
High A

ura
y Numeri
al Methods for ThermallyPerfe
t Gas Flows with ChemistryRonald P. FedkiwBarry MerrimanStanley Osher �January 5, 1997Abstra
tThe 
ompressible Navier Stokes equations 
an be extended to modelmulti-spe
ies, 
hemi
ally rea
ting gas 
ows. The result is a large sys-tem of 
onve
tion-di�usion equations with sti� sour
e terms. In thispaper we develop the framework needed to apply modern high a

ura
ynumeri
al methods from 
omputational gas dynami
s to this extendedsystem. We also present representative 
omputational results usingone su
h method.The framework developed here is useful for many modern numeri-
al s
hemes. We �rst present an enthalpy based form of the equationsthat is well suited both for physi
al modeling and for numeri
al imple-mentation. We show how to treat the sti� rea
tions via time splitting,and in parti
ular how to in
rease a

ura
y by avoiding the 
ommonpra
ti
e of approximating the temperature. We derive simple, exa
tformulas for the 
hara
teristi
s of the 
onve
tive part of the equations,whi
h are essential for appli
ation of all 
hara
teristi
-based s
hemes.We also show that the 
ommon pra
ti
e of using approximate analyti-
al expressions for the 
hara
teristi
s 
an potentially produ
e spuriousos
illations in 
omputations.�Resear
h supported in part by ARPA URI-ONR-N00014-92-J-1890, NSF #DMS 94-04942, and ARO DAAH04-95-1-0155 1



We implement these developments with a parti
ular high a

ura
y
hara
teristi
-basedmethod, the �nite di�eren
e ENO spa
e dis
retiza-tion with the 3rd order TVD Runge-Kutta time dis
retization [12℄,
ombined with the se
ond order a

urate Strang time splitting of therea
tion terms. We illustrate the 
apabilities of this approa
h with
al
ulations of a 1-D rea
ting sho
k tube and a 2-D 
ombustor.
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1 Introdu
tionChemi
ally rea
ting, high speed gas 
ows arise in a variety of 
ombustionproblems, su
h as the fueling of a s
ram-jet engine or the in
ineration of wastein a dump 
ombustor. The 
ombination of energeti
 
hemi
al rea
tions and
ompressible gas dynami
s yields the unique phenomena of detonation andde
agration. The basi
 properties of these e�e
ts 
an be understood via theChapman-Jouget theory.For theoreti
al modeling or numeri
al simulation of su
h 
ows, the 
om-pressible Navier Stokes equations 
an be extended to in
lude multiple gasspe
ies and the appropriate 
hemi
al rea
tions. The standard approa
h isto 
onsider the total mixture as a single 
ompressible 
uid, with the spe
ies-averaged density, momentum and energy evolving a

ording to the 
orre-sponding 
onservation laws. In addition, the mass fra
tion of ea
h spe
iesevolves a

ording to a separate 
ontinuity equation. These 
ontinuity equa-tions are strongly 
oupled through the 
hemi
al rea
tions, and they also
ouple strongly to the equations for the mixture via the e�e
t of rea
tionson temperature and pressure.Sin
e 
hemi
al rea
tions 
an 
ause large lo
alized temperature variationsduring 
ombustion, it is important to a

urately in
lude the temperaturedependen
ies in the equations of state used for the gas spe
ies. The mosttra
table model that in
ludes a realisti
 temperature dependen
e is that of athermally perfe
t gas, for whi
h the heat 
apa
ities 
an be general fun
tionsof temperature. In pra
ti
e these fun
tions are based on experimental dataand they di�er signi�
antly from the ideal gas law at the higher temperaturesen
ountered during 
ombustion.By 
onsidering the mathemati
al and physi
al 
hara
ter of the problem,we 
an pose some general requirements for suitable numeri
al methods. Theresulting model equations form a large system of nonlinear 
onservation lawswith both �rst and se
ond order derivative terms (from 
onve
tive and dif-fusive transport) and zeroth order sour
e terms (from rea
tions). Be
ausethe di�usive terms are weak, we expe
t that the spatial transport terms willresult in the development of steep fronts. Be
ause the rea
tions pro
eedrapidly on
e they are triggered, we expe
t that the sour
e terms will be sti�in time. Thus any numeri
al approa
h must e�e
tively handle sti� timeintegration and steep spatial fronts. 3



