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tWhile Eulerian s
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ows, they have beenshown to admit nonphysi
al os
illations near some material interfa
es.In 
ontrast, Lagrangian s
hemes work well at multimaterial interfa
es,but su�er from their own diÆ
ulties in problems with large deforma-tions and vorti
ity 
hara
teristi
 of most gas 
ows. We believe thatthe most robust s
hemes will 
ombine the best properties of Eulerianand Lagrangian s
hemes. In this paper, we propose a new numeri
almethod for treating interfa
es in Eulerian s
hemes that maintains aHeaviside pro�le of the density with no numeri
al smearing along thelines of [11℄, [5℄, [4℄ and most Lagrangian s
hemes.We use a level set fun
tion [25, 31, 26℄ to tra
k the motion of amultimaterial interfa
e in an Eulerian framework. In addition, the useof ghost 
ells (a
tually ghost nodes in our �nite di�eren
e framework)and a new Isobari
 Fix [7℄ te
hnique allows us to keep the densitypro�le from smearing out, while still keeping the s
heme robust andeasy to program along the lines of [30℄ with simple extensions to mul-tidimensions and multilevel time integration, e.g. Runge Kutta meth-ods. In 
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1 Introdu
tionEulerian s
hemes work well for most problems and 
an a

urately and eÆ-
iently handle large deformations 
hara
teristi
 of gases. However, they 
anadmit nonphysi
al os
illations near material interfa
es due to the smearedout density pro�le and the radi
al 
hange in equation of state a
ross a ma-terial interfa
e. Lagrangian s
hemes work well on material interfa
es, sin
ethey do not smear out the density pro�le and it is 
lear whi
h equation ofstate is valid at ea
h point. Unfortunately, Lagrangian s
hemes have theirown problems when subje
ted to large deformations su
h as those 
hara
-teristi
 of gas 
ow. For a good summary of both Eulerian and Lagrangians
hemes, see [3℄.Our method 
onsists of 
ombining the robustness of an Eulerian s
hemewith a multimaterial interfa
e method 
hara
teristi
 of a Lagrangian s
heme.We do this by tra
king the interfa
e with a level set fun
tion [25, 31℄ whi
hgives the exa
t sub
ell interfa
e lo
ation. At this interfa
e, we solve an ap-proximate Riemann problem similar to the methods in [11℄, [5℄ and [4℄. In[11℄, [5℄ and [4℄ the authors use s
hemes that are intri
ate in one dimensionand 
an only be extended to multiple dimensions with dimensional splittingin time. In addition, multilevel time integrators, su
h as the Runge Kuttamethods, are hard to implement for these methods. In 
ontrast, our methoddraws on ideas from [30℄ whi
h enables us to treat multidimensional 
al
ula-tions without time splitting and allows the easy and eÆ
ient implementationof Runge Kutta methods. This is done with an elegant use of ghost 
ellsand the appli
ation of a new Isobari
 Fix te
hnique [7℄.We make note of an alternative method of solving interfa
e problemswith Eulerian s
hemes. In [18℄, [15℄, and [6℄ the authors allow the errorsin density asso
iated with a smeared out material interfa
e, while usingspe
ial numeri
al te
hniques to redu
e or remove the errors in the pressureand velo
ity. While some of the preliminary results with a gamma law gas,see e.g. [32℄ (
omputed with the method in [18℄), are extremely promising,it is un
lear that it will always be possible to remedy the errors asso
iatedwith a smeared out density pro�le. In fa
t, the general pressure evolutionequation [6℄ has a dis
ontinuous 
oeÆ
ient with no meaningful regularizationfor general equations of state. We have pushed this equation to its limitsin [22℄ and have been disappointed by its la
k of robustness. In general, weadvo
ate s
hemes whi
h do not smear out the density pro�le.2



2 Equations2.1 Euler EquationsThe basi
 equations for two-dimensional 
ompressible 
ow are the 2D Eulerequations,0BBB� ��u�vE 1CCCAt +0BBB� �u�u2 + p�uv(E + p)u 1CCCAx +0BBB� �v�uv�v2 + p(E + p)v 1CCCAy = 0 (1)where t is time, x and y are the spatial dimensions, � is the density, u andv are the velo
ities, E is the total energy per unit volume, and p is thepressure. The total energy is the sum of the internal energy and the kineti
energy, E = �e+ �(u2 + v2)2 (2)where e is the internal energy per unit mass. The one-dimensional Eulerequations are obtained by setting v = 0.In general, the pressure 
an be written as a fun
tion of density andinternal energy, p = p(�; e), or as a fun
tion of density and temperature,p = p(�; T ). In order to 
omplete the model, we need an expression for theinternal energy per unit mass. Sin
e e = e(�; T ) we writede = ��e���T d�+ � �e�T �� dT (3)whi
h 
an be shown to be equivalent tode = �p� TpT�2 � d�+ 
vdT (4)where 
v is the spe
i�
 heat at 
onstant volume. [2℄The sound speeds asso
iated with the equations depend on the partialderivatives of the pressure, either p� and pe or p� and pT , where the 
hangeof variables from density and internal energy to density and temperature isgoverned by the following relationsp� ! p� � �p� TpT
v�2 � pT (5)3



pe ! p� + � 1
v� pT (6)and the sound speed 
 is given by
 = rp� + ppe�2 (7)for the 
ase where p = p(�; e) and
 = sp� + T (pT )2
v�2 (8)for the 
ase where p = p(�; T ).The eigenvalues and eigenve
tors for the Ja
obian matrix of ~F (~U) areobtained by setting A = 1 and B = 0 in the following formulas, while thosefor the Ja
obian of ~G(~U) are obtained with A = 0 and B = 1.The eigenvalues are�1 = û� 
; �2 = �3 = û; �4 = û+ 
; (9)and the eigenve
tors are~L1 = �b22 + û2
 ;�b1u2 � A2
 ;�b1v2 � B2
 ; b12 � ; (10)~L2 = (1� b2; b1u; b1v;�b1) ; (11)~L3 = (v̂; B;�A; 0) ; (12)~L4 = �b22 � û2
 ;�b1u2 + A2
 ;�b1v2 + B2
 ; b12 � ; (13)~R1 = 0BBB� 1u�A
v �B
H � û
 1CCCA ; ~R2 = 0BBB� 1uvH � 1b1 1CCCA ; (14)
~R3 = 0BBB� 0B�A�v̂ 1CCCA ; ~R4 = 0BBB� 1u+A
v +B
H + û
 1CCCA ; (15)4



where q2 = u2 + v2; û = Au+Bv; v̂ = Av �Bu; (16)� = pe� ; 
 = qp� + �p� ; H = E + p� ; (17)b1 = �
2 ; b2 = 1 + b1q2 � b1H: (18)The eigensystem for the one-dimensional Euler equations are obtainedby setting v = 0.2.2 Level Set EquationWe use the level set equation�t + u�x + v�y = 0 (19)to keep tra
k of the interfa
e lo
ation as the zero level of �. In general �starts out as the signed distan
e fun
tion, is adve
ted by solving equation19 using the methods in [12℄, and then is reinitialized using�t + S(�o)�q�2x + �2y � 1� = 0 (20)to keep � approximately equal to the distan
e fun
tion near the interfa
ewhere we need additional information. In this equation, S(�o) is the signfun
tion of �o with appropriate numeri
al smearing. More details are givenin the appendix.We note that our method allows us to solve equation 19 independentlyof the Euler equations. That is, equation 19 
an be solved dire
tly usingthe method in [12℄, and the eigensystem for the Euler equations does notdepend on �, sin
e we will be solving only one phase problems with any giveneigensystem (see the later se
tions). For details on the level set fun
tion see[25, 31℄.2.3 Equations of StateWe will use the following equations of state in our numeri
al examples.5



