
NUMERICAL METHODS FOR A ONE-DIMENSIONALINTERFACE SEPARATING COMPRESSIBLE ANDINCOMPRESSIBLE FLOWS
R. FEDKIW, B. MERRIMAN AND S. OSHER 0UCLA, Department of Mathemati
s,405 Hilgard Ave., LA, CA 90095Abstra
t.We develop 1D numeri
al methods for treating an interfa
e separatinga liquid drop and a high speed gas 
ow. The droplet is an in
ompressibleNavier-Stokes 
uid. The gas is a 
ompressible, multi-spe
ies, 
hemi
ally re-a
tive Navier-Stokes 
uid (Fedkiw et al., 1996; Fedkiw, 1996). The interfa
eis followed with a marker parti
le, although the level set method will be usedfor the eventual 2D extension (Sussman, 1995). Away from the interfa
e,we solve the equations with TVD Runge Kutta s
hemes in time and 
on-servative �nite di�eren
e ENO s
hemes in spa
e (Shu and Osher, 1988).Near the interfa
e, we 
annot apply this dis
retization, sin
e the equationsdi�er in both number and type a
ross the interfa
e. Instead we use theinterfa
e lo
ation for domain de
omposition, and apply a moving 
ontrolvolume formulation nearby. This is done in a 
onservative framework, 
om-patible with the outer �nite di�eren
e s
heme. Full details are given for asimple forward Euler time stepping s
heme, and this has dire
t, althoughalgorithmi
ally 
ompli
ated, extensions to 2nd and 3rd order Runge Kuttamethods. Future work will fo
us on the extension to 2D, and simpli�
ationsof the higher order time stepping algorithms.
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2 R. FEDKIW ET AL.1. Introdu
tionThe level set method has been used to model the interfa
e between di�er-ent 
uids. In this pro
edure, ea
h numeri
al 
ux fun
tion is 
onstru
tedby staying on the appropriate side of the level set. These 
uxes are thendi�eren
ed to update the 
onserved variables. This method works well formost of the numeri
al domain. However, it does not work as well for pointswhi
h are adja
ent to the level set. A point whi
h is adja
ent to the level setwill be updated using a 
ux from ea
h side of it. Using these \straddled"
uxes 
an lead to problems.If the media on opposite sides of the interfa
e are very similar, thenone is able to update a point adja
ent to the level set by using \straddled"
uxes. In (Mulder et al., 1991) the authors modeled two distin
t gas phases(e.g. helium and air) and had little trouble with \straddled" 
uxes. This isbe
ause the two gas phases are fairly similar. In (Sussman, 1995), dissim-ilar 
uids are treated, su
h as water and air. In order to use \straddled"
uxes, 
onditions are imposed to make the 
uids similar: both are treatedas in
ompressible 
uids, and their physi
al properties are averaged togetherover a few points (around 2 or 3) near the interfa
e in order to smooth outthe dis
repan
ies.There are times when the 
uids on opposite sides of the interfa
e arequite di�erent and we are not free to simply average their properties. Evenworse, the equations on opposite sides of the level set may di�er in numberand type. In these 
ases it does not make mathemati
al sense to use \strad-dled" 
uxes; a new method must be employed. We 
onstru
t a 
ux lo
atedon the moving interfa
e, using sub-grid information. Then this interfa
e 
ux
an be utilized in a 
onservative way to update the points adja
ent to theinterfa
e, on one or both sides as required by the equations posed on ea
hside. In this way the di�erent 
uids do not in
orre
tly intera
t with ea
hother through interior 
ux points. They intera
t with ea
h other throughthe interfa
e 
ux using the appropriate mathemati
al model designed forthe interfa
e.We will study the 1D 
ase of a liquid and gas, su
h as water and air. Theliquid is an in
ompressible Navier-Stokes 
uid. The gas is a 
ompressible,multi-spe
ies, 
hemi
ally rea
tive Navier-Stokes 
uid (Fedkiw et al., 1996;Fedkiw, 1996). The interfa
e is followed with a marker parti
le instead of alevel set. In 1D there is little advantage to using a level set. In 2D we willuse the level set method, sin
e it is the most eÆ
ient te
hnique (Mulder etal., 1991; Sussman, 1995). Away from the interfa
e, we solve the equationswith TVD Runge Kutta s
hemes in time and ENO s
hemes in spa
e (Shuand Osher, 1988). The ENO s
hemes are implemented using Marquina'sJa
obian method (Fedkiw et al., 1996). Near the interfa
e, we 
annot em-
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e the equations di�er in both number and type.Instead we use the interfa
e lo
ation for domain de
omposition. A moving
ux fun
tion is 
onstru
ted for the interfa
e in su
h a way that it is validfor both domains. We use this moving 
ux fun
tion in a 
onservative frame-work to update the 
onserved variables together with forward Euler timestepping. With some added algorithmi
 
omplexity, we 
an also dire
tlyextend this time stepping te
hnique to methods based on a 
omposite ofEuler time steps, su
h as 2nd and 3rd order TVD Runge Kutta methods(Shu and Osher, 1988).



4 R. FEDKIW ET AL.2. Equations2.1. GAS PHASE MODEL EQUATIONSThe 1D Navier-Stokes equations for multi-spe
ies 
ow with 
hemi
al rea
-tions are ~Ut + [~F (~U )℄x = [ ~Fv(~U )℄x + ~S (1)E = �p+ �u22 + �h (2)where ~U = 0BBBBBBBB� ��uE�Y1...�YN�1
1CCCCCCCCA ; ~F (~U) = 0BBBBBBBB� �u�u2 + p(E + p)u�uY1...�uYN�1

1CCCCCCCCA (3)
Fv(U) = 0BBBBBBBB� 0�11u�11 +Q1�D1;m(Y1)x...�DN�1;m(YN�1)x

1CCCCCCCCA ; ~S = 0BBBBBBBB� 000_!1..._!N�1
1CCCCCCCCA (4)

�11 = 43�ux; Q1 = kTx + �PNi=1 hiDi;m(Yi)x (5)_!i = _!i(T; p; Y1; : : : ; YN�1) (6)where t is time, x is the spatial dimension, � is the density, u is the velo
ity,E is the energy per unit volume, h is enthalpy per unit mass, p is thepressure, N is the number of spe
ies being 
onsidered, Yi is the mass fra
tionof spe
ies i, � is the mixture vis
osity, k is the mixture thermal 
ondu
tivity,Di;m is the mass di�usivity of spe
ies i into the mixture, and _!i is the massprodu
tion rate of spe
ies i. (Fedkiw et al., 1996) Note thatYN = 1� N�1Xi=1 Yi (7)