Sin
e the sti� sour
e terms require spe
ialized and 
ostly time integra-tion, it is most pra
ti
al to use a time splitting to isolate their treatmentfrom the rest of the problem. To handle the steep spatial fronts, it is naturalto apply modern sho
k-
apturing numeri
al methods for the 
onve
tive partof the 
onservation laws. These methods typi
ally require 
omplete analyti
expressions for the 
hara
teristi
 data, i.e. the eigenvalues and eigenve
torsof the linearized 
onve
tive 
ux matrix.Based on these general 
onsiderations, we expe
t many numeri
al ap-proa
hes will have a 
ommon need for a proper time split formulation andanalyti
 expressions for the 
hara
teristi
 data. Obtaining both these thingswould seem routine, but in fa
t the 
omplexity of the equations makes bothpotentially diÆ
ult and has led to the use of a variety of simplifying pro
e-dures whi
h may 
ause unanti
ipated errors in the 
omputations, as someof our examples will illustrate. Our primary goal here is to show that, withthe equations properly formulated, both the time splitting and 
hara
teristi
data 
an be obtained without simplifying assumptions in an unambiguousand pra
ti
ally useful form. We also show that with these in hand, modern
hara
teristi
 based methods do an ex
ellent job of 
apturing the phenomenapresent in 
hemi
ally rea
ting gas 
ows.We develop our framework as follows: �rst, we present an enthalpy basedformulation of the governing equations, i.e. the energy equation for themixture is written in terms of the enthalpy. Various other equivalent formsare possible, su
h as using temperature or internal energy as the expli
itvariable, but the enthalpy formulation is advantageous for two reasons: itis 
onvenient for physi
al modeling, and it results in a system for whi
h the
hara
teristi
s 
an be determined analyti
ally in a 
ompa
t and relativelysimple form.Then, we show how to apply time splitting to these equations in orderto isolate the time evolution of the sti� rea
tion terms. In the previouswork there has been some ambiguity regarding what terms should be held
onstant in the rea
tion portion this time split evolution. For example, ithas been a 
ommon pra
ti
e to freeze the temperature during this step,but this is not a true time splitting of the model equations. Given thestrong temperature dependen
e of the rea
tion rates, this is also a physi
allyquestionable pra
ti
e. Others have 
onsidered adding an additional ODEfor the simultaneous evolution of temperature with the rea
tion ODEs, butthis approa
h adds unne
essary 
ompli
ation and also requires a de
isionabout whi
h thermodynami
 quantities are being held 
onstant during thestep. In 
ontrast, we show that a proper time splitting of the sti� rea
tion4



terms unambiguously requires that 
ertain thermodynami
 quantities (nottemperature) be held 
onstant during the solution of the rea
tion ODEs, andfurther we show that a simple s
alar root �nding pro
edure, su
h as Newton'smethod, is all that is required to implement this proper time splitting.Next, we derive simple expressions for the 
hara
teristi
 data, i.e. Ja-
obian matrix of the 
onve
tive 
uxes, and the asso
iated eigenvalues andeigenve
tors. These are the primary ingredients needed to apply a varietyof modern high a

ura
y 
hara
teristi
 based methods developed for gas dy-nami
s.Finally, we illustrate the 
apabilities of this numeri
al approa
h. Weimplement this framework using thermodynami
 and 
hemistry data tablesfrom CHEMKIN, and numeri
s 
onsisting of se
ond order Strang time split-ting with a sti� ODE integrator (LSODE) for the rea
tion equations, 3rdorder TVD Runge-Kutta time integration for the 
onve
tion-di�usion terms,
entral di�eren
ing for the di�usive terms and 3rd order �nite di�eren
e ENOfor the 
hara
teristi
 based dis
retization of the 
onve
tion terms. We ap-ply this to a one dimensional Sod sho
k tube in the presen
e of 
ombustionrea
tions, and to a two dimensional model of a toxi
 waste 
ombustor, anddis
uss the results.
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2 Model Equations2.1 Multiple Spe
iesThe 2-D Euler equations 
an be modi�ed to a

ount for 
ompressible 
owswith more than one spe
ies. The 2-D Euler equations for multi-spe
ies 
oware, ~Ut + [~F (~U)℄x + [~G(~U)℄y = 0 (1)
~U = 0BBBBBBBBBB�

��u�vE�Y1...�YN�1
1CCCCCCCCCCA ; ~F (~U) = 0BBBBBBBBBB�

�u�u2 + p�uv(E + p)u�uY1...�uYN�1
1CCCCCCCCCCA ; ~G(~U) = 0BBBBBBBBBB�

�v�uv�v2 + p(E + p)v�vY1...�vYN�1
1CCCCCCCCCCA (2)

E = �p+ �(u2 + v2)2 + �h (3)where E is the energy per unit volume, h is enthalpy per unit mass, N isthe number of spe
ies being 
onsidered, and Yi is the mass fra
tion of theith spe
ies [16℄. Note that YN = 1�PN�1i=1 Yi.2.1.1 Energy and EnthalpyThe total energy per unit volume is designated by E. We 
an writeE = �e+ �(u2 + v2)2 (4)where e is the internal energy per unit mass. We write the enthalpy per unitmass as,h = e+ p� = NXi=1 Yiei + PNi=1 pi� = NXi=1 Yi �ei + pi�Yi� = NXi=1 Yihi (5)6