2.3.1 Gamma Law gasFor an ideal gas p = �RT where R = RuM is the spe
i�
 gas 
onstant, withRu � 8:31451 JmolK the universal gas 
onstant and M the mole
ular weightof the gas. Also valid for an ideal gas is 
p � 
v = R where 
p is the spe
i�
heat at 
onstant pressure. Additionally, gamma as the ratio of spe
i�
 heats
 = 
p
v . [2℄For an ideal gas, equation 4 be
omesde = 
vdT (21)and assuming that 
v does not depend on temperature (
alori
ally perfe
tgas), we integrate to obtain e = 
vT (22)where we have set e to be zero at 0K. Note that e is not uniquely determined,and we 
ould 
hoose any value for e at 0K (although one needs to use
aution when dealing with more than one material to be sure that integration
onstants are 
onsistent with the heat release in any 
hemi
al rea
tions thato

ur).Note that we may writep = �RT = R
v �e = (
 � 1)�e (23)for use in the eigensystem.2.3.2 Tait Equation of State for WaterWe use a sti� equation of state for the water,p = B � ��o�
 �B +A (24)where 
 = 7:15, A = 105Pa, B = 3:31 � 108Pa, and �o = 1; 000 kgm3 . Inaddition, we de�ne e = B�
�1(
 � 1)�
o + B �A� (25)at the internal energy per unit mass. [33℄6



Note that this equation of state has pe = 0 whi
h 
auses a divisionby zero in the fourth 
omponent of ~R2. This 
an be avoiding with simpleres
aling of ~L2 and ~R2 by dividing and multiplying by b1 respe
tively. Thenew eigenve
tors be
ome~L2 = ��q2 +H;u; v;�1� (26)and ~R2 = 0BBB� b1b1ub1vb1H � 1 1CCCA (27)In addition, to model 
avitation, the minimum pressure is set to bepmin = 22:0276Pa [33℄. That is, the equation of state be
omes p = pmin forall densities that would admit pressures lower than pmin. Thus, all partialderivatives of pressure are identi
ally zero for densities below�min = �o �pmin �A+BB � 1
 (28)and this 
auses problems in the eigensystem sin
e the sound speed is nowzero. To remedy this problem we use a 
entral s
heme [23℄ when � < �min.2.3.3 JWL Equation of state for Explosive Produ
tsWe use the following JWL (Jones-Wilkins-Lee) equation of state for explo-sive produ
ts,p = A�1� !�R1�o� exp��R1�o� �+B �1� !�R2�o� exp��R2�o� �+ !�e(29)where A = 5:484 � 1011Pa, B = 9:375 � 109Pa, R1 = 4:94, R2 = 1:21,! = :28, and �o = 1; 630 kgm3 . [33℄
7



3 Numeri
al MethodWe use the level set fun
tion to keep tra
k of the interfa
e. The zero levelmarks the lo
ation of the interfa
e, while the positive values 
orrespond toone 
uid and the negative values 
orrespond to the other. Ea
h 
uid satis�esthe Euler equations des
ribed in the last se
tion with di�erent equations ofstate on ea
h side. Based on the work in [12℄, the dis
retization of the levelset fun
tion 
an be done independent of the two sets of Euler equations.Besides dis
retizing equation 19 we need to dis
retize two sets of Eulerequations. This will be done with the help of ghost 
ells. We will des
ribethe s
heme with an ex
essive use of ghost 
ells for the sake of 
larity, and
omment on eÆ
ien
y later.Given a level set fun
tion, it de�nes two separate domains for the twoseparate 
uids, i.e. ea
h point 
orresponds to one 
uid or the other. Ourgoal is to de�ne a ghost 
ell at every point in the 
omputational domain.In this way, ea
h grid point will 
ontain the mass, momentum, and energyfor the real 
uid that exists at that point (a

ording to the sign of thelevel set fun
tion) and a ghost mass, momentum, and energy for the other
uid that does not really exist at the point (it is on the other side of theinterfa
e). On
e the ghost 
ells are de�ned, we 
an use standard methods,e.g. see [30℄, to update the Euler equations at every grid point for both
uids. Then we advan
e the level set fun
tion to the next time step and usethis to determine whi
h of the two multidimensional spatial dis
retizationsto use at a given grid point. This makes multidimensional implementationtrivial, sin
e it is done in the usual straightforward way, i.e. in the usualway for a single phase 
uid with no spe
ial 
on
ern for the interfa
e, e.g. see[30℄. In 
ontrast, [11℄, [5℄ and [4℄ all need ill-advised dimensional splittingfor multidimensional problems.Consider a general time integrator for the Euler equations. In general,we 
onstru
t right hand sides of the ordinary di�erential equation for both
uids (based on the methods in [30℄), then we advan
e the level set to thenext time level and pi
k one of the two right hand sides to use for the Eulerequations based on the sign of the level set fun
tion. This 
an be done forevery step and every 
ombination of steps in a multistep method. Sin
eboth 
uids are solved for at every grid point, we just 
hoose the appropriate
uid based on the sign of the level set fun
tion. This is in
redibly simple toprogram and apply as opposed to 
omplexity and de
ision making involvedwith the use of multilevel time integrators in [11℄, [5℄ and [4℄.To summarize, the method des
ribed here is trivial to implement. Use8



ghost 
ells to de�ne ea
h 
uid at every point in the 
omputational domain.Update ea
h 
uid separately in multidimensional spa
e for one time step orone substep of a multistep time integrator with standard methods. Thenupdate the level set fun
tion independently using the real 
uid velo
ities andthe sign of the level set fun
tion to de
ide whi
h of the two answers is thevalid answer at ea
h grid point. Keep the valid answer and dis
ard the otherso that only one 
uid is de�ned at ea
h grid point. Note that multistep timeintegrators will also require one to save the right hand side of the ordinarydi�erential equation for both 
uids for possible use at a later time level.Then de�ne new ghost 
ells and start over. In this we have regulated all thediÆ
ult de
ision making about spe
ial 
ases on interfa
e 
rossing, 
ut 
ells,et
. to the subroutine that de
ides how to de�ne the ghost 
ells. In fa
t,the entire method relies on the ability to produ
e ghost 
ells that satisfy theappropriate boundary 
onditions for the Euler equations. In this way, one
an 
ompute solutions to multiphase 
ow problems with one's own favoritesingle phase solver by adding a new routine to de�ne and deal with ghost
ells. We 
hose to use the ENO s
heme and TVD Runge Kutta methodsfrom [30℄.Lastly, we note that only a band of 3 to 5 ghost 
ells on ea
h side ofthe interfa
e is a
tually needed by the 
omputational method dependingon the sten
il and movement of the interfa
e. One 
an optimize the 
odea

ordingly.

9



4 De�ning the Ghost CellsSin
e a standard one phase solver will be used, the ghost nodes are thekey to the numeri
al method. We have dis
overed that a straightforwardboundary 
ondition 
apturing approa
h yields surprisingly good results asis demonstrated by our numeri
al examples.4.1 One DimensionTo de�ne the ghost nodes in one spatial dimension, three quantities mustbe de�ned in the ghost region, then the equation of state along with theappropriate algebrai
 relations 
an be used to get the mass, momentum,and energy.We 
hoose pressure and velo
ity as two of our three variables for physi
alreasons. In many problems, pressure and velo
ity are 
ontinuous a
rossthe interfa
e and we 
an set the pressure and velo
ity of the ghost 
uididenti
ally equal to the pressure and velo
ity of the real 
uid at ea
h point.That is, node by node we 
an 
opy the real 
uid values of pressure andvelo
ity into the ghost 
uid values of pressure and velo
ity. In this waywe 
apture the interfa
e boundary 
onditions for the pressure and velo
itywithout expli
itly identifying the interfa
e lo
ation. Some modi�
ation ofthis pro
edure is ne
essary when the pressure and velo
ity are dis
ontinuousas will be dis
ussed in a future paper.On
e the pressure and velo
ity have been de�ned at ea
h ghost node, onemore quantity needs to be de�ned. In [7℄, it was shown that one degree offreedom exists at a material interfa
e or 
onta
t dis
ontinuity. This degreeof freedom 
orresponds to the adve
tion of entropy in the linearly degenerate�eld. Note that entropy is generally dis
ontinuous at a 
onta
t dis
ontinuity.When one applies a standard �nite di�eren
e s
heme to a dis
ontinuousfun
tion, large errors result sin
e the trun
ation error is not small. Sho
k
apturing methods have traditionally avoided the large dispersive errors witha myriad of spe
ial te
hniques while still allowing the large dissipative errorsthat are usually harmless in a one phase 
omputation. However, these largedissipative errors 
an be the sour
e of spurious os
illations in a two phase
omputation.We eliminate the dissipative errors in the numeri
al method by usingone sided extrapolation of the entropy. De�ning the ghost 
ells with onesided extrapolation of the entropy will 
reate a 
ontinuous entropy pro�leand remove the large errors due to numeri
al dissipation. Note that the10



