spurious oscillations by min-
imizing the numerical smearing in the entropy field with the help of an Isobaric
Fix [6] technique. The original GFM was designed for the inviscid Euler equa-
tions. In this paper, we extend the formulation of the GFM and apply the
extended formulation to the viscous Navier-Stokes equations. The resulting
numerical method is robust and easy to implement along the lines of [15].

1 Introduction

In [13], the authors applied the level set method to multiphase compressible
flows. The level set function was used as an indicator function and each grid
point was designated as one fluid or the other for evaluation of the equation
of state. Then numerical fluxes were formed and differenced in the usual man-
ner [15]. The usual virtues of ease of implementation, in particular as regards
to topological changes, were apparent. However, in [11], it was shown that
this technique produced large spurious oscillations in the pressure and veloc-
ity fields. This problem was rectified in [10], [3], and [2] with schemes that
involved explicit treatment of the appropriate conditions at the interface. As
a consequence, these schemes are intricate in one dimension and can only be
extended to multiple dimensions with ill-advised dimensional splitting in time.
In addition, multilevel time integrators, such as Runge Kutta methods, are
difficult to implement for these schemes.

The Ghost Fluid Method [4] avoids these oscillations at multimaterial in-
terfaces without explicitly using interface jump conditions. Instead, the GFM

1This paper was presented in ”Solutions of PDE” Conference in honour of Prof. Roe on
the occassion of his 60th birthday, July 1998, Arachaon, France



creates a artificial fluid which implicitly induces the proper conditions at the
interface. In the flavor of the level set function which gives an implicit rep-
resentation of the interface, the GFM gives an implicit representation of the
Rankine-Hugoniot jump conditions at the interface. Since the jump conditions
are handled implicitly by the construction of a ghost fluid, the overall scheme
becomes easy to implement in multidimensions without time splitting. In ad-
dition, Runge Kutta methods are trivial to apply.

In [4], the GFM was implemented for contact discontinuities in the inviscid
Euler equations. In this case, the pressure and normal velocity of the ghost
fluid are just copied over from the real fluid in a node by node fashion while the
entropy and tangential velocities are defined with a simple partial differential
equation for one-sided extrapolation in the normal direction. See [4] for details.

In this paper, we will generalize the GFM and show how this new general
technique can be used for material interfaces in the viscous Navier-Stokes equa-
tions. The GFM will émplicitly enforce the jump conditions at the interface by
the construction of a ghost fluid. The resulting numerical method is easy to
implement in multidimensions (without time splitting) and extends trivially to
Runge Kutta methods.

2 Equations

2.1 Navier-Stokes Equations

The basic equations for viscous compressible flow are the Navier-Stokes equa-
tions,

U, + F(U), + G(U), + H{U), = Vis (1)

which can be written in more detail as
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where t is the time, (z,y, z) are the spatial coordinates, p is the density, V=<
u,v,w > is the velocity field, E is the total energy per unit volume, and p is
the pressure. The total energy is the sum of the internal energy and the kinetic
energy,

p(u? + v + w?)

E:
pe+ 5

(3)

where e is the internal energy per unit mass. The two-dimensional Navier-
Stokes equations are obtained by omitting all terms involving w and z. The



one-dimensional Navier-Stokes equations are obtained by omitting all terms
involving v, w, y, and z. The inviscid Euler equations are obtained by setting
Vis =0.

In general, the pressure can be written as a function of density and internal
energy, p = p(p,e), or as a function of density and temperature, p = p(p,T).
In order to complete the model, we need an expression for the internal energy
per unit mass. Since e = e(p, T) we write

de de
de=|(—| d — | dT 4
= (&), (), g
which can be shown to be equivalent to
p—Tp

where ¢, is the specific heat at constant volume. [6]

The sound speeds associated with the equations depend on the partial
derivatives of the pressure, either p, and p. or p, and pr, where the change
of variables from density and internal energy to density and temperature is
governed by the following relations

p—Tpr
Pp = Pp — <7) pr (6)

pe—>pp+<1)p:r (7)
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and the sound speed c is given by

PDe
c=,/pp+ — (8)
P
for the case where p = p(p, ) and
T(pr)?
= 9
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for the case where p = p(p, T).

