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1 Introdu
tionIn [19℄, the authors applied the level set method to multiphase 
ompress-ible 
ow. The level set fun
tion was used as an indi
ator fun
tion and ea
hgrid point was designated as one 
uid or the other in order to 
hoose theappropriate equation of state. Then the numeri
al 
uxes were formed anddi�eren
ed in the usual manner, see e.g. [24℄. In [15℄, it was shown that thiste
hnique produ
ed large spurious os
illations in the pressure and velo
ity�elds. This problem was re
ti�ed in [12℄, [6℄, and [5℄ with s
hemes thatinvolved expli
it treatment of the appropriate boundary 
onditions at theinterfa
e. As a 
onsequen
e, these s
hemes are intri
ate in one dimensionand 
an only be extended to multiple dimensions with ill-advised dimen-sional splitting in time. In addition, multilevel time integrators, su
h asRunge Kutta methods, are diÆ
ult to implement for these s
hemes.The Ghost Fluid Method (GFM) [7℄ avoids the os
illations at multimate-rial interfa
es without expli
itly applying the interfa
e boundary 
onditions.Instead, the GFM 
reates an arti�
ial 
uid whi
h impli
itly 
aptures theboundary 
onditions at the interfa
e. In the 
avor of the level set methodwhi
h impli
itly 
aptures the lo
ation of the interfa
e, the GFM impli
-itly 
aptures the boundary 
onditions at the interfa
e. Sin
e the boundary
onditions are impli
itly 
aptured by the 
onstru
tion of a ghost 
uid, theoverall s
heme be
omes easy to implement in multidimensions without timesplitting. In addition, Runge Kutta methods are trivial to apply.In [7℄, the GFM was implemented for 
onta
t dis
ontinuities where theinterfa
e moves at the 
uid velo
ity only. In this 
ase, the pressure andnormal velo
ity of the ghost 
uid are 
opied over from the real 
uid in anode by node fashion while the entropy and tangential velo
ities are de�nedwith the use of a simple partial di�erential equation for one-sided 
onstantextrapolation in the normal dire
tion. See [7℄ for details.In this paper, the GFM is extended to multimaterial interfa
es wherethe interfa
e velo
ity in
ludes a regression rate due to the presen
e of 
hem-i
al rea
tions 
onverting one material into another. Spe
i�
ally, interfa
emodels for de
agration and detonation dis
ontinuities are 
onsidered simi-lar to the work in [25℄, [18℄, [26℄, and [27℄ where the authors extended thelevel set method from [28℄ to interfa
es that represent burning front dis-
ontinuities. In [28℄, the authors keep a sharp interfa
e lo
ation using thelevel set fun
tion, while smearing out the surrounding 
ow variables, e.g.density. This numeri
al treatment is not a

eptable for de
agration wavedis
ontinuities sin
e their propagation speed is evaluated as a fun
tion of2



the exa
t unburnt gas 
onditions whi
h are lost when the state variablesare smeared out. In [25℄, [18℄, [26℄, and [27℄ the authors developed a new\in-
ell re
onstru
tion" te
hnique that gives a sharp representation of thestates on ea
h side of the interfa
e as needed for de
agration dis
ontinuities.Those authors used the level set method to impli
itly 
apture the interfa
elo
ation, while using the \in-
ell re
onstru
tion" te
hnique to expli
itly en-for
e the boundary 
onditions at the interfa
e. The resulting algorithm ismore eÆ
ient than standard interfa
e tra
king te
hniques, sin
e the inter-fa
e lo
ation is 
aptured and not tra
ked. While the algorithm des
ribed in[25℄, [18℄, [26℄, and [27℄ utilizes dimensional splitting in time, this is not ane
essary 
ondition for the \in-
ell re
onstru
tion" te
hnique [14℄. However,the boundary 
onditions are still expli
itly applied. In 
ontrast, the GFMimpli
itly 
aptures the boundary 
onditions at the interfa
e by the 
onstru
-tion of a ghost 
uid. The resulting numeri
al method is easy to implementin multidimensions (without time splitting) and extends trivially to RungeKutta methods.
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2 Equations2.1 Euler EquationsThe basi
 equations for 
ompressible 
ow are the Euler equations,~Ut + ~F (~U )x + ~G(~U)y + ~H(~U)z = 0 (1)whi
h 
an be written in detail as0BBBBB� ��u�v�wE
1CCCCCAt +

0BBBBB� �u�u2 + p�uv�uw(E + p)u
1CCCCCAx +

0BBBBB� �v�uv�v2 + p�vw(E + p)v
1CCCCCAy +

0BBBBB� �w�uw�vw�w2 + p(E + p)w
1CCCCCAz = 0 (2)where t is the time, (x; y; z) are the spatial 
oordinates, � is the density,~V =< u; v; w > are the velo
ities, E is the total energy per unit volume,and p is the pressure. The total energy is the sum of the internal energyand the kineti
 energy,E = �e+ �(u2 + v2 + w2)2 (3)where e is the internal energy per unit mass. The two-dimensional Eulerequations are obtained by setting w = 0, while the one-dimensional Eulerequations are obtained by setting both v = 0 and w = 0.The pressure 
an be written as a fun
tion of density and internal energy,p = p(�; e). The speed of sound is de�ned by
 = rp� + ppe�2 (4)where p� and pe are partial derivatives of the pressure with respe
t to thedensity and internal energy respe
tively.For an ideal gas p = �RT where R = RuM is the spe
i�
 gas 
onstant withRu � 8:31451 JmolK the universal gas 
onstant and M the mole
ular weightof the gas. Also valid for an ideal gas is 
p � 
v = R where 
p is the spe
i�
heat at 
onstant pressure and 
v is the spe
i�
 heat at 
onstant volume.Gamma is the ratio of spe
i�
 heats, 
 = 
p
v . For an ideal gas, one 
an writede = 
vdT (5)4



and assuming that 
v does not depend on temperature (
alori
ally perfe
tgas), integration yields e = eo + 
vT (6)where eo is not uniquely determined, and one 
ould 
hoose any value for eat 0K (although one needs to use 
aution when dealing with more than onematerial to be sure that integration 
onstants are 
onsistent with the heatrelease in any 
hemi
al rea
tions that o