dis
ontinuous nature of the entropy pro�le di
tates that one sided extrapo-lation will 
apture the appropriate boundary 
ondition. As dis
ussed in [7℄,there is a true degree of freedom at a 
onta
t dis
ontinuity and one has some
hoi
e as to whi
h variable to extrapolate, although one needs to use 
autionsin
e there will be di�erent degrees of \overheating" errors depending on thevariable 
hosen. See [7℄ for details.At this point, we des
ribe the method in detail. Suppose that the zerolevel of the level set fun
tion lies between nodes i and i + 1, i.e. the levelset fun
tion 
hanges sign between these nodes. Then 
uid 1 is de�ned atnode i and to the left of node i, while 
uid 2 is de�ned at node i+1 and tothe right of node i+ 1. In order to update 
uid 1, we need to de�ne ghost
uid values of 
uid 1 at nodes to the right and in
luding node i + 1. Forea
h of these nodes, we de�ne the ghost 
uid value by 
ombining 
uid 2'spressure and velo
ity at ea
h node with the entropy of 
uid 1 from nodei. This is 
onstant extrapolation of entropy whi
h is a
tually preferred overhigh order extrapolation sin
e our interfa
e will behave in a fashion similarto the piston in [7℄ su�ering from \overheating" errors. In fa
t we alwaysuse 
onstant extrapolation of entropy to minimize the \overheating" errors.See �gure 1 for a s
hemati
 outlining the details of this pro
ess for the 
uidon the left. Likewise, we 
reate a ghost 
uid for 
uid 2 in the region to theleft and in
luding node i. This is done by 
ombining 
uid 1's pressure andvelo
ity at ea
h node with the entropy of 
uid 2 from node i+ 1.As dis
ussed in [7℄, the isobari
 �x te
hnique 
an be used to redu
ethe \overheating" errors. This te
hnique allows the entropy in real 
uidvalues to 
hange. In order to apply our isobari
 �x te
hnique, we 
hange theentropy at node i to be equal to the entropy at node i�1 without modifyingthe values of the pressure and velo
ity at node i. Likewise, we 
hange theentropy at node i+1 to be equal to the entropy at node i+2. This 
ompletesthe isobari
 �x, and then the ghost 
ells are de�ned as outlined above usingthese new values for the entropy. See �gure 2 for a s
hemati
 outlining thedetails of this pro
ess for the 
uid on the left.Note that the isobari
 �x 
an be 
ombined with ghost node populationin a simple way. For the nodes to the right and in
luding node i, 
ombinethe pressure and velo
ity of ea
h node with the entropy from node i � 1.This de�nes 
uid 1 to the right and in
luding node i. For the nodes tothe left and in
luding node i+1, 
ombine the pressure and velo
ity of ea
hnode with the entropy of node i + 2. This de�nes 
uid 2 to the left andin
luding node i+1. This method is espe
ially e�e
tive in multidimensionalimplementation. 11



An important aspe
t of this method is its simpli
ity. We do not need tosolve a Riemann problem, 
onsider the Rankine-Hugoniot jump 
onditions,or solve an initial boundary value problem at the interfa
e. We 
apture theappropriate interfa
e 
onditions by de�ning a 
uid that has the pressureand velo
ity of the real 
uid at ea
h point, but the entropy of some other
uid. Consider the 
ase of air and water. In order to solve for the air,we repla
e the water with ghost air that a
ts like the water in every way(pressure and velo
ity) but appears to be air (entropy). In order to solvefor the water, we repla
e the air with ghost water that a
ts like the air inevery way (pressure and velo
ity) but appears to be water (entropy). Sin
ethe ghost 
uids behave in a fashion 
onsistent with the real 
uids that theyare repla
ing, the appropriate boundary 
onditions are 
aptured. Sin
e theghost 
uids have the same entropy as the real 
uid that is not repla
ed, weare solving a one phase problem. We name this method the "Ghost FluidMethod", not to be 
onfused with ghost 
ells or ghost nodes whi
h are usedin the implementation of the method and have been in use for quite sometime.4.2 Justi�
ationHere we provide a justi�
ation of why our method works. Consider the 
aseof a solid wall boundary, where a re
e
tion 
ondition is used for the ghost
ells. One 
an think of this as pres
ribing waves in the ghost region whi
hare identi
al to those in the real 
uid so that the real 
uid does not es
apewhen it intera
ts with the boundary. Instead, it sees its re
e
ted twin andbehaves as if the boundary was impenetrable [34℄. Now 
onsider an interfa
eanywhere in a 
uid. We want the 
uid on one side of the interfa
e to behavein the appropriate way when we add our ghost 
ells, and thus the easiestthing to do is to let all the ghost values be equal to the real 
uid values atthat point. In this way, the ghost 
ells do nothing and the s
heme is justthe standard Eulerian s
heme.Unfortunately this standard Eulerian s
heme does not behave well in
ertain situations, just as the piston does not behave well in [7℄ due to\overheating". This implies that a simple modi�
ation of the ghost 
ells isneeded similar to [7℄. We noti
ed in [7℄, that the only modi�
ation ne
essaryto 
ure \overheating" was an isobari
 �x. If one thinks of the smearing outof the density pro�le in a 
onta
t dis
ontinuity as a phenomena similar to\overheating" than it be
omes obvious that the isobari
 �x te
hnique willwork well here. Thus, the only modi�
ation in the ghost 
ells is to use the12



isobari
 �x te
hnique, while leaving the pressure and velo
ity un
hanged.4.3 MultidimensionsThe above pro
edure is for one dimensional problems and as trivial as itseems, it does the job. For multidimensional problems, the ghost 
ells be-
ome more involved. We have more than one velo
ity to deal with, and weneed to make some 
hoi
es for the dire
tion of extrapolation. In multidi-mensions, we treat the pressure and the three dimensional velo
ity �eld inthe usual way, just de�ning the ghost values equal to the real 
uids values.In order to �nish the ghost 
ell pro
edure, we need to apply the isobari
�x te
hnique to all the 
ells bordering the interfa
e, and we need to extendthe isobari
 �x variable into the ghost region in a fashion that resembles the
onstant extrapolation done in the one dimensional 
ase.A natural way applying the isobari
 �x te
hnique exists be
ause of thelevel set formulation. Using the level set fun
tion, we 
an de�ne the unitnormal at every grid point as ~N = ~5�j~5�j (30)and then solve a partial di�erential equation for 
onstant extrapolation inthe normal dire
tion. This equation isIt � ~N � ~5I = 0 (31)where I is the isobari
 �x variable, e.g. the entropy. Note that the normal,~N , always points from the negative 
uid into the positive 
uid. We use the\+" sign in equation 31 to populate a ghost 
uid in the region where � > 0with the values of I from the region where � < 0, while keeping the real 
uidvalues of I �xed in the region where � < 0. Likewise, we use the \-" signin equation 31 to populate a ghost 
uid in the region where � < 0 with thevalues of I from the region where � > 0, while keeping the real 
uid valuesof I �xed in the region where � > 0. This equation only needs to be solvedfor a few time steps to populate a thin band of ghost 
ells needed for thenumeri
al method. On
e the ghost 
ells are populated we 
an reassemblethe 
onserved variables.Note that the above pro
edure does not apply an isobari
 �x to the 
ellsin the real 
uid whi
h border the interfa
e. In order to apply the isobari
�x, we keep the real 
uid values of I �xed in the region where � < �� when13