2.1.1 Viscous Terms

We define the viscous stress tensor as

Tex Txy Txz
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where
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Tox = gu(Quz —vy — W),  Tay = pluy + vg) (11)
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Tyy = §N(2vy — Uy —w,), Tez = puy + wy) (12)
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Tzz = gﬂ@wz — Uz — Uy)v Tyz = p(vs + wy) (13)

and p is the viscosity. In addition, we define

. s Txy Txz
VoT=| Tay + | Ty + | 7y (14)
Taz z Tyz y T2z .

VT = (UTgy + UTay + WTas, UTgy + UTyy + WTyz, UTgs + 0Ty, +wT,)  (15)

so that the viscosity terms in the Navier-Stokes equations can be represented
as

Vis = VT (16)

2.1.2 Eigensystem

The Navier-Stokes equations can be thought of as the inviscid Euler equations
plus some viscosity terms. We discretize the spatial part of the inviscid Euler
equations in the usual way, e.g. ENO [15]. These methods require an eigensys-
tem which we list below. Note that we only list the two dimensional eigensys-
tem, since there are no three dimensional examples in this paper. However, the
method works well and it is straightforward to implement in three dimensions
as we shall show in a future paper. Once the spatial part of the inviscid Euler
equations is discretized, we discretize the viscous terms and use the combined
discretization as the right hand side for a time integration method, e.g. we use
3rd order TVD Runge-Kutta [15].

The eigenvalues and eigenvectors for the Jacobian matrix of F ((7 ) are ob-
tained by setting A = 1 and B = 0 in the following formulas, while those for
the Jacobian of G(U) are obtained with A =0 and B = 1.

The eigenvalues are

M=d-—c MN=X=q M=d+4c (17)



and the eigenvectors are
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The eigensystem for the one-dimensional equations is obtained by setting
v=0.

2.2 Level Set Equation
We use the level set equation
¢+ V- =0 (27)

to keep track of the interface location as the zero level of ¢. In this equation,
the level set velocity, V, is chosen to be the local fluid velocity which is a



natural choice when the interface is a simple contact discontinuity or a non-
reacting material interface. In general ¢ starts out as the signed distance
function, is advected by solving equation 27 using the methods in [9], and then
is reinitialized using

¢+ 5(90) (19l —1) =0 (28)

to keep ¢ approximately equal to the distance function, |§¢| = 1, near the
interface where we need additional information. We note that our method
allows us to solve equation 27 independently of the Navier-Stokes equations.
That is, equation 27 can be solved directly using the method in [9], and the
eigensystem listed above does not depend on ¢, since we will be solving only
one phase problems with any given eigensystem (see the later sections). For
more details on the level set function see [4, 13, 14, 16].

2.3 Equation of State

For an ideal gas p = pRT where R = % is the specific gas constant, with

R, ~ 8.31451W‘]lK the universal gas constant and M the molecular weight of

the gas. Also valid for an ideal gas is ¢, — ¢, = R where ¢, is the specific heat
at constant pressure. Additionally, gamma as the ratio of specific heats v = 2.

Co
8]
For an ideal gas, equation 5 becomes

de = ¢, dT (29)

and assuming that ¢, does not depend on temperature (calorically perfect gas),
we integrate to obtain

e=c,T (30)

where we have set e to be zero at 0K . Note that e is not uniquely determined,

and we could choose any value for e at 0K (although one needs to use caution

when dealing with more than one material to be sure that integration constants

are consistent with the heat release in any chemical reactions that occur).
Note that we may write

R
p=pRT = —pe=(y—1)pe (31)
for use in the eigensystem.

3 The GFM for Inviscid Flow

We use the level set function to keep track of the interface. The zero level
marks the location of the interface, while the positive values correspond to



one fluid and the negative values correspond to the other fluid. Each fluid
satisfies the inviscid Euler equations (Vis = 0) described in the last section
with different equations of state for each fluid. Based on the work in [9], the
discretization of the level set function can be done independent of the two sets
of Euler equations. Besides discretizing equation 27 we need to discretize two
sets of Euler equations. This will be done with the help of ghost cells.