ur). [3℄Note that p = �RT = R
v �(e� eo) = (
 � 1)�(e� eo) (7)is used later in the text.2.2 Level Set EquationWe use the level set equation�t + ~W � ~5� = 0 (8)to keep tra
k of the interfa
e lo
ation as the zero level of �. In this equation,~W is the level set velo
ity of the interfa
e. In general � starts out as thesigned distan
e fun
tion, is adve
ted by solving equation 8 using the methodsin [11℄, and then is reinitialized using�t + S(�o)�j~5�j � 1� = 0 (9)to keep � approximately equal to the distan
e fun
tion ( i.e. j~5�j = 1 )near the interfa
e where we need additional information. We note that ourmethod allows us to solve equation 8 independently of the Euler equations.That is, equation 8 
an be solved dire
tly using the method in [11℄, and theeigensystem for the Euler equations does not depend on �, sin
e we will besolving only one phase problems with any given eigensystem (see the laterse
tions). For more details on the level set fun
tion see [7, 19, 28℄.
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3 The GFM for a Conta
t Dis
ontinuityThe level set fun
tion is used to keep tra
k of the interfa
e. The zero levelmarks the lo
ation of the interfa
e, while the positive values 
orrespond toone 
uid and the negative values 
orrespond to the other 
uid. Ea
h 
uidsatis�es the Euler equations as des
ribed in the last se
tion with di�erentequations of state for ea
h 
uid. Based on the work in [11℄, the dis
retizationof the level set fun
tion 
an be done independently of the two sets of Eulerequations. Besides dis
retizing equation 8 one needs to dis
retize two setsof Euler equations. This is done with the help of ghost 
ells.Any level set fun
tion de�nes two separate domains for the two separate
uids, i.e. ea
h point 
orresponds to one 
uid or the other. Ghost 
ells arede�ned at every point in the 
omputational domain so that ea
h grid point
ontains the mass, momentum, and energy for the real 
uid that exists atthat point (a

ording to the sign of the level set fun
tion) and a ghost mass,momentum, and energy for the other 
uid that does not really exist at thatgrid point (the 
uid from the other side of the interfa
e). On
e the ghost
ells are de�ned, one 
an use standard one-phase methods, e.g. see [24℄, toupdate the Euler equations at every grid point for both 
uids. Then thelevel set fun
tion is advan
ed to the next time step, and the sign of thelevel set fun
tion is used to determine whi
h of the two sets of updated 
uidvalues should be used as the real 
uid values at ea
h grid point.Consider a general time integrator for the Euler equations. In general,one 
onstru
ts right hand sides of the ordinary di�erential equation for both
uids based on the methods in [24℄, then the level set fun
tion is advan
edto the next time level and the sign of the level set fun
tion determines whi
hof the two right hand sides to use in the time update for the Euler equations.This 
an be done for every step and every 
ombination of steps in a multistepmethod.Lastly, we note that only a band of 3 to 5 ghost 
ells on ea
h side ofthe interfa
e is a
tually needed by the 
omputational method dependingon the sten
il and movement of the interfa
e. One 
an optimize the 
odea

ordingly.3.1 De�ning Values at the Ghost CellsIn [7℄, the GFM was implemented for a 
onta
t dis
ontinuity in the Eulerequations. It was apparent that the pressure and normal velo
ity were 
on-tinuous, while the tangential velo
ity was 
ontinuous in the 
ase of a no-slip6



boundary 
ondition at the interfa
e but dis
ontinuous for a shear wave. Itwas also apparent that the entropy was dis
ontinuous.For variables that are 
ontinuous a
ross the interfa
e, the ghost 
uidvalues are set to be equal to the real 
uid values ea
h grid point. Sin
ethese variables are 
ontinuous, this node by node population will impli
itly
apture the 
orre
t interfa
e values of the 
ontinuous variables. This is thekey me
hanism in 
oupling the two distin
t sets of Euler equations.Note that the dis
ontinuous variables are governed by a linearly degen-erate eigenvalue. Thus, they move with the speed of the interfa
e and in-formation in these variables should not 
ross the interfa
e. Moreover, thesedis
ontinuous variables should not be erroneously 
oupled together or for
edto be 
ontinuous a
ross the interfa
e as is usually the 
ase for many 
on-ventional numeri
al methods whi
h produ
e spurious numeri
al dissipationat dis
ontinuities, e.g. sho
k 
apturing methods. In order to avoid the nu-meri
al smearing of these variables, one-sided 
onstant extrapolation is usedto populate the values in the ghost 
uid. Note that the work in [8℄ on theIsobari
 Fix shows that one does not have to deal dire
tly with the entropy.There are a few options for the 
hoi
e of the variable used in extrapolationranging from density to temperature.The extrapolation of the dis
ontinuous variables is 
arried out in thefollowing fashion. Using the level set fun
tion, the unit normal is de�ned atevery grid point as ~N = ~5�j~5�j =< n1; n2; n3 > (10)where ~N always points from the 
uid with � < 0 into the 
uid with � > 0.Then the adve
tion equationI� � ~N � ~5I = 0 (11)is solved in �
titious time � for ea
h variable I that needs to be extrapolateda
ross the interfa
e in one dire
tion of the other. The \+" sign is used topopulate the ghost 
uid in the region where � > 0 with the values of I fromthe region where � < 0, while keeping the real 
uid values of I �xed in theregion where � < 0. Likewise, the \-" sign is used to populate the ghost 
uidin the region where � < 0 with the values of I from the region where � > 0,while keeping the real 
uid values of I �xed in the region where � > 0. Thisequation only needs to be solved for a few steps in �
titious time in order7



to populate a thin band of approximately 3 to 5 ghost 
ells needed for thenumeri
al method.Note that the above pro
edure does not apply an isobari
 �x to the 
ellsin the real 
uid whi
h border the interfa
e. In order to apply the isobari
�x, keep the real 
uid values of I �xed in the region where � < �� whenusing the \+" sign in equation 11, and keep the real 
uid values of I �xedin the region where � > � when using the \-" sign in equation 11. Sin
e � isan approximate distan
e fun
tion, 
hoose � to be the thi
kness of the bandin whi
h the isobari
 �x is to be applied. We use � = 1:54x.When the need arises to extrapolate the tangential velo
ity, �rst extrap-olate the entire velo
ity �eld, ~V =< u; v; w >. Then, at every 
ell in theghost region there are two separate velo
ity �elds, one from the real 
uidand one from the extrapolated 
uid. For ea
h velo
ity �eld, the normal
omponent of velo
ity, VN = ~V � ~N , is put into a three 
omponent ve
tor,VN ~N , and then a basis free proje
tion method (see e.g. [9℄) is used to de-�ne the two dimensional velo
ity �eld in the tangent plane by another three
omponent ve
tor, ~V � VN ~N . Finally, the normal 
omponent of velo
ity,VN ~N , from the real 
uid is added to the tangential 
omponent of velo
ity,~V � VN ~N , from the extrapolated 
uid to get the ghost 
uid velo
ity thato

upies the ghost 
ell.On
e the ghost 
uid values are de�ned as outlined above, they 
an beuse to assemble the 
onserved variables for the ghost 
uid.