using the \+" sign in equation 31, and we keep the real 
uid values of I�xed in the region where � > � when using the \-" sign in equation 31. Sin
e� is an approximate distan
e fun
tion, we 
hoose � to be the thi
kness ofthe band in whi
h we wish to apply the isobari
 �x. We use � = 1:54x.4.4 Boundary ConditionsIn some multimaterial problems, large jumps in tangential velo
ity exist atthe interfa
e similar to the jumps in density and equation of state that weremedy in this paper. Most s
hemes will smear out this jump in tangentialvelo
ity due to numeri
al dissipation. An extension of our method allowsone to avoid this smearing.We use the interfa
e normal, ~N , to separate the three 
omponent velo
ity�eld into a tangential and a normal 
omponent. The normal 
omponent istreated in the same fashion as the velo
ity in one dimension, i.e. we 
opy thenormal velo
ity dire
tly into the ghost 
ells with no 
hange. The tangentialvelo
ity is handled in the same way as the isobari
 �x variable, i.e. the goalis to extrapolate it or extend it as a 
onstant in the normal dire
tion. In twodimensions, a tangent ve
tor must be 
hosen 
onsistently in one dire
tion orthe other. In three dimensions, one has a diÆ
ult time 
hoosing a 
onsistenttwo dimensional basis for the tangent plane. We remove the diÆ
ulty inextension to higher dimensions by applying a basis free proje
tion methodsimilar to the CPM (Complementary Proje
tion Method) [9℄.We de�ne the normal at ea
h point by equation 30 and the velo
ity as~V =< u; v; w >. On
e these are de�ned, we solve the propagation equation31 where ~I is now a 
olumn ve
tor of length four whi
h 
ontains the threedimensional velo
ity �eld and the isobari
 �x variable. Then at every 
ellin the ghost region we have two separate velo
ity �elds, one from the real
uid and one from the ghost 
uid. Then for ea
h velo
ity �eld, the normal
omponent of velo
ity, VN = ~V � ~N , is put into a three 
omponent ve
tor,VN ~N , and then we use a 
omplementary proje
tion idea to de�ne the twodimensional velo
ity �eld in the tangent plane by another three 
omponentve
tor, ~V � VN ~N . Then we take the normal 
omponent of velo
ity, VN ~N ,from the real 
uid and the tangential 
omponent of velo
ity, ~V � VN ~N ,from the ghost 
uid and add them ba
k together to get our new velo
ity too

upy the ghost 
ell.We present a simple model to illustrate how the method works. Considera line in two dimensions or a plane in three dimensions whi
h de�nes a ma-terial interfa
e. Assume that the normal 
omponent of velo
ity is 
onstant14



a
ross the interfa
e, while the tangential velo
ity is 
onstant on ea
h side ofthe interfa
e but jumps a
ross the interfa
e. Consider populating one of theghost regions with the velo
ity from the other side of the interfa
e. Sin
ethe entire velo
ity �eld on one side of the interfa
e is a 
onstant, we arejust adve
ting that 
onstant value into the ghost region. Then we split thevelo
ity �eld into a normal and tangential 
omponent for both the ghost
ells and the real 
uid. We keep the tangential 
omponent from the ghost
uid and the normal 
omponent from the real 
uid. Sin
e the real 
uid hasthe same normal velo
ity on both sides of the interfa
e, our pro
edure isequivalent to just keeping both 
omponents of the ghost 
ell velo
ity �eld.This is equivalent to using a 
onstant velo
ity �eld, and our method has noknowledge of a jump in velo
ity at the interfa
e. This allows our methodto 
ompletely avoid smearing and leads to exa
t modeling of planar shearwaves.Shear waves may or may not be stable [24℄. For example, shear waves arestable in high Ma
h number 
ows and when materials have strength (su
has steel). Besides the obvious smearing errors, standard s
hemes may su�erother problems due to their inability to 
orre
tly model these shear waves.For example, a shear wave moving a
ross the grid will su�er from a pressureovershoot, while our s
heme does not have this problem. In addition, thereare many large for
es that may be in
orre
tly ex
ited in material models dueto erroneous smeared out velo
ity pro�les. For example, 
onsider two pie
esof steel slowly sliding past ea
h other at room temperature. The velo
itypro�le will smear, indu
ing a 
ontinuous, non-
onstant velo
ity pro�le inea
h pie
e of steel. This erroneous non-
onstant velo
ity pro�le will indu
elarge non-physi
al resistant for
es from a 
ontinuum model.In many 
ases a jump in tangential velo
ity is not stable, and will leadto a Kelvin-Helmholtz instability. This instability is not well posed for theEuler equations, and only be
omes well posed when vis
osity (or some otherregularization su
h as surfa
e tension) is added, e.g. Navier-Stokes 
ow.4.5 A Note On Conservation and Convergen
eHere, we brie
y dis
uss the issues of 
onservation and 
onvergen
e of thenumeri
al algorithm. The method des
ribed in this paper breaks the 
om-putational domain into two separate 
uids. Within ea
h 
uid a standard
onservative 
ux di�eren
ing s
heme is used. At the interfa
e between thetwo 
uids, there is formally a la
k of dis
rete 
onservation on a set of mea-sure zero. Fluxes that exists between two di�erent 
uids are not unique.15



Sin
e the pressure and normal velo
ity in ea
h 
uid are the same, these
uxes do have a unique pressure and normal velo
ity. However, they di�erin their values of entropy and tangential velo
ities. We note that entropyand tangential velo
ities move with the speed of the 
uid, so they do not
ross the interfa
e. In addition, there will be a la
k of 
onservation due tothe adve
tion of the level set fun
tion, �, similar to the area loss problemseen in in
ompressible 
ow 
al
ulations [31℄.Sin
e the s
heme is formally non-
onservative at the interfa
e, we expe
tour s
heme to behave like a fully 
onservative s
heme with an O(�xn) sour
eterm a
ting over the material interfa
e. Here n is related to the order atwhi
h we are spe
ifying the ghost node states and the order in whi
h we im-plement the level set method. If the interfa
e length, L(t), is independent ofresolution, then the overall la
k of 
onservation will be of O(�xn R t0 L(t)dt).Clearly if n > 0, one will a
hieve 
onservation. See Se
tion 5.7 for an exam-ple where it appears that n = 2. Sin
e in this 
ase, 
onservation is a
hievedunder resolution, and sin
e our dis
retization is numeri
ally 
onsistent withthe Euler equations, we expe
t to also get 
onvergen
e to the proper weaksolution. Again this is seen in Se
tion 5.7.In general, we expe
t that for stable interfa
e 
ows, the above argumentswill hold, and the algorithm should a
hieve both 
onvergen
e and 
onserva-tion under mesh re�nement. Unfortunately, the invis
id Euler equations willgenerally be unstable at material interfa
es due to either Kelvin-Helmholtz[13℄ or Ri
htmyer-Meshkov [28℄ types of instabilities. In these 
ases, thegrowth rate of an in�nitesimal disturban
e is usually proportional to thewavenumber of the disturban
e [24℄ and L(t) is resolution dependent. Sin
eunder re�nement �ner s
ales are introdu
ed, it is likely that L(t) / 1=�xm.Here, it is most likely thatm > 0, and the length of the interfa
e will be
omelarger under re�nement. In this 
ase the error in 
onservation would be ofO(�xn�m R t0 L�(t)dt), where L� is the length of the interfa
e at a parti
ularresolution (i.e. �xed). The fa
t that the interfa
e may be growing is broughtoutside the integral and is grouped with n. We expe
t 
onservation undermesh re�nement when n > m, and expe
t to lose 
onservation when n < m.Note that it is very diÆ
ult in general to determine both n and m just givensome initial/boundary value problem. It may be possible that for a physi-
ally unstable problem that n = m, in whi
h 
ase under re�nement one mayobserve a �xed (and possibly small) error in 
onservation. The example inSe
tion 5.8 may be of this type, but it is probably best to simply monitor theerror in 
onservation for ea
h problem and to attempt to determine n�mnumeri
ally. 16



It should be noted that many \fully 
onservative" s
hemes may 
onserveoverall mass, but may not 
onserve mass of ea
h 
onstituent [25℄. In addi-tion, problems where the Euler equations have instabilities at all wavelengthswill never be a resolved even with a perfe
tly 
onservative s
heme. For themethod des
ribed in this paper, 
onservation is a
hieved under resolutionfor problems that have a resolvable solution.