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 5de�nes the last mass fra
tion.2.1.1. Energy and EnthalpyWe write the enthalpy per unit mass ash = e+ p� = NXi=1 Yiei + PNi=1 pi� = NXi=1 Yi �ei + pi�Yi� = NXi=1 Yihi (8)where ei, pi, and hi are the internal energy, partial pressure, and the en-thalpy per unit mass of the ith gas respe
tively. Using the �rst equality in8 gives an alternate form for equation 2E = �e+ �u22 (9)where e is the internal energy per unit mass.In a perfe
t gas, the internal energy, enthalpy, and spe
i�
 heats arefun
tions of the temperature only. In this 
ase we 
an writehi = hi(T ) ei = ei(T ) (10)
pi = 
pi(T ) 
vi = 
vi(T ) (11)dhi(T ) = 
pi(T )dT dei(T ) = 
vi(T )dT (12)where 
pi is the spe
i�
 heat at 
onstant pressure of the ith spe
ies, and 
viis the spe
i�
 heat at 
onstant volume of the ith spe
ies (Anderson, 1989).We 
an integrate the �rst equation in 12 starting from T = 298K to gethi(T ) = h298i + Z T298 
pi(s)ds (13)where h298i is the enthalpy per unit mass at 298K for spe
ies i. This isalso sometimes 
alled the heat of formation at 298K, whi
h is a standard
onstant that 
an be found in the JANAF Thermo
hemi
al Tables (Stalland Prophet, 1971). To speed up the a
tual implementation, we 
onstru
t atable of hi(T ) for ea
h spe
ies in
luding every integer temperature between0K and 4800K. We approximate the integral to desired a

ura
y, usingthe CHEMKIN 
ode (Kee et al., 1986) to give us the values of 
pi(T ) whenneeded. This is done on
e at the beginning of the 
ode. During 
omputation,if we need hi(T ) for a non-integral value of the temperature, we interpolatelinearly. (Fedkiw et al., 1996)



6 R. FEDKIW ET AL.A 
alori
ally perfe
t gas has 
pi 
onstant, while a thermally perfe
t gashas 
pi(T ) a fun
tion of the temperature (Anderson, 1989). In regimes whereCHEMKIN does not have data for 
pi(T ), we usually extrapolate with a
alori
ally perfe
t assumption.2.1.2. Equation of State, Spe
i�
 Heats, and GammaThe equation of state for multi-spe
ies 
ow isp = �RT (14)where R = RuW (15)where Ru = 8314 J/(kmol K) is the universal gas 
onstant, and W is themole
ular weight of the mixture given byW = 1PNi=1 YiWi (16)where Wi is the mole
ular weight of the ith spe
ies.Gamma for the mixture is
 = 
p
p � RuW (17)where 
p is the spe
i�
 heat at 
onstant pressure of the mixture given by
p = NXi=1 Yi
pi (18)(Fedkiw et al., 1996).2.1.3. TemperatureSin
e various thermodynami
 quantities are fun
tions of temperature, it isne
essary to have a means of 
omputing temperature from the primary 
on-served variables (mass, momentum and energy or enthalpy) evolved duringthe 
al
ulation.We get an expression for the temperature by 
ombining equation 2 withequation 14 to get T = C1 + C2h(T ) (19)where C1 and C2 are 
onstants if the 
onserved variables are �xed. Thisequation is impli
it for temperature.



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 7We rewrite equation 19 as,f(T ) = T � C1 � C2h(T ) = 0 (20)and note thatdf(T )dT = 1� C2 dh(T )dT = 1� C2
p(T ) = 1� 
p(T )R = �1
(T )� 1 (21)where 
(T ) is a fun
tion of temperature. Sin
e 
(T ) is always greater thanone, this shows that f(T ) is a stri
tly de
reasing fun
tion of temperature.We solve equation 20 with Newton-Raphson iteration. (Fedkiw et al., 1996)2.1.4. EigensystemThe ENO spatial dis
retization is based on upwind dis
retization of the
hara
teristi
 �elds, and so requires full 
hara
teristi
 data for the 
onve
-tive part of the system of 
onservation laws, i.e. the eigensystem of ~F 0(~U ).See appendix A for details.2.2. LIQUID PHASE MODEL EQUATIONSThe in
ompressible liquid phase satis�es the general in
ompressibility 
on-dition r � u = 0, whi
h in 1D redu
es to the trivial formux = 0 (22)with the density also a 
onstant. For water,� = 1000 kgm3 (23)We will also assume the thermal 
ondu
tivity is a 
onstant, whi
h is rea-sonable in the liquid phase. For water in the temperature range from rangefrom 298K to 373K, the thermal 
ondu
tivity is �xed atk = :65 JmKse
 (24)instead of a varying fun
tion of temperature.Using these simpli�
ations, the 1D Navier-Stokes equations for a non-rea
ting, in
ompressible 
ow redu
e to~Ut + [~F (~U)℄x = [ ~Fv(~U)℄x (25)where ~U = � �uE � ; ~F (~U) = � p(E + p)u � ; Fv(U) = � 0kTx � (26)



8 R. FEDKIW ET AL.where E = �e+ �u22 (27)whi
h is in the form of equation 9. We use this form rather than the enthalpyform to avoid use of the pressure, sin
e there is no lo
al equation of stateavailable for pressure anyway.2.2.1. Comments on the EquationsThe �rst equation in equation 25 
an be written asut = �px� (28)and by taking an x-derivative of both sides of this equation we getpxx = 0 (29)implying that the pressure pro�le is linear.Substituting equation 27 into the se
ond equation in equation 25 yields�et + �uut + u�ex + upx = kTxx (30)whi
h 
an be simpli�ed with the use of equation 28 to get�et + u�ex = kTxx (31)or in 
onservation form as(�e)t + (u�e)x = (kTx)x (32)for the 
onve
tion and di�usion of internal energy per unit volume. It isinteresting to note that equation 28 determines both the momentum and thekineti
 energy. Thus, equation 28 
an
els out the kineti
 energy in equation30 leaving only a 
onservation equation for internal energy, equation 32.2.2.2. TemperatureAs for the gas phase, we need to 
ompute the liquid temperature from theprimary variables (momentum and energy). However, the in
ompressibleliquid does not have a lo
al equation of state su
h as the gas law 14. Thuswe 
annot follow the temperature 
al
ulation used for the gas phase. Herewe derive an appropriate relation for the temperature of the liquid phase.Consider equation 8 for the vapor phase of the liquid,h = e+ p� (33)