8



4 Extending the Ghost Fluid MethodFor a simple 
onta
t dis
ontinuity that moves with the speed of the 
uidonly, we were able to separate the variables into two sets based on their
ontinuity at the interfa
e. The 
ontinuous variables were 
opied into theghost 
uid in a node by node fashion in order to 
apture the 
orre
t interfa
evalues. The dis
ontinuous variables were extrapolated in a one-sided fashionto avoid errors due to numeri
al dissipation. In order to apply this idea toa general interfa
e moving at speed D in the normal dire
tion, one needs todetermine the 
ontinuous variables for this general interfa
e problem.Conservation of mass, momentum, and energy 
an be applied to an in-terfa
e in order to abstra
t 
ontinuous variables. One 
an pla
e a 
ux onthe interfa
e oriented tangent to the interfa
e so that material that passesthrough this 
ux passes through the interfa
e. This 
ux moves with speedD (the interfa
e speed) in the normal dire
tion, and the mass, momentum,and energy whi
h 
ows into this 
ux from one side of the interfa
e must 
owba
k out the other side of the interfa
e. That is, the mass, momentum, andenergy 
ux in this moving referen
e frame are 
ontinuous variables. Oth-erwise, there would be a mass, momentum, or energy sink at the interfa
eand 
onservation would be violated. We denote the mass, momentum, andenergy 
ux in this moving referen
e frame as F�, ~F�~V , and FE respe
tively.The statement that these variables are 
ontinuous is essentially equivalentto the Rankine-Hugoniot jump 
onditions at an interfa
e moving with speedD in the normal dire
tion. In [25℄, [18℄, [26℄, and [27℄ the Rankine-Hugoniotjump 
onditions were expli
itly applied to the interfa
e. Instead, the GhostFluid Method uses the fa
t that F�, ~F�~V , and FE are 
ontinuous to de�nea ghost 
uid that 
aptures the interfa
e values of these variables. That is,the Rankine-Hugoniot jump 
onditions are impli
itly 
aptured resulting ina method that is robust and easy to implement.Remark: Numeri
ally F�, ~F�~V , and FE may not be 
ontinuous. This
ould o

ur from initial data or wave intera
tions. However, sin
e F�, ~F�~V ,and FE are treated as though they were 
ontinuous in the numeri
al method,numeri
al dissipation smooths them out. In fa
t, this numeri
al dissipationhelps to guarantee the 
orre
t numeri
al solution.Remark: The level set fun
tion is designed to represent interfa
es wherethe interfa
e 
rosses material at most on
e due to an entropy 
ondition[21, 23℄. Simple 
onta
t dis
ontinuities that move with the lo
al materialvelo
ity never 
ross over material. If one material is being 
onverted into9



another, then the interfa
e may in
lude a regression rate for this 
onversion.If the regression rate for this 
onversion of one material into another isbased on some sort of 
hemi
al rea
tion, then the interfa
e 
an pass over amaterial exa
tly on
e 
hanging it into another material. The same 
hemi
alrea
tion 
annot o

ur to a material more than on
e, and the reverse rea
tionis usually not physi
al due to an entropy 
ondition. However, in the 
ase ofreversible 
hemi
al rea
tions, the level set may pass over a material in onedire
tion (the rea
tion) and then pass ba
k over the same material in theopposite dire
tion (the reverse rea
tion).Remark: Sho
ks may be interpreted as the 
onversion of an un
om-pressed material into a 
ompressed material. In this 
ase, D is the sho
kspeed and the GFM 
ould be used to follow a lead sho
k, but sin
e sho
ks
an pass over a material more than on
e in the same dire
tion, all subse-quent sho
ks must be 
aptured or modeled by separate level set fun
tions.A simple example of the GFM for non-rea
tive sho
k waves is presented ina later se
tion, although this approa
h will be examined in detail in a futurepaper [2℄.Remark: In the general 
ase, ~F�~V and FE will in
lude general me
hani
alstress terms on the interfa
e, e.g. vis
osity, surfa
e tension, and materialmodels. In addition, FE will in
lude general thermal stress terms on theinterfa
e, e.g. thermal 
ondu
tivity. General me
hani
al and thermal stressterms are not 
onsidered in this paper although pressure is 
onsidered as ame
hani
al stress.To de�ne F�, ~F�~V , and FE , the equations are written in 
onservation formfor mass, momentum, and energy. The 
uxes for these variables are thenrewritten in the referen
e frame of a 
ux whi
h is tangent to the interfa
eby simply taking the dot produ
t with the normal dire
tion,D~F (~U); ~G(~U ); ~H(~U )E � ~N = 0B� ��~V TE + p 1CAVN +0B� 0p ~NT0 1CA (12)where VN = ~V � ~N is the lo
al 
uid velo
ity normal to the interfa
e and thesupers
ript T designates the transpose. Then the measurements are takenin the moving referen
e frame (speed D) to get0BB� ���~V T �D ~NT��e+ �j~V�D ~Nj22 + p 1CCA (VN �D) +0B� 0p ~NT0 1CA (13)10



from whi
h we de�ne F� = �(VN �D) (14)~F�~V = � �~V T �D ~NT� (VN �D) + p ~NT (15)FE =  �e+ �j~V �D ~N j22 + p! (VN �D) (16)as 
ontinuous variables for use in the GFM. That is, we will de�ne the ghost
uid in a node by node fashion by solving the system of equationsFG� = FR� (17)~FG�~V = ~FR�~V (18)FGE = FRE (19)at ea
h grid point. Note that the supers
ript \R" stands for a real 
uidvalue at a grid point, while the supers
ript \G" stands for a ghost 
uidvalue at a grid point. Sin
e FR� , ~FR�~v, FRE , ~N , and D are known at ea
h gridpoint, these 
an be substituted into equations 17, 18, and 19, leaving �G,~V G, pG, and eG undetermined. Sin
e the ghost 
uid is supposed to representthe real 
uid on the other side of the interfa
e, we use that 
uid's equationof state as our sixth equation. Thus, populating the ghost nodes requiresthe solution of six algebrai
 equations with six unknowns at ea
h grid pointin a band about the interfa
e. For many appli
ations, this is rather trivial
ompared to applying the Rankine-Hugoniot jump 
onditions expli
itly tothe interfa
e.
11