17
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5 ExamplesUnless otherwise noted the 
al
ulations are done with 3rd order ENO-LLF(essentially non-os
illatory - lo
al Lax-Friedri
hs) and 3rd order TVD RK(total variation diminishing Runge-Kutta) [30℄, ex
ept where the water 
av-itates where the 3rd order 
entral s
heme [23℄ is used for the spatial dis-
retization.5.1 Example 1In this �rst example, we explore a simple one phase problem where an Eu-lerian s
heme works well with no os
illations. We will 
ompare our s
hemeto the standard Eulerian s
heme.This problem was taken from [33℄. Consider a gamma law gas with
 = 1:4 on a 4m domain with 100 grid points. The interfa
e is lo
atedmidway between the 50th and 51st grid points with left and right statesde�ned as �L = 2 kgm3 , �R = 1 kgm3 , pL = 9:8� 105Pa, pR = 2:45� 105Pa, anduL = uR = 0ms . We ran the 
ode to a �nal time of .0022 se
onds.The results in �gure 3 were obtained with the standard s
heme while theresults in �gure 4 were obtained with the use of the new ghost 
ell te
hniquewhere we 
hoose the isobari
 �x variable to be entropy for extrapolation, butdo not use the isobari
 �x itself. Noti
e that the standard s
heme produ
esa smeared out density and entropy pro�le as shown in �gure 3. In �gure4, this smearing has been alleviated to a large degree sin
e the numeri
almethod no longer enfor
es 
ontinuity of the dis
ontinuous entropy and den-sity pro�les, but instead uses our new Ghost Fluid Method. However, thereare still some small errors in these variables near the interfa
e due to slightoverheating near the 
onta
t dis
ontinuity whi
h 
an be improved with anisobari
 �x te
hnique as dis
ussed in [7℄. In �gure 5, we add the 
onstantentropy isobari
 �x to 
lean up the overheating. It should be noted thatfront tra
king s
hemes 
an 
ompletely eliminate numer
al dissipation andoverheating errors at an interfa
e as long as the interfa
e and all dis
onti-nuities that interse
t it (e.g. sho
ks) are tra
ked. All three sets of resultsare plotted on top of the exa
t solution.Note that we still 
apture the sho
k and still generate the large dissipa-tive errors 
hara
teristi
 of sho
k 
apturing s
hemes. However, our 
onta
tdis
ontinuity no longer su�ers from this dilemma.
19



5.2 Example 2In this example we 
ompute solutions to \Test A", \Test B", \Test C", andthe two 
ases of \Test D" from [18℄ where we have redimensionalized theproblems. Note that all of these examples have solutions where the pressureis 
onstant a
ross the 
onta
t dis
ontinuity. Be
ause of this, the pressureevolution equation gives good results whi
h are also shown in [18℄, althoughthere are large smearing errors due to numeri
al dissipation.5.2.1 \Test A"For \Test A" we use a 1m domain with 100 grid points. The interfa
e islo
ated midway between the 50th and 51st grid points with left and rightstates de�ned as 
L = 1:4, 
R = 1:2, �L = 1 kgm3 , �R = :125 kgm3 , pL =1� 105Pa, pR = 1� 104Pa, and uL = uR = 0ms . We ran the 
ode to a �naltime of .0007 se
onds and the results with the standard s
heme from [25℄are shown in �gure 6, while the results using our new s
heme with entropyas the isobari
 �x variable are shown in �gure 7. Both sets of results areplotted on top of the exa
t solution.Note that the 
onta
t dis
ontinuity is shifted one grid point to the left,sin
e we estimate its speed with the lo
al 
uid velo
ity when adve
tingthe level set fun
tion. During wave intera
tions, the a
tual velo
ity of a
onta
t dis
ontinuity 
an vary slightly from the lo
al 
uid velo
ity. Wehave performed a grid re�nement analysis and the 
onta
t dis
ontinuityseems to be o� by one grid 
ell for all levels of grid re�nement yielding �rstorder 
onvergen
e in lo
ation as expe
ted for a dis
ontinuity where exa
t
onservation is relaxed slightly. A more resolved solution with 400 gridpoints is shown in �gure 8.5.2.2 \Test B"For \Test B" we use a 1m domain with 100 grid points. A right going sho
kis lo
ated midway between the 5th and 6th grid points and an interfa
e islo
ated midway between the 50th and 51st grid points. The left, middle, andright states are de�ned as 
L = 1:4, 
M = 1:4, 
R = 1:67, �L = 1:3333 kgm3 ,�M = 1 kgm3 , �R = :1379 kgm3 , pL = 1:5 � 105Pa, pM = 1 � 105Pa, pR =1 � 105Pa, uL = :3535p105ms , and uM = uR = 0ms . We ran the 
odeto a �nal time of .0012 se
onds and the results with the standard s
hemefrom [25℄ are shown in �gure 9, while the results using our new s
heme with20



entropy as the isobari
 �x variable are shown in �gure 10. Both sets ofresults are plotted on top of the exa
t solution.In this 
ase, the 
onta
t dis
ontinuity is lo
ated in the 
orre
t 
ell. Notethat the weak rarefa
tion wave (lo
ated to the left) and the weak sho
k wave(lo
ated to the right) both su�er from numeri
al dissipation at this level ofresolution, independent of the sharp 
onta
t dis
ontinuity. A more resolvedsolution with 400 grid points is shown in �gure 11.5.2.3 \Test D", Case 1This is similar to \Test B", ex
ept that we in
rease the strength of thesho
k with �L = 4:3333 kgm3 , pL = 1:5 � 106Pa, and uL = 3:2817p105ms .We ran the 
ode to a �nal time of .0005 se
onds and the results with thestandard s
heme from [25℄ are shown in �gure 12, while the results usingour new s
heme with entropy as the isobari
 �x variable are shown in �gure13. Both sets of results are plotted on top of the exa
t solution.In this 
ase, the 
onta
t dis
ontinuity is lo
ated in the 
orre
t 
ell. Notethat the glit
h near x = :2m is due to the 
apturing of perfe
t sho
k initialdata by a sho
k 
apturing s
heme. This is more pronoun
ed in this example,sin
e the sho
k wave is quite strong. If one starts with a smoothed out sho
kpro�le, this glit
h is no longer present. A more resolved solution with 400grid points is shown in �gure 14.5.2.4 \Test C"This is similar to \Test B", ex
ept that we 
hange the 
uid on the right to
R = 1:249, �R = 3:1538 kgm3 , pR = 1�105Pa, and uR = 0ms . We ran the 
odeto a �nal time of .0017 se
onds and the results with the standard s
hemefrom [25℄ are shown in �gure 15, while the results using our new s
hemewith entropy as the isobari
 �x variable are shown in �gure 16. Both setsof results are plotted on top of the exa
t solution.In this 
ase the 
onta
t dis
ontinuity is lo
ated in the 
orre
t 
ell, al-though the sho
k wave lo
ated to the left is shifted two grid points to theright. On
e again, these errors are 
onsistent under grid re�nement yielding�rst order a

ura
y in lo
ation. In addition, note that these errors do notin
rease in time, sin
e they are the result of estimating the velo
ity of the
onta
t dis
ontinuity by the lo
al 
uid velo
ity during wave intera
tions. Amore resolved solution with 400 grid points is shown in �gure 17.21