where ei, pi, and hi are the internal energy, partial pressure, and the enthalpyper unit mass of the ith gas respe
tively. We 
an likewise de�ne,H = E� + p� = E + p� = h+ u2 + v22 (6)as the total enthalpy of the mixture. Using equation 5 to eliminate e inequation 4 we 
an write,E = �p+ �(u2 + v2)2 + �h (7)as our energy equation.In a perfe
t gas, the internal energy, enthalpy, and spe
i�
 heats arefun
tions of the temperature only. In this 
ase we 
an write,hi = hi(T ) ei = ei(T ) (8)
pi = 
pi(T ) 
vi = 
vi(T ) (9)for a perfe
t gas, where 
pi is the spe
i�
 heat at 
onstant pressure of theith spe
ies, and 
vi is the spe
i�
 heat at 
onstant volume of the ith spe
ies.Two other relationships whi
h hold for a perfe
t gas,dhi(T ) = 
pi(T )dT dei(T ) = 
vi(T )dT (10)will be very useful [1℄.We 
an integrate both sides of the �rst equation in 10 to gethi(T ) = hi(0) + Z T0 
pi(s)ds (11)We 
an further 
lassify perfe
t gases into two 
ategories. A thermally perfe
tgas is one in whi
h the spe
i�
 heats are non-
onstant fun
tions of temper-ature [1℄. A 
alori
ally perfe
t gas is one in whi
h the spe
i�
 heats are
onstant [1℄. Thus, equation 11 
an be simpli�ed, in the 
ase of a 
alori
allyperfe
t spe
ies, hi(T ) = hfi + 
piT (12)where hfi = hi(0) is the enthalpy per unit mass at 0K for the ith spe
ies.This is also sometimes 
alled the heat of formation. The heat of formation7



for a gas is a 
onstant and 
an be found in the JANAF Thermo
hemi
alTables [13℄. We 
an rewrite equation 11 for a thermally perfe
t spe
ies,hi(T ) = hfi + Z T0 
pi(s)ds (13)using the heat of formation.The �nal result from equation 5,h = NXi=1 Yihi (14)de�nes the enthalpy for a mixture of gases. Ea
h thermally perfe
t spe
iesutilizes equation 13, while ea
h 
alori
ally perfe
t spe
ies utilizes equation12. The enthalpy formulation of the energy equation results in a 
onvenientform for physi
al modeling, be
ause the enthalpy is tabulated as a fun
tionof temperature for many gases. Also, this form allows us to readily modela gas as thermally perfe
t in one temperature regime and 
alori
ally perfe
tin another. Su
h 
exibility 
an be used to investigate the e�e
ts of thethermally and 
alori
ally perfe
t assumptions.Two 
ommon examples are worth noting. If all the spe
ies are thermallyperfe
t,h = NXi=1 Yihfi + Z T0 NXi=1 Yi
p;i(s)ds = NXi=1 Yihfi + Z T0 
p(s)ds (15)where 
p is the total spe
i�
 heat at 
onstant pressure of the mixture. If allthe spe
ies are 
alori
ally perfe
t,h = NXi=1 Yihfi + 
pT (16)2.1.2 Equation of StateFor a mixture of perfe
t gases, ea
h gas has partial pressure,pi = �YiRiT (17)where the spe
i�
 gas 
onstant Ri for ea
h spe
ies is,Ri = RuWi (18)8



where Ru = 8314 J/(kmol K) is the universal gas 
onstant, and Wi is themole
ular weight of the ith spe
ies [13℄. Next we de�ne R as,R = NXi=1 YiRi (19)and we 
an write the equation of state for multi-spe
ies 
ow,p = NXi=1 pi = NXi=1 �YiRiT = � NXi=1 YiRi!T = �RT (20)whi
h is valid for mixtures of 
alori
ally perfe
t and thermally perfe
t gases[1℄.2.1.3 Spe
i�
 Heats and GammaWe de�ne gamma, 
 = 
p
v (21)as the ratio of spe
i�
 heats [2℄. For a 
alori
ally perfe
t gas, 
 is 
onstant.It is not unreasonable to assume that air at standard 
onditions is 
alori
allyperfe
t with 
 = 1:4. For a thermally perfe
t gas, 
 = 
(T ) is a fun
tion ofthe temperature.Another useful equation, 
p � 
v = R (22)
an be used with equation 21 to get,
 = 
p
p �R (23)whi
h is also valid for both 
alori
ally perfe
t and thermally perfe
t gases[2℄. The spe
i�
 heat and mole
ular weight of the mixture are given by,
p = NXi=1 Yi
pi (24)9