5 De�ning the interfa
e speed DThe interfa
e speed is usually a fun
tion of the surrounding materials. Forexample, in the 
ase of a simple 
onta
t dis
ontinuity, D 
an be de�ned asthe 
ontinuous normal velo
ity of the two materials at the interfa
e.In order to update equation 8 for the level set fun
tion, one needs tode�ne the level set velo
ity, ~W , at every grid point. In the level set 
apturingframework, ~W is de�ned everywhere by a fun
tion whi
h is 
ontinuous inthe normal dire
tion and has an interfa
e value that moves the interfa
e atthe 
orre
t interfa
e velo
ity. This global de�nition of ~W 
an be used to �ndD for use in solving equations 17, 18, and 19. In a node by node fashion,D = ~W � ~N is de�ned as the velo
ity of the interfa
e in the normal dire
tion,
apturing the 
orre
t value of D at the interfa
e.In many 
ases, D is given and one 
an de�ne ~W = D ~N . Note thatstarting with ~W , de�ning D = ~W � ~N , and then de�ning ~W = D ~N results in~W = ~W ~NT ~N where the supers
ript T represents the transpose. While thisequation is obviously false, both ~W and ~W ~NT ~N behave the same in regardto the level set method. That is,�t + ~W � ~5� = 0 (20)and �t + ( ~W ~NT ~N) � ~5� = 0 (21)will be analyti
ally equivalent, although there may be numeri
al di�eren
es.5.1 A simple 
onta
t dis
ontinuityConsider the 
ase of a simple 
onta
t dis
ontinuity where the interfa
e moveswith the lo
al 
uid velo
ity, i.e. ~W = ~V . Then D = V RN is the 
omponentof the real 
uid velo
ity normal to the interfa
e at ea
h point. Equation 17be
omes, �G(V GN � V RN ) = 0 (22)implying that V GN = V RN . That is, the normal 
omponent of the ghost 
uidvelo
ity should be equal to the normal 
omponent of the real 
uid velo
ity atea
h point. Then equation 18 be
omes pG = pR implying that the pressureof the ghost 
uid should be equal to the pressure of the real 
uid at ea
hpoint. Equation 19 is then trivially satis�ed leaving a degree of freedom. As12



dis
ussed in [7℄, the entropy should be extrapolated in the normal dire
tionalong with an Isobari
 Fix [8℄ to minimize \overheating". In addition, thetangential velo
ities are extrapolated for a shear wave or 
opied over in anode by node fashion to enfor
e 
ontinuity of the tangential velo
ities for a\no-slip" boundary 
ondition.5.2 De�ning the level set velo
ity ~WOne issue that needs to be addressed in the level set formulation is thede�nition of the level set velo
ity ~W for use in equation 8. In the 
ase of asimple 
onta
t dis
ontinuity, ~W = ~V is just the lo
al 
uid velo
ity. In moregeneral 
ases, the interfa
e speed may be a fun
tion of the variables on bothsides of the interfa
e and a general method for 
onstru
ting ~W is needed.Consider an interfa
e separating two materials with states represented by~U (1) on one side of the interfa
e and ~U (2) on the other side of the interfa
e.In general, the velo
ity of the interfa
e 
an be de�ned by ~W = ~W (~U (1)int ; ~U (2)int )where the \int" subs
ript represents a variable that has been interpolated tothe interfa
e in a one-sided fashion. Generally, ~W is a 
ontinuous fun
tionand appli
ation of ~W = ~W (~U (1); ~U (2)) in a node by node fashion will 
apturethe 
orre
t value of ~W at the interfa
e.In order to apply ~W = ~W (~U (1); ~U (2)) in a node by node fashion, oneneeds values of ~U (1) and ~U (2) at every node. ~U (1) 
an be extended a
rossthe interfa
e into the region o

upied by ~U (2), and ~U (2) 
an be extendeda
ross the interfa
e into the region o

upied by ~U (1). Then, every grid pointin a band about the interfa
e has values of both ~U (1) and ~U (2) to use whende�ning ~W = ~W (~U (1); ~U (2)). For �rst order a

ura
y, one 
an take a fewtime steps in �
titious time � for the adve
tion equation,I� � ~N � ~5I = 0 (23)for ea
h variable I that needs to be extrapolated. The \�" sign is 
hosenin the appropriate way to extend the 
omponents of ~U (1) or of ~U (2).In general, one only needs extension for a thin band 
onsisting of about3 to 5 grid 
ells near the interfa
e. On
e the velo
ity is 
omputed near theinterfa
e, it 
an be extended to 
over the entire domain using equation 23with I equal to ea
h 
omponent of ~W and the appropriate 
hoi
es of the\�" sign. Instead of extending ~W throughout the domain, one 
ould usefast lo
al level set methods in a narrow band about the interfa
e, see e.g.[1℄ and the referen
es therein. 13



In some 
ases, D is preferable to ~W and one 
an use ~D = ~D(~U (1)int ; ~U (2)int )in a node by node fashion and then 
onstru
t ~W = D ~N .

14



6 A Note On ConservationThe GFM de
omposes the 
omputational domain into separate regions forea
h 
uid and utilizes a standard 
onservative 
ux di�eren
ing s
heme forea
h separate 
uid. This pro
edure 
reates nonunique 
uxes at the interfa
esseparating di�erent 
uids and leads to a formal la
k of dis
rete 
onserva-tion on a set of measure zero near the interfa
e. In addition, there is ala
k of 
onservation due to the adve
tion of the level set fun
tion similarto the area loss problem seen in in
ompressible 
ow 
al
ulations [28℄. In[7℄, these 
onservation errors were dis
ussed and numeri
al examples wereprovided to illustrate 
onvergen
e to the 
orre
t weak solution for a vari-ety of examples. Sin
e the level set fun
tion is adve
ted with the desiredvelo
ity of the dis
ontinuity, one 
an still use this method to treat generaldis
ontinuities su
h as sho
ks. That is, the interfa
e pro�le is not smearedout and one does not have to rely on exa
t 
onservation to obtain the 
or-re
t propagation speed for the dis
ontinuity. This methodology is 
ommonin front tra
king s
hemes, for example [22℄ uses a non
onservative methodfor updating the lo
ation of the dis
ontinuity and then formally 
orre
ts the
onservation errors with a post-pro
essing pro
edure [4℄. It seems likely thata similar post-pro
essing pro
edure 
ould be developed to make the GFMfully 
onservative as well.