5.2.5 \Test D", Case 2This is similar to \Test C", ex
ept that we in
rease the strength of thesho
k with �L = 4:3333 kgm3 , pL = 1:5 � 106Pa, and uL = 3:2817p105ms .We ran the 
ode to a �nal time of .0007 se
onds and the results with thestandard s
heme from [25℄ are shown in �gure 18, while the results usingour new s
heme with entropy as the isobari
 �x variable are shown in �gure19. Both sets of results are plotted on top of the exa
t solution.In this 
ase the 
onta
t dis
ontinuity is lo
ated in the 
orre
t 
ell, al-though the sho
k wave lo
ated to the left is shifted two grid points to theright and the sho
k wave lo
ated to the right is shifted one grid point tothe right. Note that the glit
hes near x = :3m and x = :7m are due tothe 
apturing of perfe
t sho
k initial data by a sho
k 
apturing s
heme. Ifone starts with a smoothed out sho
k pro�le, these glit
hes are no longerpresent. A more resolved solution with 400 grid points is shown in �gure20.5.3 Example 3We take the initial data for the sho
k tube problem from \Test A" in [18℄as in Example 2. This time we 
ompute in two spatial dimensions on a 200by 200 grid with the sho
k tube aligned in the diagonal dire
tion. In �gure21 we show output from the o�-diagonal dire
tion. Note that we ran the
ode for p2 times longer in order to get a good 
omparison with \Test A"in Example 2. The results are plotted on top of the exa
t solution.5.4 Example 4This problem was taken from [33℄. Consider a 4m domain with 100 gridpoints and the interfa
e lo
ated midway between the 50th and 51st gridpoints. There is a JWL gas on the left and water on the right with initialstates of �L = 1630 kgm3 , �R = 1000 kgm3 , pL = 7:81�109Pa, pR = 1:0�105Pa,and uL = uR = 0ms .Sin
e the equation of state for water has pressure as a fun
tion of densityonly, one needs to be 
areful when 
hoosing the isobari
 �x variable. Themost natural 
hoi
e for water is the internal energy. For simpli
ity, we donot use the isobari
 �x te
hnique for the JWL gas, and we extend densitydire
tly into the ghost 
ells.We ran the 
ode to a �nal time of .0005 se
onds and the results usingour new s
heme are shown in �gure 22. The results 
ompare well with the22



exa
t solution in [33℄.5.5 Example 5This problem was taken from [33℄. Consider a 10m domain with 500 gridpoints and re
e
tion boundary 
onditions applied to both sides of the do-main. The interfa
e is lo
ated midway between the 250th and 251st gridpoints, with a gamma law gas, 
 = 1:25, on the left and water on theright. The initial states are �L = 1 kgm3 , �R = 1000 kgm3 , pL = 1:0 � 105Pa,pR = 1:0 � 105Pa, and uL = uR = 0ms . In addition, we have a sho
k inea
h 
uid. Grid points 1 to 48 have � = 8:26605505 kgm3 , p = 1:0 � 107Pa,and u = 2949:97131ms . Grid points 481 to 500 have � = 1004:1303 kgm3 ,p = 1:0 � 107Pa, and u = �6:3813588ms .Sin
e the equation of state for water has pressure as a fun
tion of densityonly, one needs to be 
areful when 
hoosing the isobari
 �x variable. Themost natural 
hoi
e for water is the internal energy. We use entropy as theisobari
 �x variable in the gas.We ran the 
ode to a �nal time of .003 se
onds and the results usingour new s
heme are shown in �gure 23 where we plot log10 � instead of thedensity, so that one may see the sho
k in the gas. In the �gure, we use REDfor the gas and GREEN for the water. In addition, note that the entropy�eld in the water is not used, so we set it to zero for graphing purposes. Theresults 
ompare well with the solution 
omputed in [33℄.Note that the pressure evolution equation method in [18℄ has a diÆ
ulttime dealing with these sorts of 
onta
t dis
ontinuities where the velo
ityand pressure are not both 
onstant.5.6 Example 6This problem was taken from [33℄. Consider a 10m domain with 400 gridpoints. A re
e
tion boundary 
ondition is applied to the left hand side of thedomain, while an out
ow boundary 
ondition applied to the right hand sideof the domain. Water is lo
ated in the 
entral part of the domain surroundedby a gamma law gas, 
 = 1:3, on ea
h side. There are two interfa
es, onebetween the 40th and 41st 
ell and one in between the 120th and 121st 
ell.The gas has initial values of � = 35 kgm3 , p = 1:0 � 107Pa, and u = 500ms ,while the water has initial values of � = 1004:1303 kgm3 , p = 1:0� 107Pa, andu = 500ms . 23



This problem is 
omputationally 
hallenging so we modify our numeri-
al method slightly by 
hoosing the high order vis
osity for the ENO-LLFs
heme as the largest of the three separate �eld vis
osities as opposed tothe usual �eld by �eld 
hoi
e. In addition, we only use the se
ond ordera

urate version of the spatial method in the water.Sin
e the equation of state for water has pressure as a fun
tion of densityonly, one needs to be 
areful when 
hoosing the isobari
 �x variable. Themost natural 
hoi
e for water is the internal energy. We use entropy as theisobari
 �x variable in the gas.We ran the 
ode to a �nal time of .007 se
onds and the results usingour new s
heme are shown in �gure 24 where we plot log10 � instead of thedensity, so that one may see the sho
k in the gas. In the �gure, we use REDfor the gas and GREEN for the water. In addition, note that the entropy�eld in the water is not used, so we set it to zero for graphing purposes. Theresults 
ompare well with the solution 
omputed in [33℄.Note that the pressure evolution equation method in [18℄ has a diÆ
ulttime dealing with these sorts of 
onta
t dis
ontinuities where the velo
ityand pressure are not both 
onstant.5.7 Example 7We examine the 
onvergen
e and 
onservation of a stable 
ow �eld with aninterfa
e. The problem is linear adve
tion of a helium bubble in air and thenondimensionalized initial 
onditions are,(� = 1; u = 1; v = 1; p = 1; 
 = 1:4) air (32)(� = :138; u = 1; v = 1; p = 1; 
 = 1:67) helium (33)� = �0:2 +q(x� :25)2 + (y � :25)2 level set (34)where � � 0 represents helium and � > 0 represents the air. No reinitial-ization of the level set fun
tion was done. For this adve
tion problem ours
heme a
hieves the exa
t state in ea
h of the 
uid regions, and the onlyerror in
urred is from the adve
tion of the level set fun
tion. This may seemlike a trivial example, but most standard 
onservative or pressure evolutions
hemes would smear out the density and possibly 
reate spurious pressureos
illations. 24



A series of experiments were 
arried out on the unit square to measurethe 
onvergen
e to the exa
t solution and to analyze how well the s
heme
onserves the mass of ea
h 
uid. Zero gradient boundary 
onditions wereused for the 
onservative 
uid variables, and linear extrapolation at theboundaries was used for �. We used a 
entrally biased ENO s
heme [29℄applied in a 
entral framework [23, 34℄ with third order TVD Runge-Kuttatime integration and third order WENO for the adve
tion of � [16℄. Weused �t = 0:1�x and integrated to t = 0:5. We measured two dis
reteerrors, namely the L1 error in the density �eld, E�, and the relative errorin total mass of helium, EHe, at t = 0:5. The errors and numeri
al rates of
onvergen
e, R
, are given in Table I. Clearly the errors in both the density�eld and in total mass 
onservation 
onverge at se
ond order.TABLE I: Numeri
al a

ura
y for helium adve
tion in air.�x = �y E� R
 EHe R
1/10 5:17 � 10�2 5:00� 10�11/20 8:62 � 10�3 2.58 8:16� 10�2 2.621/40 2:15 � 10�3 2.00 2:03� 10�2 2.011/80 5:39 � 10�4 2.00 5:02� 10�3 2.025.8 Example 8In this example, we will illustrate the diÆ
ulty in 
omputing shear waveswith sho
k 
apturing s
hemes and demonstrate the potential bene�ts of ournew method. A full 
omputational analysis of these issues will be treated ina future paper on vis
ous 
ow.Consider a 1m square domain with 
 = 1:4, � = 1 kgm3 , and pL = 1�105Paeverywhere. An interfa
e is lo
ated at x = :5m with tangential velo
ities ofv = 300ms on the left and v = 200ms on the right. In addition, we impose anormal velo
ity of u = 50ms dire
ted to the right. The 
ow is invis
id anda shear wave should be adve
ted to the right with a perfe
t slip boundary
ondition. We use a 
oarse mesh of 20 grid points in ea
h dire
tion and plotthe y = 10=19m 
ross-se
tion of this initial data in �gure 25. A sho
k 
apturings
heme will smear out this shear wave 
reating the errors shown in �gure26 at .0005 se
onds and �gure 27 at .005 se
onds. Using the slip boundary
ondition in our new s
heme results in an extremely sharp solution as shownin �gure 28 at .005 se
onds. 25