Any level set function defines two separate domains for the two separate
fluids, i.e. each point corresponds to one fluid or the other. Our goal is to
define a ghost cell at every point in the computational domain. In this way,
each grid point will contain the mass, momentum, and energy for the real fluid
that exists at that point (according to the sign of the level set function) and
a ghost mass, momentum, and energy for the other fluid that does not really
exist at that point (the fluid on the other side of the interface). Once the ghost
cells are defined, we can use standard methods, e.g. see [15], to update the
Euler equations at every grid point for both fluids. Then we advance the level
set function to the next time step and use the sign of the level set function to
determine which of the two updated fluid values should be used at each grid
point.

Consider a general time integrator for the Euler equations. In general, we
construct right hand sides of the ordinary differential equation for both fluids
based on the methods in [15], then we advance the level set to the next time
level and pick one of the two right hand sides to use for the Euler equations
based on the sign of the level set function. This can be done for every step and
every combination of steps in a multistep method. Since both fluids are solved
for at every grid point, we just choose the appropriate fluid based on the sign
of the level set function.

To summarize, use ghost cells to define each fluid at every point in the
computational domain. Update each fluid separately in multidimensional space
for one time step or one substep of a multistep time integrator with standard
methods. Then update the level set function independently using the real fluid
velocities and the sign of the level set function to decide which of the two
answers is the valid answer at each grid point. Keep the valid answer and
discard the other so that only one fluid is defined at each grid point.

Lastly, we note that only a band of 3 to 5 ghost cells on each side of the
interface is actually needed by the computational method depending on the
stencil and movement of the interface. One can optimize the code accordingly.

3.1 Defining Values at the Ghost Cells

In [4], the GFM was implemented for a contact discontinuity in the inviscid
Euler equations. In that case, it was apparent that the pressure and normal
velocity were continuous, while tangential velocity was continuous in the case
of a no-slip interface but discontinuous for shear waves. It was also apparent
that the entropy was discontinuous.

For variables that are continuous across the interface, we define the values of



the ghost fluid to be equal to the values of the real fluid at each grid point. Since
these variables are continuous, this node by node population will implicitly
capture the interface values of the continuous variables.

Note that the discontinuous variables are governed by a linearly degenerate
eigenvalue. Thus, they move with the speed of the interface and information
in these variables should not cross the interface. In order to avoid numerical
smearing of these variables, we use one sided extrapolation to populate the
values in the ghost fluid. Note that the work in [6] shows that one does not
have to deal directly with the entropy. There are a few options for the choice
of the variable used in extrapolation, ranging from density to temperature.

The extrapolation of the discontinuous variables is carried out in the fol-
lowing fashion. Using the level set function, we can define the unit normal at
every grid point as

#¢
|79

]\7:

=< ni,Ng,N3 > (32)

and then we can solve the advection equation
L+N-vI=0 (33)

for each variable I that we wish to extrapolate. Note that the “+” sign is
chosen to be of one sign to propagate one fluid’s values into one ghost region
and the opposite sign to propagate the other fluid’s values into the other ghost
region. Of course this partial differential equation is solved with a Dirichlet
type boundary condition so that the real fluid values do not change. This
equation only needs to be solved for a few time steps to populate a thin band
of ghost cells needed for the numerical method.

In addition, we use the Isobaric Fix [6] to minimize “overheating” when
necessary. In order to do this, we adjust our Dirichlet type boundary condition
in the procedure above so that a band of real fluid values can change their
entropy.