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 9The vapor phase is a gas and thus satis�es the gas law, 14. Using this yieldsh = e+ �RuW �T (34)where W is the mole
ular weight of the liquid mole
ules. Thus the internalenergy of the vapor phase ise(T ) = h(T )� �RuW �T (35)and we 
an write the internal energy of liquid phase as that of the vaporminus the heat of vaporization,e(T ) = h(T )� �RuW �T �Hvap(T ) (36)where Hvap(T ) is the latent heat of vaporization of the liquid as a fun
tionof temperature. This quantity is tabulated for water and many other liquids.To speed up the a
tual implementation, we 
onstru
t a table of e(T ) forthe liquid, and handle it in the same way as the enthalpy tables 
onstru
tedfor ea
h spe
ies. In order to 
onstru
t this table 
onsistent with the gas, we�rst 
onstru
t a table of enthalpy h(T ) for liquid vapor. Then we 
onstru
tas mu
h of a table as possible for the latent heat of vaporization Hvap(T )(this obviously isn't tabulated for very high or low values). Then we 
anuse equation 36 to 
onstru
t a partial table of internal energies e(T ) forthe liquid. We need to 
omplete the table outside the range of tabulatedlatent heat of vaporization Hvap(T ). To do this, we assume that the liquidis 
alori
ally perfe
t outside the temperature range of tabulated Hvap(T ).We integrate the se
ond equation in 12 twi
e. First starting from T = Tminand then again starting from T = Tmaxe(T ) = e(Tmin) + 
v(Tmin)(T � Tmin) (37)e(T ) = e(Tmax) + 
v(Tmax)(T � Tmax) (38)where Tmin and Tmax were the lowest and highest temperature in the already
ompleted portion of the table of e(T ). Note that 
v(Tmin) and 
v(Tmax) aretwo di�erent 
onstants. We than use equation 37 to �ll in the low temper-ature portion of the table, and equation 38 to �ll in the high temperatureportion of the table.We arrive at an impli
it expression for the temperature from 27, whi
h
an be written as f(T ) = e(T ) + C = 0 (39)



10 R. FEDKIW ET AL.where C is a 
onstant if the 
onserved variables are �xed. Note thatdf(T )dT = de(T )dT = 
v(T ) (40)shows that f(T ) is a stri
tly in
reasing fun
tion of temperature. We thensolve equation 39 for the temperature via Newton-Raphson iteration.



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 113. Numeri
al MethodsWe attempt to 
onstru
t numeri
al 
ux fun
tions at the midpoint of everypair of grid nodes. They are 
onstru
ted using 3rd order 
onservative �nitedi�eren
e ENO (Shu and Osher, 1988) with Marquina's Ja
obian (Fedkiwet al., 1996) on the 
onve
tion terms along with 
onservative 
entral di�er-en
ing on the di�usive terms. These 
uxes are then di�eren
ed to updatethe 
onserved variables. This method works well for most of the numeri
aldomain. However, it does not work as well for points whi
h are adja
ent tothe interfa
e. A point whi
h is adja
ent to the interfa
e would be updatedusing a 
ux from ea
h side of the interfa
e. Sin
e our equations di�er innumber and type, it does not make sense to use these \straddled" 
uxes.Instead, we 
onstru
t a 
ux lo
ated on the moving interfa
e. This interfa
e
ux is 
onstru
ted dire
tly from the model equations valid at the interfa
e.Then the interfa
e 
ux is used in a 
onservative way to update the pointsadja
ent to the interfa
e.3.1. CONSERVATION METHODOur information is stored as point values on the grid. For normal nodes|those not adja
ent to the interfa
e|we 
onstru
t ENO numeri
al 
ux fun
-tions whi
h update the point values to the desired order of a

ura
y. In a 
ellwhi
h 
ontains the interfa
e, we do not 
onstru
t a numeri
al 
ux fun
tion.Instead, we 
onstru
t a physi
al 
ux at the interfa
e.We wish to use moving physi
al 
uxes to update the points adja
ent tothe interfa
e. For this purpose, we use the 
ell average framework. Thus,a grid point whi
h is adja
ent to the interfa
e has two stored values. Thepoint value is used to �nd numeri
al 
ux fun
tions for updating the interiordomain, away from the interfa
e. The 
ell average value is used to updatethe grid point itself.Consider updating the 
ell average for a point adja
ent to the interfa
e.We do this with two physi
al 
uxes. One of them is obviously the movingphysi
al 
ux on the interfa
e. The other should be 
onstru
ted away fromthe interfa
e, where a numeri
al 
ux fun
tion already exists. To maintain
onservation and 
ompatibility with the outer �nite di�eren
e ENO s
heme,we use the pre-existing numeri
al 
ux fun
tion as an approximation to thedesired physi
al 
ux fun
tion at this point. Sin
e the numeri
al 
ux is only ase
ond order a

urate approximation to the physi
al 
ux, this degrades thelo
al order of our numeri
al method. Here a 
hoi
e must be made betweenorder and 
onservation. We 
ould get higher order by violating 
onserva-tion, but we favor preserving dis
rete 
onservation to 
apture unresolvedphenomena that may arise from abrupt interfa
e motion.