W = 1PNi=1 YiWi (25)where the unexpe
ted form of equation 25 is explained in [8℄. Gamma forthe mixture is given by, 
 = 
p
p � RuW (26)with 
p and W de�ned in equations 24 and 25 respe
tively [16, 15℄. Notethat for a mixture of 
alori
ally perfe
t gases, 
 = 
(Yi) is a fun
tion of themass fra
tions. For a mixture of thermally perfe
t gases, 
 = 
(Yi; T ) is afun
tion of both the mass fra
tions and the temperature.2.2 Di�usive Transport and Chemi
al Rea
tionsThe 2-D Euler equations for multi-spe
ies 
ow 
an be further modi�ed to a
-
ount for vis
osity, heat 
ondu
tion, mass di�usion, and 
hemi
al rea
tions.The modi�ed equations are the 2-D Navier Stokes equations for multi-spe
ies
ow with 
hemi
al rea
tions,~Ut + [~F (~U)℄x + [~G(~U)℄y = [ ~Fv(~U)℄x + [ ~Gv(~U)℄y + ~S (27)E = �p+ �(u2 + v2)2 + �h (28)where ~U , ~F (~U ), and ~G(~U ) are given by equation 2, and the sour
e term ~Sis de�ned as,
~S = 0BBBBBBBBBB�

0000_!1(T; p; Y1; Y2; : : : ; YN�1)..._!N�1(T; p; Y1; Y2; : : : ; YN�1)
1CCCCCCCCCCA (29)
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where _!i is the mass produ
tion rate of the ith spe
ies [16℄. Also ~Fv(~U ) and~Gv(~U) are given by,
Fv(U) = 0BBBBBBBBBB�

0�11�12u�11 + v�12 +Q1�D1;m(Y1)x...�DN�1;m(YN�1)x
1CCCCCCCCCCA ; Gv(U) = 0BBBBBBBBBB�

0�12�22u�12 + v�22 +Q2�D1;m(Y1)y...�DN�1;m(YN�1)y
1CCCCCCCCCCA (30)

�11 = 23�(2ux � vy); �12 = �(uy + vx); �22 = 23�(2vy � ux) (31)Q1 = kTx + � NXi=1 hiDi;m(Yi)x; Q2 = kTy + � NXi=1 hiDi;m(Yi)y (32)where � is the mixture vis
osity, k is the mixture thermal 
ondu
tivity, andDi;m is the mass di�usivity of spe
ies i into the mixture [1℄. For the detailedforms of these terms, see [8℄.
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3 Numeri
al Methods3.1 Numeri
al Approa
hConsider the 2D Navier Stokes equations for multi-spe
ies 
ow with 
hem-i
al rea
tions given by equation 27. We solve these equations using a timesplitting s
heme. We will use Strang splitting [14℄, whi
h is 2nd order a
-
urate, to in
orporate the 
hemistry. We do not use splitting for the 
uiddynami
 equations. The method 
onsists of solving two separate ordinarydi�erential equations whi
h have right hand sides adding to the right handside of equation 27,~Ut + [~F (~U )℄x + [~G(~U )℄y = [ ~Fv(~U )℄x + [ ~Gv(~U )℄y (33)~Ut = ~S (34)where the �rst of these is the 2D Navier Stokes equations for multi-spe
ies
ow without 
hemi
al rea
tions, and the se
ond is a purely rea
ting equation.In one step we allow a non-rea
ting 
uid to 
onve
t and di�use. In the otherstep we allow a motionless 
uid to rea
t.The su

ess of Strang splitting depends on the operators being split apartand on the smoothness of the underlying solution. As an extreme example,one 
annot split apart the two spatial 
onve
tion terms of the dis
retized2D Euler equations, be
ause the trun
ation error due to non
ommutivity ofoperators 
auses a \blow-up" of the solution. In our 
ase the splitting workswell, sin
e the the sour
e terms are not overly sti�. If we had a mu
h moresti� sour
e term, the time step for an a

urate time splitting would be
omeoverly restri
tive. In that 
ase, to use a pra
ti
al time step and preventunresolved (in spa
e and time) rea
tion fronts from propagating at in
orre
tspeeds, we would need to use a temperature minimizing pro
edure su
h asthat des
ribed in [5, 6, 16, 11℄.Consider equation 33. We evaluate the hyperboli
 terms, [~F (~U)℄x and[~G(~U)℄y with the ENO method [12℄. The paraboli
 terms, [ ~Fv(~U )℄x and[ ~Gv(~U)℄y are evaluated with standard 
onservative 
entral di�eren
ing. On
eall terms have been 
omputed, we update in time with TVD Runge-Kuttamethods [12, 9℄. The vis
osity, �i = �i(T ), and thermal 
ondu
tivity,ki =12



ki(T ), of ea
h spe
ies depend on the temperature. The binary di�usion
oeÆ
ients, Dji = Dji(T; p), are fun
tions of the temperature and pressure.All of these 
an be a