15



7 ExamplesConsider an interfa
e separating two materials with states represented by~U (1) on one side of the interfa
e and ~U (2) on the other side of the interfa
e.Equation 23 is used to extend ~U (1) and ~U (2) so that both fun
tions arede�ned on a 5 grid 
ell band near the interfa
e. Then D = (~U (1); ~U (2))is applied in a node by node fashion throughout the 5 grid 
ell band and~W = D ~N is de�ned within the band. The 
omponents of ~W 
an be extendedthroughout the domain using equation 23. However, in the sense of a lo
allevel set method, one does not need to extend ~W and we set ~W = 0 outsideour narrow band as opposed to extending it.We experien
ed a small in
rease in 
omputational overhead asso
iatedwith the numeri
al treatment of the s
alar level set equation and the equa-tions for reinitialization and ghost 
ell population. Theoreti
ally, these al-gorithms 
an be performed on a lower dimensional subset of the mesh, seefor example [1℄ and the referen
es therein. While our 
odes did not usenarrow band methods for the standard level set equations, we did apply allghost 
ell related algorithms in a thin band about the interfa
e in
reasingthe 
omputational 
ost by only a few per
ent over a standard one phase
al
ulation in most 
ases.Note that all our numeri
al examples use third order TVD Runge-Kuttaand third order ENO-LLF [24℄.7.1 Non-Rea
ting Sho
ksConsider the representation of a lead sho
k by a level set fun
tion where thepositive values of � 
orrespond to the unsho
ked material and the negativevalues of � 
orrespond to the sho
ked material. Then the normal, ~N , pointsfrom the sho
ked material into the unsho
ked material.In one spatial dimension, the normal velo
ity is de�ned as VN = ~V � ~Nand equations 14, 15, and 16 be
omeF� = �(VN �D) (24)~F�~V = �(u�D ~NT )(VN �D) + p ~NT (25)FE =  �e+ �ju�D ~N j22 + p! (VN �D) (26)16



where it is useful to de�neF�~VN = ~N ~F�~V = �(VN �D)2 + p (27)and to rewrite equation 26 asFE =  �e+ �(VN �D)22 + p! (VN �D) (28)using the fa
t that ~N = �1 in one dimension. Then equations 17, 18, and19 
an be written as �G(V GN �D) = FR� (29)�G(V GN �D)2 + pG = FR�~VN (30) �GeG + �G(V GN �D)22 + pG! (V GN �D) = FRE (31)where FR� , FR�~VN , FRE , and D 
an be evaluated at ea
h grid point. Addingthe equation of state for the ghost 
uid aspG = (
G � 1)�GeG (32)yields four equations for four unknowns whi
h 
an be arranged into a quadrati
for V GN �D whereV GN �D = 
GFR�~VN(
G + 1)FR� �vuuut0� 
GFR�~VN(
G + 1)FR� 1A2 � 2(
G � 1)FRE(
G + 1)FR� (33)expresses the two solutions. Choosing one of these two solutions for V GNallows one to obtain �G from equation 29, pG from equation 30, and eGfrom equation 32. In addition, uG = V GN ~N .In order to 
hoose the 
orre
t solution from equation 33, one has to knowwhether or not the ghost 
uid is an unsho
ked 
uid or a sho
ked 
uid. Nodeby node, the real values of the unsho
ked 
uid are used to 
reate a sho
kedghost 
uid to help in the dis
retization of the sho
ked real 
uid. Likewise,the real values of the sho
ked 
uid are used to 
reate an unsho
ked ghost17




uid to help in the dis
retization of the unsho
ked real 
uid. If the ghost
uid is a sho
ked 
uid, then D should be subsoni
 relative to the 
ow, i.e.V GN � 
G < D < V GN + 
G or jV GN �Dj < 
G. On the other hand, if the ghost
uid is an unsho
ked 
uid, then D should be supersoni
 relative to the 
ow,i.e. jV GN �Dj > 
G. Therefore, the \�" sign in equation 33 should be 
hosento give the minimum value of jV GN �Dj when 
onstru
ting a sho
ked ghost
uid and the maximum value of jV GN �Dj when 
onstru
ting an unsho
kedghost 
uid.For a simple non-rea
ting sho
k, the sho
k speed D 
an be de�ned di-re
tly from the mass balan
e equation asD = �(1)u(1) � �(2)u(2)�(1) � �(2) (34)in a node by node fashion. However, this simple de�nition of the sho
k speedwill erroneously give D = 0 in the 
ase of a standard sho
k tube problemwhere both 
uids are initially at rest. A somewhat better estimate of thesho
k speed 
an be derived by 
ombining equation 34 with the momentumbalan
e equation to getD =vuut�(1) �u(1)�2 + p(1) � �(2) �u(2)�2 � p(2)�(1) � �(2) (35)where the sho
k speed is now dependent on the pressure as well. Note thatequations 34 and 35 are approximations for D. Clearly, these approxima-tions will lead to nonphysi
al values of D in 
ertain situations. In fa
t, D
ould be in�nite or imaginary. A more robust, but still approximate valuefor D 
an be obtained by evaluating D = VN + 
 with the Roe average of~U (1) and ~U (2), sin
e this is the exa
t sho
k speed for an isolated sho
k waveand never be
omes ill-de�ned. Of 
ourse, the best de�nition of the sho
kspeed 
an be derived by solving the Riemann problem for the states ~U (1)and ~U (2), although this generally requires an iteration pro
edure. In fa
t,this approa
h will be followed in a future paper [2℄.7.1.1 Example 1In this example, a single sho
k wave moving to the right taken from [27℄.We use a 1m domain with 100 grid points and the interfa
e lo
ated atx = :5m whi
h is exa
tly in between the 50th and 51st grid points. We use
 = 1:4 and M = :040 kgmol for both gases. Initially, we set � = 2:124 kgm3 ,18