12 R. FEDKIW ET AL.Sin
e the interfa
e moves at the speed of the 
uid whi
h it separates,the CFL 
ondition limits its travel to one grid 
ell per time step. We willeliminate the 
ase where the interfa
e lies exa
tly on a grid point. We 
analways move it o� the grid point by some small amount based on the order ofthe method or on ma
hine pre
ision. Thus, there are two 
ases to 
onsider:1. The interfa
e does not 
ross a grid point during the 
ourse of an Eulertime step. It ends up in the the same 
ell in whi
h it started.2. The interfa
e 
rosses a grid point during the 
ourse of an Euler timestep. It appears in an adja
ent 
ell at the end of the time step.For the �rst 
ase 
onstru
tion, refer to Case 1 in Figure 1 for illustration.In this 
ase the interfa
e remains between the grid points xi and xi+1. Thepointwise values of the 
onserved variables here are ~Ui and ~Ui+1, whilethe 
ell average values are (~Ui)ave and (~Ui+1)ave. We do not 
onstru
t anumeri
al 
ux fun
tion ~Fi+ 12 in the 
ell whi
h 
ontains the interfa
e. Instead,we 
onstru
t an interfa
e 
ux, ~FI . We still 
onstru
t numeri
al 
uxes awayfrom the interfa
e, in
luding ~Fi� 12 and ~Fi+ 32 . At time n, we de�ne hni andhni+1 as the sizes (lengths) of the 
ells over whi
h the 
ell averages (~Uni )aveand (~Uni+1)ave are respe
tively de�ned. At time n + 1, we de�ne hn+1i andhn+1i+1 as the sizes of the 
ells over whi
h the 
ell averages (~Un+1i )ave and(~Un+1i+1 )ave are respe
tively de�ned.Sin
e the interfa
e moves at the speed of the 
uid, we know that thevelo
ity pro�le is 
ontinuous at the interfa
e, although the derivatives ofthe velo
ity are not ne
essarily 
ontinuous. At time n, we 
an interpolateto �nd the interfa
e velo
ity vnI . For our spe
i�
 problem, equation 22 tellsus that the velo
ity pro�le in the liquid is 
onstant. Thus, vnI is identi
alto the liquid velo
ity at time n, and the interfa
e moves a distan
e of vnI dtduring an Euler time step. So it is possible to �nd the future lo
ation ofthe interfa
e, before updating the 
onserved variables. Note that a levelset representation of the interfa
e will have the same property in multipledimensions. This ability is essential for the numeri
al method presentedhere.We write the numeri
al s
heme as(~Un+1i )avehn+1i = (~Uni )avehni + dt(~Fi� 12 � ~FI) (41)(~Un+1i+1 )avehn+1i+1 = (~Uni+1)avehni+1 + dt(~FI � ~Fi+ 32 ) (42)whi
h both 
an be read as: the new \stu�" equals the old \stu�", plusthe 
ux in from the right, minus the 
ux out to the left. We 
an solveequations 41 and 42 for (~Un+1i )ave and (~Un+1i+1 )ave by dividing by hn+1i and
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tively. Remember that hn+1i and hn+1i+1 are known, sin
e we areable to move the interfa
e �rst. On
e we �nd (~Un+1i )ave and (~Un+1i+1 )ave westill need to �nd the pointwise values ~Un+1i and ~Un+1i+1 .Consider the se
ond 
ase where the interfa
e moves into an adja
ent 
ell,and refer to Case 2 in Figure 1 for illustration. Sin
e moving to the left andto the right are symmetri
, we only 
onsider the 
ase where the interfa
emoves into the 
ell to the right. It starts between xi and xi+1 and ends upbetween xi+1 and xi+2. The pointwise values of the 
onserved variables hereare ~Ui, ~Ui+1, and ~Ui+2, while the 
ell average values are (~Ui)ave, (~Ui+1)ave,and (~Ui+2)ave. Note that we do not know (~Ui+2)ave and must 
onstru
t it.On
e again, we 
onstru
t an interfa
e 
ux, ~FI , to repla
e the numeri
al
ux ~Fi+ 12 . Also, we still 
onstru
t 
uxes away from the interfa
e, in
luding~Fi� 12 , ~Fi+ 32 , and ~Fi+ 52 . At time n, we have hni , hni+1, and dx as the size ofthe 
ells over whi
h the 
ell averages (~Uni )ave, (~Uni+1)ave, and (~Uni+2)ave arerespe
tively de�ned. At time n+ 1, we have dx, hn+1i+1 , and hn+1i+2 as the sizeof the 
ells over whi
h the 
ell averages (~Un+1i )ave, (~Un+1i+1 )ave, and (~Un+1i+2 )aveare respe
tively de�ned.We write the numeri
al s
heme as(~Un+1i )avedx+ (~Un+1i+1 )avehn+1i+1 = (~Uni )avehni + dt(~Fi� 12 � ~FI) (43)(~Un+1i+2 )avehn+1i+2 = (~Uni+1)avehni+1 + (~Uni+2)avedx+ dt(~FI � ~Fi+ 52 ) (44)whi
h 
an both be read as: the new \stu�" equals the old \stu�", plus the
ux in from the right, minus the 
ux out to the left. In equation 43, we needto �nd (~Un+1i )ave and (~Un+1i+1 )ave along with their pointwise values ~Un+1i and~Un+1i+1 . In equation 44, we �nd (~Un+1i+2 )ave by dividing by hn+1i+2 . After this, westill need to �nd the pointwise value ~Un+1i+2 .A note on the CFL 
ondition. The size of the 
ells adja
ent to theinterfa
e will not ne
essarily be dx, like the 
ells in the rest of the domain.However, it is easy to see that their size will always be larger than dx2 andsmaller than 3dx2 . Thus, the minimum 
ell size for use in the CFL 
onditionsdx2 , and this determines the largest stable time step.3.2. FINDING UNKNOWN CELL AVERAGES AND POINT VALUESIn equation 44, we need (~Uni+2)ave. Sin
e the 
ell averages are only knownfor the 
ells adja
ent to the interfa
e, we need to 
onstru
t (~Uni+2)ave. Weuse a 2nd order, pie
ewise linear 
onstru
tion given by(~Uni+2)ave = ~Uni+1 + 6~Uni+2 + ~Uni+38 (45)



14 R. FEDKIW ET AL.whi
h is depi
ted graphi
ally in Figure 2.In equations 41, 42, and 44 we 
an solve for (~Un+1i )ave, (~Un+1i+1 )ave, and(~Un+1i+2 )ave. From these we have to re
onstru
t the point values ~Un+1i , ~Un+1i+1 ,and ~Un+1i+2 respe
tively. We only show how to re
onstru
t the point value~Un+1i from the 
ell average (~Un+1i )ave, sin
e the other two re
onstru
tionsare symmetri
 to this one. We use a 2nd order, linear re
onstru
tion whi
his 
onsistent with the 
ell average,~Un+1i = 0�(~Un+1i )ave � ~Un+1i�1dx2 + hn+1i2 1A dx+ ~Un+1i�1 (46)whi
h is depi
ted graphi
ally in Figure 2. Sin
e these re
onstru
tions 
ouldgive non-physi
al values, we �nd the pointwise value at the interfa
e usingthe same re
onstru
tion~UI = 0�(~Un+1i )ave � ~Un+1i�1dx2 + hn+1i2 1A�dx2 + hn+1i �+ ~Un+1i�1 (47)and 
he
k to be sure this value is within the physi
ally allowed range (pos-itive densities, et
). If not, then we repla
e equation 46 with~Un+1i = (~Un+1i )ave (48)whi
h is a 1st order a

urate re
onstru
tion.From equation 43, we need to �nd (~Un+1i )ave and (~Un+1i+1 )ave along withtheir pointwise values ~Un+1i and ~Un+1i+1 . To do this, we we de�ne the total
ell average through(~UT )ave(dx+ hn+1i+1 ) = (~Un+1i )avedx+ (~Un+1i+1 )avehn+1i+1 (49)where (~UT )ave is the total 
ell average. We 
an 
ombine equations 43 and49 to get (~UT )ave(dx+ hn+1i+1 ) = (~Uni )avehni + dt(~Fi� 12 � ~FI) (50)and then solve for (~UT )ave by dividing by dx + hn+1i+1 . We use a 2nd order,linear re
onstru
tion whi
h is 
onsistent with the total 
ell average,~Un+1i = 0�(~UT )ave � ~Un+1i�1dx2 + dx+hn+1i+12 1Adx+ ~Un+1i�1 (51)~Un+1i+1 = 2~Un+1i � ~Un+1i�1 (52)