When the need arises to extrapolate the tangential velocity, we achieve
this by first extrapolating the entire velocity field, V =< u,v,w >. Then, at
every cell in the ghost region we have two separate velocity fields, one from
the real fluid and one from the extrapolated fluid. For each velocity field,
the normal component of velocity, Vi = V.N , is put into a vector of length
three, Viy N, and then we use a complementary projection idea [7] to define the
two dimensional velocity field in the tangent plane by another vector of length
three, V — VaN. Finally, we take the normal component of velocity, VNN
from the real fluid and the tangential component of velocity, V- VNN from
the extrapolated fluid and add them together to get our new velocity to occupy
the ghost cell. This new velocity is our ghost fluid velocity.

Once the ghost fluid values are defined as outlined above, they can be use
to assemble the conserved variables for the ghost fluid.



4 Generalization of the Ghost Fluid Method

For a simple contact discontinuity in the inviscid Euler equations, we were able
to separate the variables into two sets based on their continuity at the interface.
The continuous variables were copied into the ghost fluid in a node by node
fashion in order to capture the correct interface values. The discontinuous vari-
ables were extrapolated in a one sided fashion to avoid numerical dissipation.
We wish to apply this idea to a general interface, moving at speed D in the
normal direction, separating two general materials. That is, we need to know
which variables are continuous for this general interface.

Conservation of mass, momentum, and energy can be applied to the inter-
face in order to abstract some continuous variables. One can place a flux on the
interface oriented tangent to the interface so that material that passes through
this flux passes through the interface. Then this flux will move with speed D
(the interface speed in the normal direction), and the mass, momentum, and
energy which flows into this flux from one side of the interface must flow back
out the other side of the interface. That is, the mass, momentum, and energy
flux in this moving reference frame are continuous variables. Otherwise, there
would be a mass, momentum, or energy sink at this interface and conservation
would be violated. We will denote mass, momentum, and energy flux in this

—

moving reference frame as F, FpV’ and Fg respectively. The statement that
these variables are continuous is essentially the Rankine-Hugoniot jump condi-
tions for an interface moving with speed D in the normal direction. Instead of
applying the Rankine-Hugoniot jump conditions explicitly to the interface, we
will use the fact that F), F o and Fg are continuous to define a ghost fluid
that captures the interface values of these variables.

—

Remark: Note that numerically F,, va, and Fr may not be continuous.
This could occur from initial data or wave interactions. However, since we treat
F,, ﬁp07 and Fr as though they were continuous in the numerical method,
numerical dissipation will smooth them out. In fact, this numerical dissipation
will help to guarantee the correct numerical solution.

Remark: The level set function is only designed to represent interfaces
where the interface crosses the material at most once [14]. Simple material
interfaces that move with the local material velocity never cross over material.
If one material is being converted into another then the interface may include
a regression rate for this conversion. If the regression rate for this conversion
of one material into another is based on some sort of chemical reaction, then
the interface can pass over a material exactly once changing it into another
material. The same chemical reaction cannot occur to a material more than
once. The GFM for deflagration and detonation discontinuities is presented in
[5].

Remark: Shocks may be seen as a conversion of an uncompressed material
to a compressed material. In this case, D would be the shock speed. This
method could be used to follow a lead shock, but since shocks can pass over a
material more than once, all subsequent shocks must be captured. In fact, this



turns out to be useful and we will examine the use of this method for shocks
in a future paper [1].

Remark: In the general case, F v and Fg will include general mechanical
stress terms on the interface besides viscosity and pressure, e.g. surface tension,
and material models. We will consider these general mechanical stress terms in
future papers. In this paper, pressure and viscosity will be the only mechanical
stress terms on the interface.

Remark: In the general case, Fp will include general thermal stress on the
interface, e.g. thermal conductivity. We will consider thermal stress in a future
paper.