urately evaluated with a 
hemi
al kineti
s pa
kage,su
h as CHEMKIN [10℄.Consider equation 34. The �rst four equations of this system imply that�t = (�u)t = (�v)t = Et = 0. Thus, �, u, v, and E are 
onstants. Using thefa
t that � is 
onstant along with equation 29, we see that solving equation34 redu
es to solving the following system of ordinary di�erential equations,0BBBB� Y1Y2...YN�1 1CCCCAt = 0BBBB� _!1(T;�;Y1;Y2;:::;YN�1)�_!2(T;�;Y1;Y2;:::;YN�1)�..._!N�1(T;�;Y1;Y2;:::;YN�1)�
1CCCCA (35)where � is a 
onstant. Note that we have repla
ed the independent variablep in equation 29 with �, as is explained in [8℄. We solve this system ofsti� ODE's with a numeri
al pa
kage [10℄. For the full details on numeri
alimplementation, see [7℄.It is important to note that T is a fun
tion of the mass fra
tions whensolving equation 35. A proper pro
edure for evaluating this fun
tion fortemperature is des
ribed in se
tion 3.2. However, as long as we follow thepro
edure di
tated by the time splitting, there is no ambiguity about how toproperly treat the temperature during the 
hemi
al rea
tion step. Contraryto 
ommon pra
ti
es, temperature should not be frozen during this step, noris there a need to derive an ODE with whi
h to 
o-evolve the temperature.Instead, temperature is an impli
it fun
tion of the mass fra
tions, as wellas the other 
onserved variables that are held 
onstant during this part ofthe splitting. All that is required is to properly evaluate the temperatureas a fun
tion of these quantities, whenever a value is required. Sin
e thefun
tional relationship is impli
it, this amounts to �nding the root of a s
alarequation for the temperature.3.2 Solving for TemperatureIt is ne
essary to 
ompute the temperature from the 
onserved variables.We get an expression for the temperature by 
ombining the energy equation13



with the equation of state. Combining equation 28 with equation 20 yields,T = �E + �(u2+v2)2 + �h(T )��PNi=1 YiRi� = C1 + C2h(T ) (36)where C1 and C2 are 
onstants if the 
onserved variables are �xed. Notethat h(T ) is de�ned in equation 14.If we have a 
alori
ally perfe
t gas, then equation 36 
an be written inthe form, T = C31� C4
p (37)where C3 and C4 are 
onstants if the 
onserved variables are �xed. In this
ase we have an expli
it equation for the temperature.However, if we have a thermally perfe
t gas, equation 36 is impli
it forthe temperature. We rewrite equation 36 as,f(T ) = T � C1 � C2h(T ) = 0 (38)for a thermally perfe
t gas. Note that,df(T )dT = 1� C2dh(T )dT = 1� C2
p(T ) = 1� 
p(T )R = �1
 � 1 (39)where 
 is a fun
tion of temperature. Sin
e 
 is always greater than one,this shows that f(T ) is a stri
tly de
reasing fun
tion of temperature.We 
an solve equation 38 with Newton-Raphson iteration [3℄ applied tothe temperature. The iteration is of the form,Tn+1 = Tn � f(Tn) � Tn � Tn�1f(Tn)� f(Tn�1)� (40)where the temperature from the last time step is used for T0 and we setT�1 = T0+1. Sin
e Newton Raphson iteration is not guaranteed to 
onverge,it is better to use it for only a few iterations. We use it for 5 iterations, thenswit
h to bise
tion [3℄ if we are not within an a

eptable error toleran
e. Inpra
ti
e, Newton Raphson has always 
onverged in at most 5 iterations.In order to do the above iteration for the temperature, we need to beable to 
al
ulate the enthalpy h(T ). To obtain a 
onvenient form, integrateequation 10 starting from T = 298K to gethi(T ) = h298i + Z T298 
pi(s)ds (41)14



where h298i is the enthalpy per unit mass at 298K for spe
ies i. This is alsosometimes 
alled the heat of formation at 298K, whi
h is a standard 
onstantthat 
an be found in the JANAF Thermo
hemi
al Tables [13℄. If we assumethat we have a 
alori
ally perfe
t gas, then we 
ould use 298K to evaluateour 
onstant value for 
pi, de�ning this notationally as 
p298i . Then equation41 be
omes, hi(T ) = h298i + 
p298i (T � 298) (42)for a 
alori
ally perfe
t gas with referen
e temperature of 298K.To speed up the a
tual implementation, we 
onstru
t a table of hi(T ) forea
h spe
ies in
luding every integer temperature between 298K and 4800K.We approximate the integral to desired a