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 15(~Un+1i )ave = ~Un+1i (53)(~Un+1i+1 )ave = (~UT )ave(dx+ hn+1i+1 )� (~Un+1i )avedxhn+1i+1 (54)whi
h is depi
ted graphi
ally in Figure 2. Note that equation 54 
omes froma rearrangement of equation 49. Sin
e these re
onstru
tions 
ould give non-physi
al values, we �nd the pointwise value at the interfa
e using the samere
onstru
tion~UI = 0�(~UT )ave � ~Un+1i�1dx2 + dx+hn+1i+12 1A�3dx2 + hn+1i+1 �+ ~Un+1i�1 (55)and 
he
k to be sure this value is within the physi
ally allowed range. Ifnot, then we repla
e equations 51, 52, 53, and 54 with~Un+1i = ~Un+1i+1 = (~Un+1i )ave = (~Un+1i+1 )ave = (~UT )ave (56)whi
h is a 1st order a

urate re
onstru
tion.3.3. INTERFACE FLUXWe have dis
ussed how to implement the interfa
e 
ux, FI , in the numeri
almethod. Next we will 
onsider its 
onstru
tion. The interfa
e 
ux will modelthe physi
s of the interfa
e. The general physi
al 
ux looks like,FI = ~F (~U)� ~Fv(~U) = 0BBBBBBBB� �u�u2 + p� �11(E + p)u� u�11 �Q1�uY1 � �D1;m(Y1)x...�uYN�1 � �DN�1;m(YN�1)x
1CCCCCCCCA (57)but this 
an be greatly simpli�ed.Sin
e the interfa
e moves with the speed of the 
uid, and it separatestwo 
uids, there are no parti
les 
rossing the interfa
e. Thus, there is no
onve
tion of mass, momentum, or energy a
ross the interfa
e. Likewise,there is no mass di�usion a
ross the interfa
e. So, equation 57 redu
es toFI = 0BBBBBBBB� 0p� �11u(p� �11)�Q10...0

1CCCCCCCCA = 0BBBBBBBB� 0p� 43�uxu(p� 43�ux)� kTx0...0
1CCCCCCCCA (58)



16 R. FEDKIW ET AL.where p � 43�ux is the net for
e on the interfa
e. This for
e 
hanges boththe momentum and the kineti
 energy. Also, �kTx is the di�usive heat 
uxa
ross the interfa
e.Sin
e we have a 
onservative s
heme, the interfa
e 
ux must have some
onsisten
y with both sides of the interfa
e. It makes physi
al sense thatboth temperature and velo
ity are 
ontinuous. In addition to this, we notetwo prin
iples of the interfa
e whi
h will help us:1. The net stress on the interfa
e is zero.2. Heat whi
h 
ows into the interfa
e 
ows ba
k out.These are equivalent to�p� 43�ux�gas = �p� 43�ux�liquid (59)(kTx)gas = (kTx)liquid (60)and obviously also give jump 
onditions for the interfa
e. With these 
on-ditions, we see the FI in equation 58 is 
onsistent with both sides of theinterfa
e. Note that in our 
ase equation 59 redu
es to�p� 43�ux�gas = pliquid (61)sin
e the velo
ity in the liquid is 
onstant.3.4. EVALUATION OF THE INTERFACE FLUXWe will 
onsider Figure 1 with gas on the left and liquid on the right. Theopposite 
ase is symmetri
.3.4.1. Mass Fra
tionsIn order to evaluate the vis
osity and thermal 
ondu
tivity on the gas sideof the interfa
e, we need to know the mass fra
tions. The �rst N � 1 massfra
tions are interpolated from the gas, sin
e they do not exist in the liquid.The Nth mass fra
tion is formed from those using equation 7. We interpo-late to high order, but redu
e the order if non-physi
al values are predi
tedat the interfa
e, i.e. any negative mass fra
tion. Mass fra
tions may also bepredi
ted to be greater than one, but equation 7 shows that we 
annot havea mass fra
tion greater than one without another mass fra
tion being nega-tive. The third, se
ond, and �rst order interpolations for the mass fra
tionsare ~Y = (Y1; � � � ; YN�1) are~YI =  ~Yi � 2~Yi�1 + ~Yi�22dx2 !�hni � dx2 �2 +



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 17 3~Yi � 4~Yi�1 + ~Yi�22dx !�hni � dx2 �+ ~Yi (62)~YI =  ~Yi � ~Yi�1dx !�hni � dx2 �+ ~Yi (63)~YI = ~Yi (64)respe
tively.3.4.2. Temperature and Thermal Condu
tivityGiven the interfa
e temperature TI , we 
an 
ompute dis
rete approxima-tions to Tx in both the liquid and gas phases using one sided di�eren
es.Note we should not di�eren
e a
ross the interfa
e, sin
e T is not ne
essarilysmooth a
ross the interfa
e.Thus the dis
retized form of the energy 
ux equation 60 yields an im-pli
it equation for TI ,f(TI) = (kTx)gas � (kTx)liquid = 0 (65)(the thermal 
ondu
tivities are fun
tions of TI as well, in general, and alsoof the known mass fra
tions at the interfa
e in the gas phase).In equation 65, we repla
e Tx on the gas side of the interfa
e with thefollowing third order dis
retization,A1 = TI � Tihni � dx2 ; A2 = TI � Ti�1hni + dx2 ; A3 = TI � Ti�2hni + 3dx2A4 = �hni + dx2 �A1 � �hni � dx2 �A2dx ;A5 = �hni + 3dx2 �A1 � �hni � dx2 �A32dxTx = �hni + 3dx2 �A4 � �hni + dx2 �A5dx (66)where Tx is a fun
tion of TI . We repla
e Tx on the liquid side of the interfa
eusing the symmetri
, third order equivalent to equation 66.Finally, we solve equation 65 for TI using Newton-Raphson iteration. Asan initial guess for the interfa
e temperature we use the average(TI)o = Ti + Ti+12 (67)



18 R. FEDKIW ET AL.although a k-weighted harmoni
 average would yield and even better guess.The resulting TI is used to evaluate the kTx term in the interfa
e 
ux. Itis important to use the exa
t same numeri
al dis
retization of Tx to evaluatethe interfa
e 
ux as was used in the Newton-Raphson iteration, i.e. equation66. If we used a di�erent dis
retization for the interfa
e 
ux evaluation,say fourth order, than there is no guarantee that equation 60 holds in thedis
retized form. If equation 60 does not hold in dis
retized form, there
ould be problems with both a

ura
y and 
onservation, depending on howthe interfa
e 
ux is treated.3.4.3. Velo
ity and Vis
osityNow that we know the mass fra
tions and the temperature at the interfa
e,we 
an 
ompute the vis
osity on the gas side of the interfa
e using Chemkin(Kee et al., 1986).The velo
ity will be 
ontinuous at the interfa
e, although its derivativeis usually not. Sin
e the velo
ity in the liquid is 
onstant, the interfa
evelo
ity,uI , will be identi
al to the liquid velo
ity. Also, ux = 0 on theliquid side of the interfa
e. To 
ompute ux on the gas side of the interfa
e,we use the known interfa
e velo
ity, uI , to interpolate ux to third orderA1 = uI � uihni � dx2 ; A2 = uI � ui�1hni + dx2 ; A3 = uI � ui�2hni + 3dx2A4 = �hni + dx2 �A1 � �hni � dx2 �A2dx ;A5 = �hni + 3dx2 �A1 � �hni � dx2 �A32dxux = �hni + 3dx2 �A4 � �hni + dx2 �A5dx (68)3.4.4. PressureThe pressure at the interfa
e is interpolated from the gas phase, sin
e wedo not have a lo
al equation of state for the pressure in the liquid. Weinterpolate to high order, but redu
e the order if non-physi
al values arepredi
ted at the interfa
e, i.e. if p � 0. The third, se
ond, and �rst orderinterpolations for the pressure arepI = �pi � 2pi�1 + pi�22dx2 ��hni � dx2 �2 +�3pi � 4pi�1 + pi�22dx ��hni � dx2 �+ pi (69)