u = 89:981ms , and p = 148407:3Pa on the left, and � = 1:58317 kgm3 , u = 0ms ,and p = 98066:5Pa on the right.Figure 1 shows the solution at t = :001s with a standard sho
k 
ap-turing s
heme, spe
i�
ally 3rd order ENO-LLF. Sin
e the sho
k 
apturings
heme employs numeri
al di�eren
ing a
ross the dis
ontinuous sho
k wave,a large amount of numeri
al dissipation smears out the dis
ontinuous sho
kstru
ture. The sho
k 
apturing method does not identify the dis
ontinuousinitial data as a sho
k wave, but instead interprets it as a Riemann problemand attempts to break it up into distin
t waves one of whi
h is a smearedout sho
k wave. The other waves are represented by the glit
h near x = :6 inthe density and temperature 
ontained in the linearly degenerate �eld andthe small glit
h near x = :3 in all variables 
ontained in the other truly non-linear �elds. These glit
hes are traditionally referred to as start-up errorsand tend to diminish in size as the grid is re�ned.Figure 2 shows the numeri
al solution 
omputed with equation 35 as thesho
k speed for the GFM. Note that the GFM avoids numeri
al dissipationat the interfa
e and the related artifa
ts, i.e. start-up errors. The GFM 
aninterpret the dis
ontinuous initial data as a sho
k wave and does not needto modify the sho
k pro�le in order to 
apture it.The exa
t solution is plotted as a solid line in both �gures.7.1.2 Example 2Next, we set up a sho
k tube problem by 
hanging the left state in example1 to � = 3 kgm3 , u = 0ms , and p = 2� 105Pa while still plotting the results att = :001s. The results with a standard sho
k 
apturing s
heme are shownin �gure 3 and those with the GFM and equation 35 are shown in �gure4. Note that the sho
k wave in the GFM 
ase trails by one grid point andthat there is a small glit
h on the left hand side of the sho
k that disappearswhen the sho
k equilibrates later in time. These are �rst order numeri
alerrors along the lines of the �rst order numeri
al smearing present in a sho
k
apturing method. A more resolved 
al
ulation will a
hieve a 
at pro�le ina shorter time, e.g. the same 
al
ulation with 400 grid points has the sho
kwave in the 
orre
t 
ell and no visible glit
h as 
an be seen in �gure 5. Theexa
t solution is plotted as a solid line in all 3 �gures. For more details onthe 
onvergen
e and the lo
ation of dis
ontinuities using the GFM, see [7℄.
19



7.2 DetonationsStrong detonations and Chapman-Jouguet detonations 
an be approximatedas rea
ting sho
ks under the assumption that the rea
tion zone has negligiblethi
kness. Let the unrea
ted material be represented by the positive valuesof � and the rea
ted material be represented by the negative values of �so that the normal, ~N , points from the rea
ted material into the unrea
tedmaterial.Equations 29, 30, and 31 are still valid, while equation 32 be
omespG = (
G � 1)�G(eG � eGo ) (36)where one 
an no longer set eo = 0 for both 
uids. In detonations, the jumpin eo a
ross the rea
tion front indi
ates the energy release in the 
hemi
alrea
tion. Equation 33 be
omesV GN �D = 
GFR�~VN(
G + 1)FR� �vuuut0� 
GFR�~VN(
G + 1)FR� 1A2 � 2(
G � 1)(
G + 1)  FREFR� � eGo !(37)where the \�" sign is 
hosen to give the minimum value of jV GN �Dj when
onstru
ting a rea
ted ghost 
uid and the maximum value of jV GN �Dj when
onstru
ting an unrea
ted ghost 
uid. Equation 35 is used for the detonationspeed D, although one may wish to 
onsult a Riemann solver, e.g. see [29℄.7.2.1 Example 3In this example, a single overdriven detonation wave moving to the right istaken from [18℄. We use an 8m domain with 100 grid points and the interfa
elo
ated at x = 4m whi
h is exa
tly in between the 50th and 51st gridpoints. We use 
 = 1:27 in both gases, while M = :015 kgmol in the unburntgas and M = :018 kgmol in the burnt gas. Initially, we set � = 1:57861 kgm3 ,u = 2799:82ms , and p = 7707520Pa on the left, and � = :601 kgm3 , u = 0ms ,and p = 1 � 105Pa on the right. In addition, we have eo = 242000:018 Jkg in theunburnt gas and eo = 0 in the burnt gas. Figure 6 shows the solution att = :0005s after it has moved from x = 4m to about x = 6:26m at a speedof about 4521ms . The exa
t solution is plotted as a solid line in the �gure.7.2.2 Example 4Next, we take the overdriven detonation from example 3 with 200 grid 
ells(201 grid points) and start the detonation at x = :175m whi
h is between20



the 5th and 6th grid points. A solid wall boundary 
ondition is enfor
ed atx = 0, 
reating a rarefa
tion wave that will 
at
h up with the overdrivendetonation and weaken it to a Chapman-Jouguet detonation as in [18℄. Thelarge 
ir
les in �gure 7 show the pressure pro�le at t = :00135s. The solidline in �gure 7 shows the same 
al
ulation with an in
reased resolution of800 grid 
ells (801 grid points) in whi
h 
ase the detonation wave startsexa
tly between the 18th and 19th gird points. Comparison of these twographs indi
ates reasonable behavior under grid re�nement. Figure 8 showsa plot of the peak post-detonation pressure at ea
h grid point for the 800grid 
ell 
ase. Note that the post detonation pressure is approa
hing theChapman-Jouguet pressure of 4; 518; 507Pa.7.3 De
agrationsFor a de
agration, the unrea
ted material is represented by positive values of� and the rea
ted material is represented by negative values of � so that theunit normal points from the rea
ted material into the unrea
ted material.Equations 29, 30, and 31 are used along with equation 36 where the jumpin eo a
ross the rea
tion front indi
ates the energy release in the 
hemi
alrea
tion. Equation 37 is still valid, however, sin
e a de
agration is subsoni
the \�" sign is 
hosen to give the minimum value of jV GN �Dj for both therea
ted and the unrea
ted ghost 
uids.For a de
agration, the Riemann problem is not well posed unless thespeed of the de
agration is given [13, 29℄. Lu
kily, there is a large amountof literature on the G-equation for 
ame dis
ontinuities. The G-equationwas originally proposed in [17℄ and later dis
ussed in [30℄. The G-equationrepresents the 
ame front as a dis
ontinuity in the same fashion as the levelset method. Thus, one 
an 
onsult the literature on the G-equation to obtainde
agration speeds for the GFM.7.3.1 Example 5In this example, we 
onsider a single de
agration wave moving to the rightwith the de
agration velo
ity taken from [13℄ and [29℄ asD = V (2)N + 3:00 � 10�9 s3m3  p(2)�(2)!2 (38)where we have redimensionalized the problem. Note that the supers
ript\(2)" stands for an unburnt gas quantity. We use a 1:6m domain with 10021