ura
y, using CHEMKIN to giveus the values of 
pi(T ) when needed. This is done on
e at the beginning ofthe 
ode. During 
omputation, if we need hi(T ) for a non-integral value ofthe temperature, we interpolate linearly.Simple modi�
ation of this table for hi(T ) enables 
al
ulations of 
alori-
ally perfe
t mixtures. One 
ould also have 
ertain gases be thermally perfe
twith others 
alori
ally perfe
t. Further, a single gas 
ould be thermally per-fe
t in one temperature range and 
alori
ally perfe
t in another temperaturerange.
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4 Eigenvalues and Eigenve
torsMany modern numeri
al methods for 
ompressible gas 
ows require 
omplete
hara
teristi
 data|i.e. the eigensystem of the linearized 
onve
tive 
uxmatrix|as an essential part of the numeri
al dis
retization. For pra
ti
al
al
ulations, analyti
al expressions are required for the eigensystem, ratherthan general but 
ostly iterative numeri
al pro
edures.However, for equations des
ribing the 
ow of many intera
ting spe
ies,the 
onve
tion terms for momentum and energy 
an be far from simple,due to the 
ompli
ated equation of state. Finding the Ja
obian matrix ofthe 
onve
tive 
ux with respe
t to the 
onserved variables 
an be a tedious
al
ulation, and solving analyti
ally for the 
orresponding eigensystem mayseem impossible. Thus, it is tempting to try and simplify these 
al
ulationsby dropping small terms or treating non-
onstant terms as approximately
onstant. But this pra
ti
e 
an lead to unexpe
ted numeri
al diÆ
ulties.The nature of these diÆ
ulties 
an be understood as follows. If theeigensystem is slightly perturbed, the 
orresponding 
hara
teristi
 �elds aremixed. Consider a positive eigenvalue �eld whi
h has been in
orre
tly mixedwith a negative eigenvalue �eld. One-sided upwind di�eren
ing on this mixed�eld will result in one-sided downwind di�eren
ing on the �eld whi
h isin
orre
tly represented by the eigenvalue. This will result in �elds that havetheir 
onve
tion dis
retized as a linear 
ombination of upwind and downwinddi�eren
ing. Even though the downwind portion may be \small", it 
anstill 
ontribute a signi�
ant os
illatory error near dis
ontinuities (sho
ks or
onta
ts).4.1 Example: Separating Box ProblemConsider the following two one way wave equations and their respe
tivesolutions, ut � ux = 0; u(x; t) = u0(x+ t) (43)vt + vx = 0; v(x; t) = v0(x� t) (44)where the initial data u0 and v0 are given in �gure 1. The solutions tothese equations move left and right as shown by the arrows in �gure 1. Now16




onsider 
hanging the variables by letting w = v + u and z = v � u. Thisyields a system of di�erential equations wz !t +  zw !x = 0 (45)with initial data w0 = v0 + u0 and z0 = v0 � u0. Also note that the solutionof this system is w(x; t) = v0(x� t) + u0(x+ t) (46)z(x; t) = v0(x� t)� u0(x+ t) (47)whi
h is obvious from the 
hange of variables. Figure 2 shows the initialdata for w whi
h 
onsists of two open unit boxes de�ned on (�1; 0)S(0; 1).As time evolves the boxes travel in opposite dire
tions, as depi
ted by thearrows in �gure 2.Consider the following Ja
obian matrix and asso
iated eigensystem.J =  0 (1� �)2(1 + �)2 0 ! (48)�1 = �1 + �2; �2 = 1� �2 (49)~L1 = �1 + �2 ; �1 + �2 � ; ~L2 = �1 + �2 ; 1� �2 � (50)~R1 =  11+��11�� ! ; ~R2 =  11+�11�� ! (51)If we set � = 0, then this is the Ja
obian and eigensystem for the 
onve
tionterm in equation 45. Otherwise, a nonzero � gives a perturbation of theJa
obian matrix. This yields a di�erent eigensystem, and is designed so asto mimi
 ignoring small terms when 
omputing 
ompli
ated Ja
obians.We will now solve equation 45 numeri
ally with 3rd order ENO on the
onve
tion terms, and 3rd order TVD Runge-Kutta in time. We set � = 0,whi
h yields the true eigensystem. Figure 3 shows the results for the boxmoving to the right. Results for the box moving to the left are symmetri
.17



We also solve with �2 = :01, �2 = :05, and �2 = :1. These give a 1%, 5%, anda 10% perturbation of the eigenvalues respe
tively. Again �gure 3 shows theresults for the box on the right. The box on the left has symmetri
 results.One 
an see that ENO and TVD Runge-Kutta admit signi�
ant os
illa-tions even on small perturbations of the Ja
obian matrix. It is therefore notadvisable to alter a Ja
obian matrix in order to simplify the 
omputation ofan eigensystem.

18
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Figure 2: Initial data for the separating box problem, as seen in one of themixed �elds. The evolution will split this initial box into two separate boxestraveling in opposite dire
tions.
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4.2 2-D Euler with Multiple Spe
iesConsider the 
onve
tive part of the 
onservation equations 1, 2, and 3. This isa system of N+3 equations, so there will beN+3 eigenvalues with asso
iatedeigenve
tors. For the eigenvalues and eigenve
tors of the Ja
obian matrix of~F (~U ) in equation 2, set A = 1 and B = 0 below. For the eigenvalues andeigenve
tors of the Ja
obian matrix of ~G(~U ) in equation 2, set A = 0 andB = 1 below.Based on equations 14 and 13, we 
an 
al
ulate the following derivativesof �h with respe
t to the 
onserved variables,d(�h)d� = hN + �
p dTd� (52)d(�h)d(�u) = �
p dTd(�u) (53)d(�h)d(�v) = �
p dTd(�v) (54)d(�h)dE = �
p dTdE (55)d(�h)d(�Yi) = hi � hN + �
p dTd(�Yi) (56)where equation 56 holds for i = 1 to N � 1.These derivatives of �h are valid for both a mixture of thermally per-fe
t gases and a mixture of 
alori
ally perfe
t gases. Further, they are validfor any mixture of gases in whi
h 
p;i is de�ned as a fun
tion of temper-ature for ea
h spe
ies. One 
ould 
onstru
t a table of 
p;i's whi
h obeysany 
ombination of thermally perfe
t and 
alori
ally perfe
t assumptions.We use CHEMKIN [10℄ to 
ompute realisti
 values for 
p;i. For some lowertemperatures where CHEMKIN does not have data, we extrapolate using a
alori
ally perfe
t assumption. 22