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 19pI = �pi � pi�1dx ��hni � dx2 �+ pi (70)pI = pi (71)respe
tively. Note that this is the same as that for the mass fra
tions.Sin
e we know p, �, and ux in the gas, we 
an use equation 61 to �ndthe pressure on the liquid side of the interfa
e. In 2D this would also in
ludeany pressure jump due to surfa
e tension for
es. This in turn provides thepressure boundary 
ondition needed to solve the global equation for pressureinside the in
ompressible liquid.Note that our pro
edure of interpolating pressure in from the gas phase,and using the pressure balan
e a
ross the interfa
e to dedu
e pressure onthe liquid side, makes the impli
it assumption that a pressure sho
k doesnot exist at the interfa
e. If one does, a brief transient error may resultduring the time it takes for the sho
k to be transmitted one 
ell.3.5. PRACTICAL USE OF THE INTERFACE FLUXOn
e the interfa
e 
ux has been 
onstru
ted, it has a single value whi
h isused on both sides of the interfa
e. Most of its terms are identi
ally zero,but we do have a non-zero 
ux for both momentum and energy.If momentum, �u, and total energy, E, are in
luded in the 
onservedvariables on both sides of the interfa
e, then we just apply the interfa
e
ux to update the 
onserved variables a

ording to equations 41 and 42 orequations 43 and 44, depending on whi
h are relevant. In equation 1, forthe gas side of the interfa
e, ~U 
ontains momentum and total energy as
onserved variables, as 
an be seen in ~U in equation 3. In equation 25, forthe liquid side of the interfa
e, ~U 
ontains momentum and total energy as
onserved variables, as 
an be seen in ~U in equation 26. Thus, if equations1 and 25 are our 
onservation equations for gas and liquid, then no spe
ialtreatment is needed.Suppose that we used equations 28 and 32 for the liquid. Then one hasto be 
areful when updating. Equation 28 
an be rewritten as(�u)t = �px (72)sin
e � is a 
onstant. Then, we 
an update the momentum using the interfa
e
ux. This is straight forward. It is not as easy to see how to handle equation32. In fa
t, there are two 
hoi
es:1. We 
an maintain 
onservation of total energy, E, whi
h will maintainglobal 
onservation of energy.
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an maintain 
onservation of internal energy, �e, whi
h is di
tatedby the spe
ial in
ompressible assumptions leading to equation 32. Thiswill not maintain global 
onservation of energy.3.5.1. Conservation of Internal Energy in the LiquidThe kineti
 energy is de�ned asKE = �u22 (73)where � is a 
onstant in the liquid. Thus u uniquely determines both themomentum and the kineti
 energy. Therefore, the entire interfa
e 
ux forenergy is not needed. On the liquid side, we rewrite the interfa
e 
ux asFI = 0BBBBBBBB� 0pliquid(�kTx)liquid0...0
1CCCCCCCCA (74)with the kineti
 energy portion of the energy 
ux deleted.One should be 
areful when using this method sin
e it is not 
onser-vative. Using the unaltered interfa
e 
ux yields a 
hange in kineti
 energyof 4KE = dt(up) (75)a
ross the interfa
e. Using the altered interfa
e 
ux in equation 74, the
hange in velo
ity is 4u = dt�p�� (76)a
ross the interfa
e. The 
orresponding 
hange in kineti
 energy is4KE = �(u+4u)22 � �u22 = dt(up) + dt2  p22�! (77)a
ross the interfa
e. Note that equation 75 gives the 
onservative update ofthe kineti
 energy, while equation 77 di�ers from the 
onservative updatein the se
ond order term. These updates were done for Euler's Method. Forthird order Runge-Kutta, the error in 
onservation would be fourth order.This method is only 
onservative up to the order of the temporal s
heme.



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 213.5.2. Global Conservation of Total EnergyTo keep the s
heme entirely 
onservative, we have to move the trun
ationerror seen in equation 77 to a di�erent lo
ation. This is done by using thesame value of the interfa
e 
ux on both sides of the interfa
e. Again, weonly need modi�
ations on the liquid side.The velo
ity is used to 
ompute the kineti
 energy whi
h is then addedto the internal energy to get the total energy,En = �(un)22 + (�e)n (78)whi
h is updated to En+1 using the interfa
e 
ux. We also update themomentum with the interfa
e 
ux and �nd the new velo
ity. Then theinternal energy is re
onstru
ted as(�e)n+1 = En+1 � �(un+1)22 (79)to �nish the 
onservative s
heme. The 
hange in internal energy a
ross theinterfa
e is4(�e) = 4E �  �(un+1)22 � �(un)22 ! = �kTx � dt2 p22�! (80)when it should only have been �kTx. Here the se
ond order error is in thenon-physi
al 
onversion of kineti
 energy to internal energy, whi
h is notdi
tated by equation 32.3.6. DISCRETIZATION IN THE LIQUIDWe use equations 1 and 25 as our 
onservation equations for gas and liquid,so that momentum and total energy are in
luded in the 
onserved variableson both sides of the interfa
e. Thus, we use the same value of the interfa
e
ux on both sides of the interfa
e. The gas equations are easily dis
retized(Fedkiw et al., 1996), but the liquid equations require some thought.Consider the the �rst row in equation 25,(�u)t + px = 0 (81)whi
h 
an be updated on
e we know the pressure. Sin
e the interfa
e eval-uation pro
ess gave us the pressure on both sides of the droplet, we 
an
ompute px as a 
onstant sin
e the pressure pro�le in the droplet is knownto be linear from equation 29. Thus px is just a sour
e term. Sin
e 
uxes areneeded to properly do the interfa
e portion of the 
al
ulation, we de
om-pose this spatially 
onstant sour
e term into 
uxes. Ea
h 
ux is assigned