To define F, F"p‘;, and Fg, one takes the equations and writes them in
conservation form for mass, momentum, and energy. The fluxes for these vari-
ables are then rewritten in the reference frame of a flux which is tangent to the
interface by simply taking the dot product with the normal direction

<ﬁ(ﬁ), é(ﬁ),ﬁ(ﬁ)> - N (34)

0
T
Vr

where 0 =< 0,0,0 >. Note that the dot product with N is equivalent to
multiplication by the transpose of N. We use the superscript T to designate
the transpose and rewrite the above expression as

p 0
VT | Vn+ | (I —7)NT (35)
E V(pl —7)NT

where Vy = V - N is the local fluid velocity normal to the interface and I is
the three by three identity matrix. Then the measurements are taken in the
moving reference frame (speed D) to get

p 0
p (V7= DNT) | (v — D) + (pI — 7)NT (36)
pe + p\V}Dl\ﬂz (V—~DN)(pl —7)NT

from which we define

F, = p(Vy — D) (37)

P (VT - DNT) (Vy — D)+ (pI — 7)NT (38)



as continuous variables for use in the GFM. That is, we will define the ghost
fluid in a node by node fashion by solving the system of equations

G R
FY =F! (40)
FpGV = Fﬁ/ (41)
F§ =F§ (42)

at each grid point. Note that the superscript “R” stands for a real fluid value
at a grid point, while the superscript “G” stands for a ghost fluid value at a
grid point. Since FpR, Fg?, Fg, N, and D are known at each grid point, these

can be substituted into equations 40, 41, and 42, leaving p©, VG, p%, €%, and
7¢ undetermined. The appropriate equation of state can be used to eliminate
one of these variables.

4.1 Non-reacting Material Interfaces

In this paper, we are interested in simple material interfaces where the interface
moves with the fluid velocity only. That is, we use the local fluid velocity, 17,
in the level set equation as the level set velocity.

The level set velocity, ‘7, is defined everywhere by a continuous function
where the value of V at the interface is equal to the value that moves the
interface at the correct interface velocity. This global definition of V is the one
we use to find D for use in solving equations 40, 41, and 42. In a node by node
fashion, we define D = V - N as the velocity of the interface in the normal
direction. In this way, we capture the correct value of D at the interface.

Using D = VE.N = VI in equation 40 yields
POV = VA =0 (43)

implying that Vﬁ = V. That is, the normal component of the ghost fluid
velocity should be equal to the normal component of the real fluid velocity at
each point. This allows us to simplify equations 38 and 39 to

F = (pl—7)N" (44)

Fg = (V—VyN)(pl —7)NT = —(V — VyN)rNT (45)

If the flow were inviscid, then 7 = 0 and equation 41 becomes p& = pf
implying that the pressure of the ghost fluid should be equal to the pressure
of the real fluid at each point. Equation 42 is trivially satisfied and we are left
with some freedom. As shown earlier, the entropy should be extrapolated in
the normal direction along with an Isobaric Fix [6] to minimize “overheating”.
The tangential velocities may be extrapolated for a shear wave or copied over
node by node to enforce continuity of the tangential velocities for a “no-slip”
boundary condition.

11



5 The Viscous Stress Tensor

Before we define 7€, we compute 7 at each grid point by first computing the

spatial derivatives of the velocities at each grid point. For a “no-slip” boundary
condition, we use standard second order central differencing in order to compute
the derivatives of the velocities. Note that this will consist of differencing across
the interface, and discontinuous velocity profiles will become continuous due to
numerical dissipation. For a “slip” boundary condition, we avoid differencing
across the interface in order to allow jumps in the velocity field. If a grid
point and both of its neighbors have the same sign of ¢ (meaning that they
are all on the same side of the interface), then we use a standard second order
central difference. If a grid point only has one neighbor with the same sign
of ¢, then we only use that neighbor and a first order one-sided difference. If
a grid point has a different sign of ¢ than both of its neighbors, we are in an
underresolved region and cannot compute the derivative. Our only choice is to
set the derivative to zero. Once all the spatial derivatives are computed, we
combine them with the appropriate value of ;1 depending on the sign of ¢.

After computing 7 at all the grid points, we use use equation 33 to extrapo-
late each term in 7 across the interface. Then, at every grid point in the ghost
region we have two separate values for 7, one from the real fluid and one from
the extrapolated fluid. Equations 41 and 42 tell us that part of the viscous
stress tensor is continuous and part is discontinuous. We write

T=7c+7TD (46)

where 7¢ is the continuous part of 7, and 7p is the discontinuous part of 7.
Then we take the real fluid value of 7« and the extrapolated fluid value of 7p
and add them together to get 7¢ as our ghost fluid value at each grid point.