From equation 3 we 
an write,p = �E + �(u2 + v2)2 + �h (57)and take derivatives with respe
t to the 
onserved variables to obtain,dpd� = �(u2 + v2)2 + hN + �
p dTd� (58)dpd(�u) = u+ �
p dTd(�u) (59)dpd(�v) = v + �
p dTd(�v) (60)dpdE = �1 + �
p dTdE (61)dpd(�Yi) = hi � hN + �
p dTd(�Yi) (62)where equation 62 holds for i = 1 to N�1. Note that we have used equations52 { 56. Now take derivatives with respe
t to the 
onserved variables ofequation 20 to obtain, dpd� = RNT + �RdTd� (63)dpd(�u) = �R dTd(�u) (64)dpd(�v) = �R dTd(�v) (65)dpdE = �RdTdE (66)23



dpd(�Yi) = (Ri � RN)T + �R dTd(�Yi) (67)whi
h we 
an use to eliminate the derivatives of T in equations 58 { 62. We
an than solve for the derivatives of p to obtain,dpd� = (
 � 1)(u2 + v22 � hN + 
pRNTR ) (68)dpd(�u) = (
 � 1)(�u) (69)dpd(�v) = (
 � 1)(�v) (70)dpdE = (
 � 1) (71)dpd(�Yi) = (
 � 1)(�hi + hN + 
p(Ri � RN)TR ) (72)whi
h we will need below.The Ja
obian matrix 
an be written as,ûI + JF + JB (73)with,JF = � dpd� ~Jf dpd(�u) ~Jf dpd(�v) ~Jf dpdE ~Jf dpd(�Y1) ~Jf � � � dpd(�YN�1) ~Jf � (74)JB = � 1~Jb u~Jb v ~Jb H ~Jb Y1 ~Jb � � � YN�1 ~Jb �T (75)where I is the N + 3 by N + 3 identity matrix, and
~Jf = 0BBBBBBBBBB�

0AB̂u0...0
1CCCCCCCCCCA ; ~Jb = 0BBBBBBBBBB�

�ûAB00...0
1CCCCCCCCCCA (76)

24



The eigenvalues of this Ja
obian matrix are,�1 = û� 
 (77)�2 = � � � = �N+2 = û (78)�N+3 = û+ 
 (79)The left eigenve
tors ~Lp, are the rows of the following matrix.0BBBBBBBBBBB�
b22 + û2
 + b32 � b1u2 � A2
 � b1v2 � B2
 b12 �b1z12 � � � �b1zN�121� b2 � b3 b1u b1v �b1 b1z1 � � � b1zN�1v̂ B �A 0 0 � � � 0�Y1 0 0 0... ... ... ... I�YN�1 0 0 0b22 � û2
 + b32 � b1u2 + A2
 � b1v2 + B2
 b12 �b1z12 � � � �b1zN�12

1CCCCCCCCCCCA (80)
The right eigenve
tors ~Rp, are the 
olumns of the following matrix.0BBBBBBBBBB�

1 1 0 0 � � � 0 1u� A
 u B 0 � � � 0 u+A
v � B
 v �A 0 � � � 0 v +B
H � û
 H � 1b1 �v̂ z1 � � � zN�1 H + û
Y1 Y1 0 Y1... ... ... I ...YN�1 YN�1 0 YN�1
1CCCCCCCCCCA (81)

Here I is the N � 1 by N � 1 identity matrix, andq2 = u2 + v2; û = Au+Bv; v̂ = Av �Bu (82)
 = r
p� (83)b1 = 
 � 1
2 ; b2 = 1 + b1q2 � b1H (84)b3 = b1 N�1Xi=1 Yizi; zi = �1
 � 1 � dpd(�Yi)� (85)25