22 R. FEDKIW ET AL.the known pressure value at the 
ux point. Then, di�eren
ing the 
uxesgives us ba
k our spatially 
onstant sour
e term px.Consider the last row in equation 25,Et + (uE + up)x = (kTx)x (82)whi
h 
an be simpli�ed using the fa
t that density is 
onstant in the droplet.Constant density, along with ux = 0 from equation 22 implies that (KE)x =0 in the droplet. These 
onsiderations simplify equation 82 toEt + (u�e)x + upx = (kTx)x (83)where upx is a 
onstant, sin
e velo
ity is 
onstant in the liquid, and pres-sure is linear. Thus upx is a spatially 
onstant sour
e term. On
e again wede
ompose the sour
e term upx into 
uxes, where ea
h 
ux is evaluated asthe known value of up. Di�eren
ing the 
uxes gives us ba
k our spatially
onstant sour
e term upx, sin
e u is 
onstant. The di�usion term kTx is dis-
retized with 
onservative 
entral di�eren
ing. The 
onve
tion term (u�e)xis just the 
onve
tion of internal energy and 
an be dis
retized with ENO,using u as the upwind dire
tion.In equation 81 and equation 83, we have written all the terms de�ningthe 
uxes at the 
ell walls. This allows us to easily apply our interfa
emethod.3.7. SPECIAL STABILITY CONSIDERATIONSTh numeri
al method designed above generates a small amount of noisewhi
h propagates into the surrounding gas. To stop this, we lower the a

u-ra
y of the 
ux adja
ent to the interfa
e so that it is only se
ond order. Thissingle 
ux a
ts as some sort of a �lter. The reasons for this mild instabilityare still un
lear at this time.
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Figure 1. In 
ase 1, the interfa
e stays between grid nodes. In 
ase 2, the interfa
e
rosses a grid node and ends up in an adja
ent 
ell.
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ell averagesto point values.



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 254. Runge-Kutta MethodsFor time integration of an equation of the form~Ut = ~f(~U ) (84)we use the TVD Runge Kutta methods (Shu and Osher, 1988). First orderTVD Runge Kutta is forward Euler,~Un+1 = ~Un +4t ~f (~Un) (85)Se
ond order TVD Runge Kutta is Heun's predi
tor-
orre
tor method,~U? = ~Un +4t ~f(~Un) (86)~Un+1 = ~Un +4t�12 ~f(~Un) + 12 ~f(~U?)� (87)A third order TVD Runge Kutta method is given by,~U? = ~Un +4t ~f(~Un) (88)~U?? = ~Un +4t�14 ~f(~Un) + 14 ~f(~U?)� (89)~Un+1 = ~Un +4t�16 ~f(~Un) + 16 ~f(~U?) + 23 ~f(~U??)� (90)The s
heme in the previous se
tion was des
ribed using Euler's method.Our s
heme 
an be extended to se
ond and third order TVD Runge Kuttaas well. Ea
h partial Runge Kutta step is seen as an \Euler type" stepwhere the right hand side is the average of the right hand sides from theappropriate time levels. For points \away" from the interfa
e, the righthand side is evaluated in the standard way. However, one must be 
arefulfor points \near" the interfa
e.Normal 
uxes are only 
omputed in 
ells whi
h do not 
ontain the inter-fa
e. Cells whi
h 
ontain the interfa
e 
ontain the spe
ial moving interfa
e
ux. To 
ompute the right hand side for a partial step of a Runge Kuttamethod, we interse
t the normal 
uxes a
ross all time levels that are usedin the right hand side of the partial step. Then we use these interse
ted
uxes to �nd the 
onve
tive derivative on the right hand side for ea
h timelevel. Then the 
onve
tive derivatives are averaged in the appropriate way.There is a grid point or two left whi
h are not updated. These are up-dated using the interfa
e method with the new averaged interfa
e 
ux and



26 R. FEDKIW ET AL.its nearest averaged neighbor whi
h lives in the interse
tion des
ribed above.Essentially, these points are updated in a 
onservative way using some of theinterpolation des
ribed in the previous se
tion. We have employed se
ondand third order Runge Kutta methods and prefer third order. We will notspell out the details of the higher order Runge Kutta here, sin
e there aremany 
ases and it is quite lengthy. (More to 
ome on higher order RungeKutta in a future report.)
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al ExamplesIn the �gures, we do not show the a
tual values of density and pressure forthe water droplet. Density is not shown, sin
e it is is o� the s
ale reasonablefor the gas. Pressure is not shown, sin
e it is not 
omputed in the 1D watermodel. It has a linear pro�le and must be 
al
ulated using the pressure inthe neighboring air. We use \pla
e holder" values for the density and thepressure, just to show the lo
ation of the water droplet. However, the valuesfor the velo
ity and the temperature are unaltered.5.1. EXAMPLE 1We take a 1-D domain of length 10
m and a grid with 100 points. We havesolid wall boundaries on both sides of the domain. Inside the domain wehave an in
ompressible water droplet and a 
ompressible, thermally perfe
tgas. We will assume that they are both invis
id for this 
al
ulation.The water droplet is �ve grid 
ells long and starts at rest near the lefthand side of the domain with an initial temperature of 298K. The restof the 
hamber is �lled with argon gas whi
h also starts at rest with atemperature of 1000K. The gas to the right of the drop is at standardatmospheri
 pressure, while the gas to the left of the drop has a pressureover �ve times higher than atmospheri
 pressure.We expe
t the high pressure air to drive the droplet to the right. The airon the left will expand and 
ool, while the air on the right will be 
ompressedand heated. Eventually the droplet will 
ompress the air to the right enoughto allow a net for
e to the left whi
h will slow the droplet and reverse itsdire
tion. This pro
ess will repeat and the droplet will boun
e ba
k andforth in a spring like fashion.Third order ENO with Marquina's Ja
obian is used to dis
retize therelevant 
uxes. Then our phase interfa
e method is 
oupled to third orderTVD Runge Kutta in the appropriate way.Figure 3 shows the droplet after a short time. It is being driven to theleft by the pressure di�eren
e. The droplet 
ontinues to the right. The air tothe left is de
ompressed and 
ooled, while the air to the right is 
ompressedand heated. This 
an be seen in Figure 4 where the velo
ity of the droplet isover 30ms . Note that the pressure on the right now ex
eeds that on the left,and the net for
e is now to the left slowing down the droplet. The dropletwill keep slowing down until it 
omes to a 
omplete rest for an brief instant,before it starts moving in the opposite dire
tion. Figure 5 shows the dropletalmost at rest, just before it turns around in the other dire
tion. Figure 6shows the droplet moving in the opposite dire
tion Now it is de
ompressingand 
ooling the air on the right while it 
ompresses and heats the air onthe left. This pro
ess 
ontinues, mimi
king a spring-like phenomena.