Consider a specific grid point where the unit normal is N. We could choose
a basis for the the two dimensional tangent plane with two orthogonal unit
tangent vectors fl and fg. Then the viscous stress tensor can be written in
this new coordinate system with a simple transformation

Tnn 7-ntl 7-ntg ]_Y Trx Twy Tz ]_Y

Tnt1  Ttit1  Ttits = Tl Tey Tyy Tyz Tl (47)
Tntg Ttltz Tt2t2 fQ Txz Tyz Tzz fQ

where we have defined our transformation matrix @ by

Q= (48)

N} 1)—}ﬂl 21

with QTQ = QQT = 1.

12



5.1 Momentum Terms

We use the transformation @ to put equation 44 into a better coordinate system

. P — Tan
QFPV = —Tnty (49)

7Tnt2

illustrating that p — 7Typ, Tht, and T,¢, are continuous variables across the
interface. Thus 7¢ should contain 7, and 7,:, and the jump in 7,, can be
used to find the pressure of the ghost fluid.

We define the continuous part of 7 as

c=Q" | 7. 0 0 Q (50)
Tnty 0 0

and compute 7¢ through the equation

TC =70 + fg (51)
where
0 0 0 0 .
ic=QT | e, 0 0 |Q=Q"| 7, | N (52)
Tnty O O Tnty

is easy to find. Note that equation 47 shows that
T’I’L'Il o
Tat, | = QTNT (53)

Tntg

and using this in equation 52 gives
ic=Q7 QTNT - 0 N =7NTN — ]\7T7'7m]\7 (54)

which can be further simplified to
t¢ = (1 — Tan)NTN (55)
finally allowing us to define
¢ = (1 = Tan)NTN + NTN (1 — 1) (56)

From equation 47 we have 7,, = N7NT and we use this in equation 56
to compute 7c. We define 7¢ by adding the real fluid value of 7¢ to the
extrapolated fluid value of Tp =7 — 7¢.

13



We can find the pressure by solving the equation

P = =t (57)

nn nn

for p© using the extrapolated value of 7 to define 7&,

We stress that equation 56 and the entire numerical algorithm for the vis-
cous stress tensor only depends on the normal, N , of Q. We have used a basis
free projection technique to eliminate the dependence on T, and T similar to
the work in [7].

5.2 Energy Terms

We use equation 47 to rewrite equation 45 as

Tnn Tnn
FE = 7(V - VNN)QT Tntq = 7(0; ‘/;417%2) Tnty (58)
T’ﬂtz Tntg

where V4, and V4, are the velocities in the tangent directions 7T and T5 respec-
tively. Thus, we need

Fg = _(‘/;517-71751 + ‘/;527-71152) (59)

to be continuous across the interface.

When the viscosity is zero or the flow is uniform, we have 7,1, = Tp, =0
and equation 59 is trivially satisfied. In this case the tangential velocities may
or may not be continuous. That is, we may have a shear wave in which case
we use a “slip” boundary condition.

When the viscosity is nonzero and the flow is not uniform, 7,1, # 0 # T,
and we need to define V;, and V;, so that equation 59 is satisfied. This can be
done with the “no-slip” boundary condition which requires V4, and V4, to be
continuous across the interface. Since Vi is necessarily continuous, the “no-
slip” boundary condition requires the entire velocity field, 17, to be continuous.

5.3 Constructing Fluxes

We will discuss the the numerical discretization in the z-direction, after which
the y-direction and z-direction can be inferred by symmetry. We will need a
spatial discretization for

Tay (60)
TIZ
UTgg + VTgy + Wy

which will be achieved by differencing fluxes. In order to construct the ap-
propriate flux function (which is just equation 60 without the x derivative) we

14



need values of 74, Tyy, Tz, and V at the cell walls which are centered between
the grid points. We define these functions at the cell walls by the average of
the values at the neighboring grid points.