5.9 Example 9We examine a Ma
h 1.22 air sho
k 
ollapse of a helium bubble. Experi-mental results may be found in [14℄ and a numeri
al solution using adaptivemesh re�nement (AMR) may be found in [32℄. The physi
al initial 
on-ditions for this problem are given in �gure 29, where the upper and lowerboundary 
onditions are re
e
tion for solid wall boundaries. The left andright boundary 
onditions were zero gradient for the 
ow variables and linearextrapolation for �. The nondimensionalized initial 
onditions are,(� = 1; u = 0; v = 0; p = 1; 
 = 1:4) pre-sho
ked air (35)(� = 1:3764; u = �:394; v = 0; p = 1:5698; 
 = 1:4) post-sho
ked air (36)(� = :138; u = 0; v = 0; p = 1; 
 = 1:67) helium (37)� = �25 +q(x� 175)2 + y2 level set (38)where � � 0 represents helium and � > 0 represents the air. The post-sho
kair state was given for x > 225. No reinitialization of the level set fun
tion orisobari
 �x was done. We used a 
entrally biased ENO s
heme [29℄ appliedin a 
entral framework [23, 34℄ with third order TVD Runge-Kutta timeintegration and third order WENO for the adve
tion of � [16℄. Note thatthe 
omputational domain was only the top half of the physi
al domain witha re
e
tion 
ondition applied at x = 0. A series of experiments were 
arriedout at di�erent resolutions (�x = 2; 1; 0:5; 0:25) at CFL = 0:8.Figure 30 shows an idealized S
hlieren image 
orresponding to 427�s af-ter the air sho
k en
ounters the helium bubble (�x = 0:25). The image wasgenerated in the exa
t same manner as des
ribed in Se
tion 3.3 of [32℄. Alsoshown in �gure 30 is a 
ir
le representing the original helium-air interfa
eto make the 
omparison easier with �gure 9(h) of [32℄ and �gure 7(h) of[14℄. The 
omparisons between the previous AMR solution and experimentare in good agreement for the general bubble shape and position. Thereare di�eren
es in the details of the interfa
e, whi
h is to be expe
ted sin
efor this problem the interfa
e is unstable, and without some regularizationthere will be no unique or resolved answer to the Euler equations. For thisproblem the series of resolutions (�x = 2; 1; 0:5; 0:25) gave (2.5%, 0.78%,0.42%, 0.43%) as the time averaged relative per
ent errors in helium mass,26



respe
tively. Clearly this error in 
onservation of mass is not very signi�-
ant, and although it appears to be generally getting better with resolution,we make no 
onje
ture that 
onservation will be a
hieved under resolutionto unstable problems.
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Figure 3: Standard S
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Figure 4: Ghost Fluid Method - without isobari
 the �x - 100 points28
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Figure 5: Ghost Fluid Method - with the isobari
 �x - 100 points
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Figure 6: Test A - Standard S
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Figure 7: Test A - Ghost Fluid Method - 100 points
0 0.2 0.4 0.6 0.8 1

0

50

100

150

200

250

300

vel

0 0.2 0.4 0.6 0.8 1

1

1.05

1.1

1.15

1.2

1.25

x 10
5 entropy

0 0.2 0.4 0.6 0.8 1

1

2

3

4

5

6

7

8

9

10

x 10
4 press

0 0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

den

Figure 8: Test A - Ghost Fluid Method - 400 points30
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Figure 9: Test B - Standard S
heme - 100 points
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Figure 10: Test B - Ghost Fluid Method - 100 points31
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Figure 11: Test B - Ghost Fluid Method - 400 points
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Figure 12: Test D, Case 1 - Standard S
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Figure 13: Test D, Case 1 - Ghost Fluid Method - 100 points
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Figure 14: Test D, Case 1 - Ghost Fluid Method - 400 points33
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Figure 15: Test C - Standard S
heme - 100 points
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Figure 16: Test C - Ghost Fluid Method - 100 points34
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Figure 17: Test C - Ghost Fluid Method - 400 points
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Figure 18: Test D, Case 2 - Standard S
heme - 100 points35
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Figure 19: Test D, Case 2 - Ghost Fluid Method - 100 points
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Figure 20: Test D, Case 2 - Ghost Fluid Method - 400 points36
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Figure 21: Test A - 2D 
al
ulation - diagonal 
ross-se
tion
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Figure 22: JWL gas on the left & water on the right37
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Figure 23: gamma law gas (RED) & water (GREEN)
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Figure 24: gamma law gas (RED) & water (GREEN)38
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Figure 25: Shear Wave - initial data
0 0.2 0.4 0.6 0.8 1

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

1.01

1.02

den

0 0.2 0.4 0.6 0.8 1

44

46

48

50

52

54

56

uvel

0 0.2 0.4 0.6 0.8 1

−200

−100

0

100

200

300

vvel

0 0.2 0.4 0.6 0.8 1

1

1.005

1.01

1.015

1.02

1.025

x 10
5 press

Figure 26: Shear Wave - Standard S
heme39
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Figure 27: Shear Wave - Standard S
heme
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Figure 28: Shear Wave - Ghost Fluid Method40
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Figure 29: Physi
al Domain for Example 9
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Figure 30: S
hlieren image for Example 9 at t = 427�s (Rotated 90o 
lo
k-wise)
42



6 Con
lusionsIn this paper, we implemented a level set method for two phase 
ompress-ible 
ow that gives sharp resolution of 
onta
t dis
ontinuities. A new GhostFluid Method was used to 
reate a band of ghost 
ells that preserve the
ontinuous pressure and velo
ity pro�les at a 
onta
t dis
ontinuity, while re-moving the numeri
al dissipation asso
iated with the dis
ontinuous entropy�eld (and the tangential velo
ity in the 
ase of a shear wave). The resultingnumeri
al method produ
es sharp resolution of the Heaviside density andtemperature pro�les allowing one to treat interfa
es where one of the phaseshas a sti� equation of state that 
ould erroneously produ
e 
avitation forsmeared out density pro�les.A number of numeri
al examples were studied in both one and two spa-tial dimensions. Extensions to three dimensions are straightforward, butwill be pursued elsewhere. We experien
ed a small in
rease in 
omputa-tional overhead asso
iated with the numeri
al treatment of the s
alar levelset equation and the equations for reinitialization and ghost 
ell population.Theoreti
ally, these algorithms 
an be performed on a lower dimensionalsubset of the mesh, see for example [1℄ and the referen
es therein. Whileour 
odes did not use these fast methods for the level set equations, we didapply the ghost 
ells in a thin band about the interfa
e in
reasing the 
om-putational 
ost by only a few per
ent over a standard one phase 
al
ulationin most 
ases.
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A Level Set MethodsIn this se
tion, we present some of the relevant ideas for dis
retization ofthe level set adve
tion equation�t + u�x + v�y = 0 (39)and the reinitialization equation�t + S(�o)�q�2x + �2y � 1� = 0 (40)We also dis
uss the adve
tion equation for ghost 
ells population andthe isobari
 �x It � nxIx � nyIy = 0 (41)where we have used ~N =< nx; ny >.A.1 Hamilton Ja
obi Dis
retizationFollowing [26, 27℄, we need to �nd a left sided and right sided dis
retizationfor �x whi
h we 
all ��x and �+x . The same pro
edure is applied to �y in theobvious fashion.A.1.1 3rd Order ENOWe pro
eed along the lines of [30℄. We will use polynomial interpolation to�nd � and then di�erentiate to get �x.The zeroth order divided di�eren
es, D0i , and all higher order even di-vided di�eren
es of � exist at the grid points and will have the subs
ript i.The �rst order divided di�eren
es, D1i+ 12 , and all higher order odd divideddi�eren
es of � exist at the 
ell walls and will have the subs
ript i� 12 .Consider a spe
i�
 grid point i0. To �nd ��x , set k = i0� 1. To �nd �+x ,set k = i0.De�ne Q1(x) = (D1k+ 12�)(x� xi0): (42)If jD2k�j � jD2k+1�j, then 
 = D2k� and k? = k � 1. Otherwise, 
 = D2k+1�and k? = k. De�ne Q2(x) = 
(x� xk)(x� xk+1): (43)44