28 R. FEDKIW ET AL.Note that we 
onserve total energy. Thus there will be an error in the
omputation of the internal energy in the water. Equation 80 shows thatthe internal energy will de
rease in a nonphysi
al way proportional to p22� .Sin
e p22� is larger on the right hand side of the droplet then on the left, formost of our 
omputation, we would expe
t the temperature on the right ofthe droplet to be lower than that on the left. This 
an be seen in �gures 4,5, and 6.5.2. EXAMPLE 2We take a 1-D domain of length 10
m and a grid with 100 points. We havesolid wall boundaries on both sides of the domain. Inside the domain wehave an in
ompressible water droplet and a 
ompressible, thermally perfe
tgas. We will assume that they are both invis
id for this 
al
ulation.The water droplet is �ve grid 
ells long and starts at rest near the righthand side of the domain with an initial temperature of 298K. The rest of the
hamber is �lled with argon gas whi
h also starts at rest with a temperatureof 1000K. Near the 
enter of the domain, we impose a pressure jump. Thegas to the right of this jump is at standard atmospheri
 pressure, whilethe gas to the left of this jump has a pressure over �ve times higher thanatmospheri
 pressure. This is a \Sod" sho
k tube problem with a waterdroplet in
luded in the tube.We expe
t the pressure jump to split into a sho
k, a 
onta
t dis
ontinu-ity, and a rarefa
tion. The sho
k will travel to the right of the domain and
ollide with the water droplet, re
e
ting o� in the opposite dire
tion.Third order ENO with Marquina's Ja
obian is used to dis
retize therelevant 
uxes. Then our phase interfa
e method is 
oupled to third orderTVD Runge Kutta in the appropriate way.Figure 7 shows the sho
k traveling to the right toward the water droplet.It hits the droplet, re
e
ts o�, and then travels in the opposite dire
tionas shown in �gure 8. Note that the sho
k will impart momentum to thedroplet for
ing it to the right with high pressure. This 
an be seen slightlyin �gure 8. Figure 9 shows the solution at a later time, where it is moreapparent that the droplet is moving to the right. Here, the velo
ity of thedroplet is positive and the velo
ity of the air to the right of the droplet hasa linear pro�le.Figures 10 and 11 show the same example with 400 points, just to illus-trate 
onvergen
e. Note that there is a peak in the density and a dip in thetemperature by the droplet after re
e
tion. This is the standard e�e
t dueto loss of room to interpolate.
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ept this time we allow the 
ow to be fully vis
ous.On
e again the droplet is driven to the left, slows down, and reversesdire
tion. Figure 12 shows the droplet after reversing dire
tion. Comparingthis to �gure 6, we 
an see that the 
old droplet is absorbing heat from thehot gas. The gas temperature pro�le near the droplet is falling, while the
orresponding density pro�le is in
reasing.Figure 13 shows the drop after reversing dire
tion on
e again, now trav-eling to the right.
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Figure 3. The water droplet is initially driven to the right from the pressure di�eren
ein the air. Invis
id 
ase.
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Figure 4. The gas on the left has been de
ompressed and 
ooled, while the gas on theright has been 
ompressed and heated. Now, the net for
e is to the left and the dropletwill start to slow down. Invis
id 
ase.
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Figure 5. The droplet has almost 
ome to a 
omplete rest, after whi
h it will begin tomove in the opposite dire
tion. Invis
id 
ase.
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Figure 6. Now, the droplet moves to the left. It de
ompresses and 
ools the gas to theleft, while it 
ompresses and heats the gas to the right. Invis
id 
ase.
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Figure 7. The sho
k is traveling to the right and is about to 
ollide with the waterdroplet. 100 grid points.
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Figure 8. The sho
k has re
e
ted o� the water droplet and is now traveling to the left.100 grid points.
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Figure 9. The droplet has a positive velo
ity and is moving slowly to the right. The airto the right of the droplet has a linear velo
ity pro�le. 100 grid points.



NUMERICAL METHODS FOR A ONE-DIMENSIONAL INTERFACE 37

0 0.02 0.04 0.06 0.08 0.1
0.5

1

1.5

2

2.5

den

0 0.02 0.04 0.06 0.08 0.1
0

50

100

150

200

250

300

x−vel

0 0.02 0.04 0.06 0.08 0.1
1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

x 10
5 press

0 0.02 0.04 0.06 0.08 0.1

400

600

800

1000

1200

1400

temp

Figure 10. The sho
k is traveling to the right and is about to 
ollide with the waterdroplet. 400 grid points.
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Figure 11. The sho
k has re
e
ted o� the water droplet and is now traveling to the left.400 grid points.
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Figure 12. Now, the droplet moves to the left. It de
ompresses and 
ools the gas to theleft, while it 
ompresses and heats the gas to the right. Vis
ous 
ase.
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Figure 13. On
e again, the droplet 
hanges dire
tion. It is now move to the right.Vis
ous 
ase.
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lusionWe have developed a new approa
h to multiphase 
ow involving a liq-uid droplet hit by a high speed gas 
ow, or more generally for any mixed
ompressible-in
ompressible 
ows. Our approa
h is based on de
omposingthe domain into distin
t regions where the respe
tive, di�erent, model equa-tions apply, and dis
retizing ea
h region with the most appropriate te
h-niques. Proper boundary 
onditions are imposed on the internal interfa
eboundary, mainly in terms of 
ontinuity or 
onservation 
onditions. In orderto maintain dis
rete 
onservation and use �nite di�eren
e ENO methods inthe gas phase, we developed a novel formulation using a Lagrangian 
ontrolvolume method near the interfa
e. Novel time stepping s
hemes are alsodeveloped for nodes near the interfa
e, sin
e a given node will 
hange itsunknowns and governing equations as the interfa
e passes over it.For basi
 proof of prin
iple and to investigate the details of of the novelspatial dis
retization and time stepping required near the interfa
e, we didthis initial theory and 
omputations in 1D, Our experiments showed goodresults for both smooth 
ows and 
ows with sho
ks re
e
ting from theliquid surfa
e, Future work will extend the method to 2D, using a level setrepresentation of the interfa
e.



42 R. FEDKIW ET AL.A. EigensystemConsider ~F (~U ) de�ned in equation 3.The eigenvalues of the Ja
obian matrix of ~F (~U) are�1 = u� 
 (91)�2 = � � � = �N+2 = u (92)�N+3 = u+ 
 (93)The left eigenve
tors ~Lp, are the rows of the following matrix.0BBBBBBBB�
b22 + u2
 + b32 � b1u2 � 12
 b12 �b1z12 � � � �b1zN�121� b2 � b3 b1u �b1 b1z1 � � � b1zN�1�Y1 0 0... ... ... I�YN�1 0 0b22 � u2
 + b32 � b1u2 + 12
 b12 �b1z12 � � � �b1zN�12

1CCCCCCCCA (94)
The right eigenve
tors ~Rp, are the 
olumns of the following matrix.0BBBBBBBB� 1 1 0 � � � 0 1u� 
 u 0 � � � 0 u+ 
H � u
 H � 1b1 z1 � � � zN�1 H + u
Y1 Y1 Y1... ... I ...YN�1 YN�1 YN�1

1CCCCCCCCA (95)Here I is the N � 1 by N � 1 identity matrix, and
 = r
p� ; H = E + p� (96)b1 = 
 � 1
2 ; b2 = 1 + b1u2 � b1H; b3 = b1 N�1Xi=1 Yizi (97)zi = hi � hN � 
pW � 1Wi � 1WN �T (98)For more on the eigensystem, see (Fedkiw et al., 1996).
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