5 Numeri
al Examples5.1 1-D Chemi
ally Rea
ting \SOD" Sho
k TubeWe 
onsider a one-dimensional test problem with 
hemi
al rea
tions. Wehave a sho
k hitting a solid wall boundary and re
e
ting o�. After a delay area
tion wave ki
ks in at the boundary. This rea
tion wave pi
ks up steamand merges with the sho
k 
ausing a split into 3 waves. From wall to out
ow(left to right) these waves are a rarefa
tion, a 
onta
t dis
ontinuity, and adetonation wave.We apply the 1-D Euler equations for multi-spe
ies 
ow with 
hemi
alrea
tions. Assume that we have a 2=1=7 molar ratio of H2=O2=Ar. Allgases involved are assumed to be thermally perfe
t. We use a full 
hemi
alme
hanism , see [8℄ for details.We use the following initial data� = :072 kgm3 ; u = 0ms (86)p = 7173 Jm3 (87)on the left side of the sho
k. Then we use a numeri
al algorithm [7℄ to
al
ulate 
onditions on the right side whi
h are 
onsistent with the Rankine-Hugoniot equations for a sho
k. This yields initial data of� = :18075 kgm3 ; u = �487:34ms (88)p = 35594 Jm3 (89)on the right side of the sho
k. We use a 12
m domain for a time of 230�s,400 uniform grid 
ells, and 2300 equal time steps. A re
e
tive boundary
ondition at the wall is implemented by adding ghost 
ells.We will examine the solution after a total of 1900 time steps, and af-ter 2300 time steps. The results are shown in �gures 4 and 5. Next, we26



run the 
ode under the 
alori
ally perfe
t assumptions. We use a referen
etemperature of 298K. The results are shown in �gures 6 and 7. The 
alori-
ally perfe
t assumptions drive the rea
tion, and 
ause a major di�eren
e inevolution of the solution.5.2 2-D Combustor SimulationConsider the 2-D Navier Stokes equations for multi-spe
ies 
ow with 
hem-i
al rea
tions. All gases involved are assumed to be thermally perfe
t. See[8℄ for details on the 
hemi
al me
hanism.We have a 4 
m by 3 
m domain, with 64 by 48 
ells. The time steptaken was 10�s. The initial data was a motionless mixture with (T; p) =(700K; 36100Pa). The mixture 
onsists of a 2/7 molar ratio of O2 / Ar gas.There is an in
ow of size .4375 
m at the bottom and an out
ow of equalsize at the top. At the in
ow, we inje
t a 4/7 molar ratio of H2 / Ar, at10 mse
 with (T; p) = (1166K; 121000Pa).The results for the velo
ity �eld are shown. The ve
tors are 
olor 
odedto better illustrate the solution. RED arrows are for regions of the 
owwhi
h have a high enough 
on
entration of H2 gas to be 
onsidered fuel.BLUE arrows are for regions whi
h have enough O2 gas to dilute the fuel for
ombustion. YELLOW arrows are for 
ombustion regions. We use OH asthe dete
tor gas, as is 
ommon in a
tual engineering experiments. GREENarrows are for regions of the 
ow whi
h have undergone near 
omplete re-a
tion. These regions are 
omposed of "waste" materials, primarily watervapor. The 
olor 
oding is adjusted using thresholds whi
h give one the ideaof the underlying 
hemistry. A given 
ell may 
ontain up to 9 gases.Figure 8 (left) shows the initial inje
tion of the hydrogen gas. The �rstset of vorti
es split to the right and left in �gure 8 (right), after impa
t withthe top of the 
ontainer. They then 
ontinue in a 
ir
ular type path as 
anbe seen in �gure 9 (left). In �gure 9 (right), one 
an see that the smallervorti
es are being destroyed by the global 
ow. In parti
ular, note that these
ond pair of vorti
es is now a "half moon" shape at the bottom of thepage.Figure 10 (right and left) shows the ignition of the main vorti
es. Theignition qui
kly spreads throughout the 
ontainer as 
an be seen in �gure11 (left). The amount of fuel and oxygen whi
h was wasted, not part of themain rea
tion, 
an be seen in �gure 11 (right).27
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6 Con
lusionWe have presented an enthalpy-based formulation of the equations for multi-spe
ies 
ompressible 
hemi
ally rea
ting 
ow that is parti
ularly well suitedto numeri
al modeling with modern high a

ura
y methods.We have shown how to properly time split these equations in order toeÆ
iently integrate the sti� rea
tion terms while avoiding ina

urate or un-ne
essary 
ommon pra
ti
es su
h as freezing the temperature, or introdu
inga temperature ODE.We have derived new, simple expressions for the 
hara
teristi
s of the
onve
tive portion of the equations, whi
h allow the appli
ation of manymodern 
hara
teristi
-based numeri
al methods.We have used these equations, time splitting and 
hara
teristi
s togetherwith the �nite di�eren
e ENO dis
retization to perform high a

ura
y 
al-
ulations of representative 1-D and 2-D problems.The framework and numeri
al results presented here show that the mod-ern high a

ura
y numeri
al methods developed for gas dynami
s 
an beusefully extended to the mu
h more 
ompli
ated problem of 
hemi
ally re-a
ting gas 
ows, and that these methods 
an e�e
tively 
apture the 
omplex
ombustion phenomena present in these 
ows.A
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