If jD3k?� 12�j � jD3k?+ 12�j, then 
? = D3k?� 12�. Otherwise, 
? = D3k?+ 12�.De�ne Q3(x) = 
?(x� xk?)(x� xk?+1)(x� xk?+2): (44)And then (��x )i0 isD1k+ 12�+ 
 (2(i0 � k)� 1)4x+ 
? �3(i0 � k?)2 � 6(i0 � k?) + 2� (4x)2:(45)A.1.2 5th Order WENOWe pro
eed along the lines of [17℄ and [16℄. Consider a spe
i�
 grid pointi0. To �nd ��x , setv1 = �i0�2 � �i0�34x ; v2 = �i0�1 � �i0�24x (46)v3 = �i0 � �i0�14x ; v4 = �i0+1 � �i04x (47)v5 = �i0+2 � �i0+14x (48)and to �nd �+x , setv1 = �i0+3 � �i0+24x ; v2 = �i0+2 � �i0+14x (49)v3 = �i0+1 � �i04x ; v4 = �i0 � �i0�14x (50)v5 = �i0�1 � �i0�24x (51)Next we de�ne the smoothnessS1 = 1312(v1 � 2v2 + v3)2 + 14(v1 � 4v2 + 3v3)2 (52)45



S2 = 1312(v2 � 2v3 + v4)2 + 14(v2 � v4)2 (53)S3 = 1312(v3 � 2v4 + v5)2 + 14(3v3 � 4v4 + v5)2 (54)and the weights a1 = 110 1(�+ S1)2 ; w1 = a1a1 + a2 + a3 (55)a2 = 610 1(�+ S2)2 ; w2 = a2a1 + a2 + a3 (56)a3 = 310 1(�+ S3)2 ; w3 = a3a1 + a2 + a3 (57)to �nally get (��x )i0 =w1(v13 � 7v26 + 11v36 ) + w2(�v26 + 5v36 + v43 ) + w3(v33 + 5v46 � v56 ) (58)Note that we use � = 10�6.A.2 Conve
tionIn order to solve, �t + u�x + v�y = 0 (59)we look at the velo
ities. If ui0 > 0, then we use ��x . If ui0 < 0, thenwe use �+x . If ui0 = 0, then we do not need to 
hoose either. The same
onsiderations apply to v and �y.A.3 ReinitializationIn order to solve, �t + S(�o)�q�2x + �2y � 1� = 0 (60)46



we 
an rewrite it as�t +0� S(�o)�xq�2x + �2y1A�x +0� S(�o)�yq�2x + �2y1A�y = S(�o) (61)and 
onsider S(�o)�x and S(�o)�y evaluated at i0 to determine the upwinddire
tions. [31℄We use a modi�
ation of Godunov's method [27℄. If S(�o)�+x � 0 andS(�o)��x � 0, then we use ��x . If S(�o)�+x � 0 and S(�o)��x � 0, then we use�+x . If S(�o)�+x > 0 and S(�o)��x < 0, then we use �x = 0. If S(�o)�+x < 0and S(�o)��x > 0, we de�nes = S(�o)(j�+x j � j��x j)�+x � ��x (62)and if s > 0, then we use ��x . Otherwise we use �+x .The same pro
edure is repeated for S(�o)�y and the appropriate valuesfor �x and �y are plugged into equation 60.Note that we smear out the sign fun
tion and de�neS(�o) = �p�2 + (4x)2 (63)instead of the exa
t sign fun
tion.We also use a limiter in the time evolution of the distan
e fun
tion tokeep the interfa
e from 
rossing grid points.A.4 Ghost CellsIn order to solve, It + nxIx + nyIy = 0 (64)we use a �rst order ENO approximation to I+x and I�x as outlined above for�. Note that we use �rst order sin
e theoreti
ally this equation is solved tosteady state.We will also need to evaluate the unit normal~N =< nx; ny >= * �xq�2x + �2y ; �yq�2x + �2y+ (65)47



at i0, e.g. using 
entral di�eren
ing. It is usually helpful to use a temporaryvariable, �̂, when 
omputing the normal. First 
opy � into �̂, reinitialize�̂ to produ
e an approximate distan
e fun
tion, then 
ompute the normalsusing �̂. In this way one 
an get improved values for the normal withoutlosing a

ura
y in the original level set fun
tion, �. Note that 
aution shouldbe used to avoid division by zero when �x = �y = 0.If nx > 0, then we use I�x . If nx < 0, then we use I+x . If nx = 0, thenwe do not need to 
hoose either. The same 
onsiderations apply to the nyIyterm.In order to solve, It � nxIx � nyIy = 0 (66)we use �nx instead of nx and �ny instead of ny in the pro
edure above.We use + ~N to update the ghost 
ells with � > 0 and � ~N to update theghost 
ells with � � 0. where we have 
hosen the 
onvention that � = 0belongs to the 
uid with � < 0. To apply the isobari
 �x, we allow a band ofthe real 
uids 
ells near the interfa
e to be populated along with the 
ells onthe other side of the interfa
e. In this 
ase, we use + ~N to update the 
ellswith � > �� and � ~N to update the 
ells with � < +� where � determinesthe thi
kness of the band. For example, 
hoose � = 1:54x.A.5 Time EvolutionThe adve
tion equation for the level set fun
tion is updated together withthe Euler equations.The reinitialization equation is usually solved in �
titious time afterea
h fully 
omplete time step for the Euler equations. For example, set4� = 4x2 and take 10 � -steps with a 3rd order TVD Runge Kutta methodto reinitialize about 5 
ells on ea
h side of the interfa
e to be approximatelya distan
e fun
tion.The adve
tion equation for the population of ghost 
ells must be doneafter ea
h substep of the time dis
retization for the Euler equations, in 
on-trast to the reinitialization. For example, the ghost 
ells must be populatedafter ea
h Euler substep of a Runge Kutta method, whereas the reinitial-ization is done after ea
h full Runge Kutta step. This update is also donein �
titious time. For example, set 4� = 4x2 and take about 20 � -stepswith a 3rd order TVD Runge Kutta method to populate a small band ofghost 
ells. We 
aution the reader that numeri
al dissipation 
ould a�e
t48



this ghost 
ell population and that they may need more than 20 steps ono

asion.A.6 BoundariesThe following boundary 
ondition keeps the 
hara
teristi
s 
owing outwardfor the level set fun
tion. After updating the interior of the domain, weupdate the boundary points with�B = �B�1 + S(�B�1)j�B�1 � �B�2j (67)where �B lies on the boundary and �B�1 and �B�2 are the adja
ent pointsin a given 
oordinate dire
tion.
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