grid points and the interfa
e lo
ated at x = :8m whi
h is exa
tly in betweenthe 50th and 51st grid points. We use 
 = 1:4 and M = :029 kgmol in bothgases. Initially, we set � = :142168 kgm3 , u = �181:018ms , and p = 94569:5Paon the left, and � = 1 kgm3 , u = 0ms , and p = 1 � 105Pa on the right. Inaddition, we have eo = 2:0 � 106 Jkg in the unburnt gas and eo = 0 in theburnt gas. Figure 9 shows the solution at t = :01s after it has moved fromx = :8m to about x = 1:1m at a speed of about 30:0ms . The exa
t solutionis plotted as a solid line in the �gure.7.3.2 Example 6In this example, we 
ompare our results for sho
k de
agration intera
tionswith exa
t solutions from [20℄ using the de
agration velo
ityD = V (2)N + 18:5 p(2)101000Pa!:1 T (2)298K!1:721 ms (39)where the supers
ript \(2)" stands for an unburnt gas quantity. We usea 1m domain with 400 grid points and the interfa
e lo
ated at x = :5m.We use 
 = 1:4, M = :021 kgmol , and eo = 3:38 � 106 Jkg in the unburnt gas
orresponding to a stoi
hiometri
 hydrogen air mixture. We use 
 = 1:17,M = :026 kgmol , and eo = 0 in the burnt gas. The burnt gas is on the left ofthe interfa
e and the unburnt gas is on the right of the interfa
e.The �rst 
ase 
onsists of a leftgoing sho
k starting at x = :6m withpresho
k states of � = 1:587 kgm3 , u = 283:2ms , and p = 249; 900Pa on theleft, and postsho
k states of � = 2:128 kgm3 , u = 139:9ms , and p = 378; 200Paon the right. The burnt gas has initial states of � = :4289 kgm3 , u = 194:8ms ,and p = 244; 800Pa. The sho
k hits the de
agration and the 
ollision re-sults in four waves shown in �gure 10 at t = :00065s as a sho
k, 
onta
t,de
agration, and rarefa
tion from left to right. All waves are 
aptured, ex-
ept the de
agration wave whi
h is tra
ked with the level set fun
tion. Theresults agree well with the exa
t solution whi
h is plotted as a solid line inthe �gure.The se
ond 
ase 
onsists of a rightgoing sho
k starting at x = :4m withpostsho
k states of � = :3809 kgm3 , u = 555:1ms , and p = 241; 100Pa on theleft, and presho
k states of � = :1859 kgm3 , u = �61:96ms , and p = 102; 700Paon the right. The unburnt gas has initial states of � = :8672 kgm3 , u = 6:762ms ,and p = 103; 900Pa. The sho
k hits the de
agration and the 
ollision re-sults in four waves shown in �gure 11 at t = :0006s as a sho
k, 
onta
t,22



de
agration, and sho
k from left to right. All waves are 
aptured, ex
eptthe de
agration wave whi
h is tra
ked with the level set fun
tion. The re-sults agree well with the exa
t solution whi
h is plotted as a solid line in the�gure.7.3.3 Example 7Next, we take the de
agration from example 5 and enfor
e a solid wallboundary 
ondition at x = 0. It is important to note that a re
e
tionboundary 
ondition is applied to the level set fun
tion as well. That is,we start with � = x � :024m and after applying the re
e
tion boundary
ondition we have � = jxj � :024m as initial data. This initial data assumesthat the entire domain is unburnt (the right state in example 5), ex
ept fora small region near the solid wall whi
h we assume to be burnt (the leftstate in example 5).Due to the in
uen
e of the solid wall, we initially set the velo
ity of theburnt state to be identi
ally zero (not �181:018ms ). Sin
e the solid wallprevents the de
agration from a

elerating the burnt gas to the left, a sho
kwave forms to the right of the de
agration. This sho
k wave pre-a

eleratesthe unburnt gas to the right, so that the a

eleration of the gas to the leftby the de
agration wave is approximately 
an
eled, resulting in a burnt gasvelo
ity near zero as for
ed by the solid wall.The 
ir
les in �gure 12 show the de
agration wave 
omputed with 100grid 
ells (101 grid points) at t = :002s when it lo
ated near x = :5mmoving to the right at approximately 278ms . Note the 
aptured sho
k wavenear x = 1m. In �gure 13 and �gure 14 the same 
al
ulation was 
arriedout with 200 grid 
ells (201 grid points) and 400 grid 
ells (401 grid points)respe
tively. For the sake of 
omparison, a more re�ned 
al
ulation with 800grid 
ells (801 grid points) is plotted as a solid line in all three �gures. These�gures illustrate �rst order 
onvergen
e in the lo
ation of the dis
ontinuousde
agration wave and the 
aptured sho
k wave. In addition, note that theoverheating errors in temperature and density at the wall 
ould be minimizedwith the Isobari
 Fix [8℄.An important te
hni
al detail 
on
erns the treatment of the normal inthe burnt region near the wall. Consider the 101 grid point 
ase were thereare initially three burnt points 
onsisting of one at x = 0, one to the rightof x = 0, and a solid wall boundary re
e
ted point just to the left of x = 0.The normal ~N will be unde�ned at x = 0 if standard 
entral di�eren
ing isused to 
ompute it. Thus, one must be 
areful when 
omputing ~N with a23



standard 
entral di�eren
e. In these 
ases we resort to one-sided di�eren
ingto 
ompute the normal. In this parti
ular example, essentially equivalentresults are obtained regardless of whi
h dire
tion we use to 
ompute theone-sided di�eren
e. Inherently, this is a problem with level sets in under-resolved regions sin
e lo
al extrema may o