Using the arithmetic average to define 7., Tzy, 72> and 1% gives the standard
definition of p, vy, w., uy, and u,, but gives a rather wide stencil for uz, v,
and w,. We wish to avoid this wide stencil in regions of the real fluid away
from the interface. If a flux in the real fluid has both of its neighboring grid
points in the real fluid, then we replace arithmetic average of u,, v;, and w,
with the centered difference computed using these two grid points. This gives
the standard compact stencil which avoids ”odd-even” decoupling.

6 Examples

In our numerical examples we use third order ENO-LLF with 3rd order TVD
Runge Kutta methods [15].

6.1 Example 1

We use a 1m square domain with 20 grid points in each direction with linear
extrapolation of all variables as a first order boundary condition. We use
=14, M= 02922 p=1% 4 =02 and p =1 x 10°Pa for both gases.
The interface is defined by ¢ = x — .5 which makes the interface a straight
line defined by = = .5, i.e. ¢ = 0. We initialize the velocity tangent to the
interface by v = 300sin(27¢) as shown in figure 1. A cross-sectional view of
the tangential velocity is shown in 2.

We set the viscosity in both fluids to 100% and show the solution at ¢t =
.001s in figure 3. Since both viscosities are equal, the spatial profile of the
tangential velocity is linear. We used the “no-slip” boundary condition.

In figure 4 we change the viscosity on the left to 50% and show the solution
at t = .0025. Once again the spatial profile of the tangential velocity is linear,
however there is a kink in the linear function at the interface due to the jump
in viscosity. We used the “no-slip” boundary condition.

In figure 5 we change the viscosity on the left to zero, which in turn implies
the use of a “slip” boundary condition. At ¢ = .001s, the viscous fluid on the
right is seeking a flat profile (uniform flow) as shown in figure 5. Note that the
discontinuous tangential velocity is indicative of a shear wave.

6.2 Example 2

In this example we use ¢ = —y—+2x—.5 which defines the ¢ = 0 interface by the
straight line y = 2z — .5. This interface is rotated 22.5 degrees clockwise from
the interface in the last example. In addition, we change the initial velcoity
field to u = 300 sin(%)sin((ﬁﬂ’)% and v = 300 sin(%)cos@?bo)? as
shown in figure 6. We choose a line perpendicular to the interface and plot a
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cross-section of the tangential velocities in 7. We treat the boundary of the
problem by linear extrapolation in the direction defined by the line y = 2z.
This leaves four boundary values in the upper left hand corner and the lower
right hand corner undefined, and we define them by constant extrapolation
from the interior corner points, i.e. points (2,19) and (19,2) respectively.

As in the last example, we show the solution at ¢ = .001s in figure 8 for
the case where both fluids have a viscosity of 100%. In figure 9, we show the
solution at t = .0025 where the fluid on the left had its viscosity changed to
50%. In figure 10, we show the solution at ¢ = .001s where the fluid on the left
has zero viscosity. Once again, the first two cases had a “no-slip” boundary
condition while the last case has a “slip” boundary condition. We get the
expected results in each case.

6.3 Example 3

In this example we return to the interface defined by ¢ = z — .5 in Example 1.
All initial data is the same as in Example 1, except that we define a uniform
normal velocity of u = 50 so that the interface will move to the right, cross-
ing grid nodes. The initial velcoity field and a cross-section of the tangential
velocity are shown in figure 11 and 12 respectively.

We show the solution at ¢ = .00175s for the case where both fluids have
viscosities of 100% in figure 13. z = .6m. We change the viscosity of the fluid
on the left to 50% and show the results at ¢ = .0025 in figure 14. We change
the viscosity of the fluid on the left to zero and show the results at ¢ = .00175s
in figure 15. The first two cases had a “no-slip” boundary condition while the
last case has a “slip” boundary condition. In the first two cases, the interface
has crossed two grid nodes and is located near x = .6, while in the last case
the interface has only crossed one grid node.
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Figure 7: Initial tangetial velocity profile
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Figure 11: Initial velocity field
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Figure 12: Initial tangetial velocity profile
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