ur near the zero level. However,this is only a problem when the extrema are positioned exa
tly on a gridnode whi
h is unusual ex
ept for initial data. For our purposes, we addressthis problem by assigning a normal in an arbitrary dire
tion by 
hoosingone-sided di�eren
ing in an arbitrary dire
tion.7.3.4 Example 8On
e again, we 
onsider de
agration waves with velo
ities determined byequation 38. We use a 1:6m domain with 801 grid points and a solid wallboundary 
ondition at x = 0. Initially, � = jx� :078mj � :003m where thethree grid points at x = :076m, x = :078m, and x = :08m designate a burntgas with � = :2082 kgm3 , u = 0ms , p = 140720Pa, and eo = 0. The rest ofthe domain is an unburnt gas with � = 1 kgm3 , u = 0ms , p = 1 � 105Pa, andeo = 2:0� 106 Jkg . In both gases, 
 = 1:4 and M = :029 kgmol .The solution 
onsists of two de
agration waves moving outward fromx = :078m (in opposite dire
tions). Sin
e the burnt gas is 
on�ned betweenthese de
agrations, it must have a near zero velo
ity indu
ing sho
k wavesin front of the de
agrations as 
an be seen in �gure 15 at t = :000147s wherethe de
agrations are lo
ated near x = :043 and x = :113 and the sho
ks arelo
ated near x = :01 and x = :146.The leftgoing sho
k wave will re
e
t o� the solid wall boundary, 
hangedire
tion, and then interse
t the leftgoing de
agration near x = :02m 
aus-ing it to slow down (although it eventually rea
hes the wall and burns out).The transmitted sho
k eventually 
at
hes up with the rightgoing de
agra-tion near x = :175m 
ausing it to a

elerate to the right. The resultingtransmitted sho
k will eventually overtake the lead rightgoing sho
k. Fig-ure 16 shows a time history of the lo
ation of the de
agration waves and�gure 17 shows the pressure at t = :0022s.7.4 MultidimensionsIn multidimensions, the normal velo
ity is de�ned by VN = ~V � ~N , equation14 is still F� = �(VN �D) (40)24



and equation 27 is stillF�~VN = ~N ~F�~V = �(VN �D)2 + p (41)while ~F�~VT = ~F�~V � F�~VN ~NTF� = ~V T � VN ~NT (42)is valid when VN 6= D, i.e. ex
ept for the 
ase of a 
onta
t dis
ontinuity.The ne
essary 
ontinuity of this expression implies the well known fa
t thattangential velo
ities are 
ontinuous a
ross sho
ks, detonations, and de
agra-tions. Note that tangential velo
ities are not ne
essarily 
ontinuous a
ross
onta
t dis
ontinuities.Note thatj~V �D ~N j2 = j~V j2 � 2DVN +D2 = j~V j2 � V 2N + (VN �D)2 (43)and j~V j2 = V 2N + V 2T1 + V 2T2 (44)where VT1 and VT2 are the velo
ities in the tangent dire
tions T1 and T2respe
tively. Combining equations 43 and 44 yieldsj~V �D ~N j2 = V 2T1 + V 2T2 + (VN �D)2 (45)whi
h 
an plugged into equation 16 to obtainFE =  �e+ �(V 2T1 + V 2T2)2 + �(VN �D)22 + p! (VN �D) (46)as a rewritten version of equation 16.De�ningF̂E = FE � F�(V 2T1 + V 2T2)2 =  �e+ �(VN �D)22 + p! (VN �D) (47)and using this equation along with equation 40, equation 41, and the equa-tion of state for the ghost 
uidpG = (
G � 1)�G(eG � eGo ) (48)25



leads toV GN �D = 
GFR�~VN(
G + 1)FR� �vuuut0� 
GFR�~VN(
G + 1)FR� 1A2 � 2(
G � 1)(
G + 1)  F̂REFR� � eGo !(49)whi
h is identi
al to equation 37 in every way, sin
e the de�nition of F̂E inmultidimensions is identi
al to the de�nition of FE in one-dimension.To summarize, equation 49 
an be used to �nd V GN , with the proper
hoi
e of the \�00 sign outlined in the one dimensional 
ases. Then equation40 
an be used to �nd �G, equation 41 
an be used to de�ne pG, and equation48 
an be used to �nd eG. The velo
ity, ~V G is obtained by 
ombining thenormal velo
ity of the ghost 
uid with the tangential velo
ity of the real
uid through the equation~V G = V GN ~N + ~V R � V RN ~N (50)where V RN = ~V R � ~N is the normal velo
ity of the real 
uid. Note that thetangent dire
tions are never expli
itly used so that the method is simple toimplement in three spatial dimensions.7.4.1 Example 9This problem is similar to the example in se
tion 5.1 of [27℄. Consider a 1msquare domain with 100 grid 
ells in ea
h dire
tion. Two 
ir
ular regionsof burnt gas are 
entered at (:425m; :425m) and at (:575m; :575m) with aradius of :02m ea
h. The rest of the domain is de�ned as unburnt gas. Boththe burnt gas and the unburnt gas are de�ned as in example 5, ex
ept weset u = v = 0ms in the burnt gas similar to example 7.In ea
h 
ir
ular region, a sho
k wave will form and travel outward pre-a

elerating the unburnt gas similar to the one-dimensional result 
al
ulatedin example 7. Sin
e there are two 
ir
ular regions, these sho
k waves willinterse
t ea
h other and interfere with the 
ir
ular growth of the burntregions distorting their shape. Figure 18 and �gure 19 show the interfa
elo
ations before and after merging 
orresponding to :0008 se
onds and :001se
onds, respe
tively.In �gure 20 and �gure 21 we plot square 
ells whi
h are 
olor 
odedbased on the density values at the 
ell 
enters. A 
olor bar is in
ludedto the right of ea
h �gure to illustrate the dis
ontinuous density pro�le atthe interfa
e. The density jumps more than 1 kgm3 without the presen
e of26



spurious intermediate values due to numeri
al dissipation. Note that the\white" region away from the interfa
e is due to sho
k wave 
ompressions.7.4.2 Example 10Consider one of the :02m radius 
ir
ular regions of burnt gas from example9 lo
ated in the 
enter of the 
omputational domain at (:5m; :5m). In orderto illustrate the e�e
ts of grid re�nement, 
al
ulations are 
arried out with50, 100, 200, and 400 grid 
ells in ea
h dire
tion. Note that 
ase with 50grid 
ells in ea
h dire
tion is rather 
oarse and that large errors are alreadypresent in the initial data due to grid representation errors as shown in �gure22. Compare this with �gure 23 whi
h shows the initial data for the 
asewith 400 grid 
ells in ea
h dire
tion. Figure 24 shows the interfa
e lo
ationsfor ea
h 
ase at a �nal time of :001 se
onds. The 
al
ulations demonstrate�rst order 
onvergen
e for the lo
ation of the interfa
e, although grid e�e
tsare apparent due in part to the poor resolution of the initial data.
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Figure 1: Single Sho
k (Sho
k Capturing S
heme - ENO)
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Figure 2: Single Sho
k (Ghost Fluid Method)
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